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1. SIMULATION STUDIES

We conducted simulation studies in two scenarios to illustrate the empirical performance

of the functional mixture regression (FMR) model in terms ofboth estimation and pre-

diction. We simulated 500 Monte Carlo runs in both scenarios, each run consisting of a

collection ofn = 200 predictor trajectoriesXi and associated scalar responsesYi that

serve as thetraining samplefor estimation. In addition, for each run, we further gen-
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erated another200 pairs of (Xi, Yi) that constitute thevalidation sample, which will

be used towards the end of this section for assessing the predictive power of FMR. All

these trajectories were generated with a mean functionµ(t) = t + sin (t), 0 6 t 6 10,

and a covariance function derived from two eigenfunctions,φ1(t) = sin (πt/10)/
√

5

andφ2(t) = sin (2πt/10)/
√

5, associated with eigenvaluesλ1 = 4, λ2 = 1 as well as

λm = 0 for m > 3. Note that these two eigenfunctions in fact resemble the shapes of

the estimated ones in Medfly example. The predictor FPC scores areξim ∼ N (0, λm),

m = 1, 2. The measurement errorεij [(2.9) in the paper] are i.i.d.N(0, σ2
x), where

two noise levels of the predictor process were considered todemonstrate the influence,

σx = 0.1 and0.3. Each predictor trajectory was sampled at locations that were uni-

formly distributed over the domain[0, 10]. The number of measurements was indepen-

dently chosen for each trajectory, by selecting a number from {100, . . . , 150} with equal

probability.

In Scenario 1 the response was generated from a single regression function,β(t) =

φ1(t) + φ2(t) for t ∈ [0, 10], with an i.i.d. additive noiseǫi,y distributed asN(0, σ2
y) for

all subjects. We also included two noise levels of the response,σy = 0.2 and0.6. In

Scenario 2, the response was simulated from two distinct regression functions,β1(t) =

φ1(t) + φ2(t) for the first 100 subjects andβ2(t) = φ1(t) − φ2(t) for the rest, and

again was contaminated with an i.i.d. additiveN(0, σ2
y) noiseǫi,y, whereσy = 0.2 and

σy = 0.6 were considered. The proposed FMR was estimated as described in Section

2.3, including automatic choices of various smoothing parameters, the number of FPCs

of the predictor processes truncated by the threshold of 90%of overall variation, and the

numbers of regression functions chosen by BIC in mixture fitting. It is worth mentioning

thatM = 2 was correctly specified in most Monte Carlo runs for each case.
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We first examine model estimation using the training samples, including the regres-

sion coefficients as well as the choice ofK. The benchmark we compared with is the

ideal case of fitting the FMR [(2.4) in the paper] using the true FPC scoresξim. From

Tables 1 and 2, one can see that, for identifying the number ofregression functionsK,

the proposed FMR methodology is nearly as good as the ideal fitting, where the worst

case is 486/500 (97.2%) in the case with the larger noise on predictor process in Sce-

nario 2. These results also provide evidence for the consistency of regression coefficient

estimates.

It is of more interest to inspect the predictive ability of the FMR when comparing

with the classical functional linear models (FLM). Recall that, for each run, we have

generated a validation sample of sizen = 200, and here we use them to calculate the

relative prediction error (RPE), defined as RPE=
∑n

i=1(Y
∗
i − Ŷ ∗

i )2/
∑n

i=1 Y
∗ 2
i , where

Y ∗
i is the response of theith new subject in the validation sample andŶ ∗

i is its predicted

value. These predicted values were obtained as follows. First the FPC scoreŝξ∗im of the

new subjects were calculated by applying the integral approach [(2.10) in the paper] to

the new noisy predictor trajectoriesU∗
ij . Then these FPC scores were fed into the fitted

FMRs and FLMs repectively to calculate the predicted values, where the parameters of

such fitted FMRs and FLMs were estimated from the training sample. It is noticed that

the responseY ∗
i were used to determine which cluster the subjects belong to in FMR.

From the Monte Carlo estimates of the RPEs listed in Table 3, we see that the FMR

achieves dramatic gains ranging from 83% to 91% in Scenario 2, which suggests that the

FMR can definitely be a viable alternative when the FLM is not adequate. For Scenario 1,

comparable results were obtained for FMR and FLM. This was expected as the true value

for K = 1 was correctly specified by FMR in most runs. These comparisons indeed
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provide strong evidence for the need of the proposed FMR whena single regression

function is not sufficient to characterize the underlying relationship. Also reported in

Table 3 are, for Scenario 2, the FMR predictive classification rates for the validation

samples that correspond to those runs withK correctly specified as 2. As expected, they

are affected by the noise levels of the predictor process andresponse.

2. THEORETICAL RESULTS

We state in this section the theoretical results on the consistency of the proposed func-

tional mixture regression (FMR) in terms of model estimation and prediction, along with

a brief and intuitive outline of the technical arguments. Wefirst need to appropriately

quantify the discrepancy between the true and estimated functional principal component

(FPC) scores, i.e.,ξim andξ̂im. Besides needing a large number of subjects, it is also re-

quired that the measurements sampled from each subject are sufficiently dense. Then the

FPC scores can be satisfactorily estimated by the integral approximationξ̂Iim [(2.10) in

the paper]. Since the PACE estimatesξ̂Pim [(2.11) in the paper] can be considered equiv-

alent toξ̂Iim in the dense case (Müller, 2005), we shall focus on the integral estimates for

theoretical developments and suppress the superscript “I” whenever appropriate.

Writeξi = (ξi1, . . . , ξiM)T andξ̂i = (ξ̂i1, . . . , ξ̂iM)T , whereM is the number of FPCs

used for approximation. We call̂Xξ = (ξ̂1, . . . , ξ̂n)
T the “estimated” design matrix.

Given the estimated FPC scoresξ̂im, any estimate of the parameterψ [defined prior to

(2.6) in the paper] would in fact be calculated from the “estimated” log-likelihood

ln(ψ;y, X̂ξ) =

n∑

i=1

l(ψ; yi, ξ̂i) =

n∑

i=1

log f(yi|ξ̂i,ψ) (2.1)
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instead of the “true” log-likelihood

ln(ψ;y, Xξ) =

n∑

i=1

l(ψ; yi, ξi) =

n∑

i=1

log f(yi|ξi,ψ),

wheref(yi|ξi,ψ) is defined in (2.7) in the paper. Although the consistency of the Max-

imum Likelihood Estimation (MLE) ofψ obtained by maximizing the “true” likelihood

is applicable to standard mixture regression (Jiang and Tanner, 1999), to the best of our

knowledge, there is no existing theory for estimation obtained by maximizing the “esti-

mated” likelihood (2.1). For clarity we denote such an estimate asψ̂ and call it MLEED,

short for MLE based on the Estimated Design matrixX̂ξ. A general theorem concern-

ing the consistency of such MLEED has been established in Yao(2010) and is stated in

Lemma 3 of Section 4.

We shall consider the case of normal random component and denote the density func-

tion of a standard normal byϕ(·). Coupling Lemmas 1–3 in Section 4, together with mild

regularity conditions listed in Section 3, we have the following theorem. Recall thatΘ

is the parameter space andf(yi|ξi, bk0, bk, σ2
ky) is thekth conditional density, defined in

(2.6) and (2.7) in the paper, respectively.

Theorem 1 Suppose that the assumptions (A1)-(A4) hold with thekth conditional

densityf(yi|ξi, bk0, bk, σ2
ky) = ϕ{(yi − bk0 − ξTi bk)/σky}, k = 1, . . . , K, and that the

true valueψ0 is an interior point of the parameter spaceΘ. Then, for any compact set

E ⊆ Θ containing some neighborhood of the true valueψ0, there exists a sequence

of estimateŝψ ≡ ψ̂n maximizing the estimated likelihood functionln(ψ;y, X̂ξ) onE,

such that̂ψ
p−→ ψ0.

Our estimates aim for the regression parameter functionsβk,M(t) =
∑M

m=1 bkmφm(t)
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[(2.5) in the paper],k = 1, . . . , K. Let b(0)km, β(0)
k,M(t) andE(0)(Yi|Xi,M, i ∈ Ck) [(2.4)

in the paper] be the quantities evaluated at the true valuesψ0, φm and ξim. That is,

β
(0)
k,M(t) =

∑M
m=1 b

(0)
kmφm(t) andE(0)(Yi|Xi,M, i ∈ Ck) = b

(0)
k0 +

∑M
m=1 b

(0)
kmξim, where

t ∈ T , k = 1, . . . , K, i = 1, . . . , n. Then we can obtain consistent estimation and

prediction both individually and on average.

Theorem 2 If the assumptions in Theorem 1 hold, for any compact setE ⊆ Θ con-

taining some neighborhood ofψ0, letting β̂k,M(t) andÊ(Yi|Xi,M, i ∈ Ck) be the quan-

tities evaluated at̂φm, ξ̂im and ψ̂ that maximizesln(ψ;y, X̂ξ) on E, i.e., β̂k,M(t) =
∑M

m=1 b̂kmφ̂m(t) andÊ(Yi|Xi,M, i ∈ Ck) = b̂k0 +
∑M

m=1 b̂kmξ̂im, then

sup
t∈T

|β̂k,M(t) − β
(0)
k,M(t)| p−→ 0, for k = 1, · · · , K, (2.2)

Ê(Yi|Xi,M, i ∈ Ck) −E(0)(Yi|Xi,M, i ∈ Ck) p−→ 0, for i = 1, · · · , n, (2.3)

1

n

n∑

i=1

{
Ê(Yi|Xi,M, i ∈ Ck) − E(0)(Yi|Xi,M, i ∈ Ck)

} p−→ 0. (2.4)

Remark. In principle, the consistency of MLEED̂ψ as well as the predictions can

be extended to FMR model with other conditional densitiesf(yi|ξi, bk0, bk, σ2
ky) and/or

with suitable nonlinear link functionsg(bk0 + ξTi bk), provided that the conditions in

Lemma 3 and other necessary regularity conditions are fulfilled.

3. TECHNICAL ASSUMPTIONS

Necessary assumptions are listed below. Briefly, these assumptions concern the number

and density of measurements per trajectory, the underlyingstochastic processX(t) and

the noise processU(t) that generates the observed repeated measurementsUij [(2.9) in

the paper], as well as various smoothing parameters and kernel functions. Letb = b(n),
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h = h(n) andh∗ = h∗(n) denote the bandwidths for estimatingµ̂ (26), Ĝ (27) andσ̂x

(2) in Yao, Müller and Wang (2005).

(A1) b → 0, h∗ → 0, h → 0, nb2 → ∞, nh∗2 → ∞, nh4 → ∞, nb6 < ∞,

nh∗6 <∞, nh8 <∞, asn→ ∞,

Denote the sorted time points across all subjects asa0 6 t(1) 6 . . . 6 t(Nn) 6 b0,

and∆ = max{t(k) − t(k−1) : k = 1, . . . , N + 1}, whereNn =
∑n

i=1 ni, T = [a0, b0],

t(0) = a0, andt(N+1) = b0. For theith subject, suppose that the time pointstij have been

ordered non-decreasingly. Let∆i = max{tij − ti,j−1 : j = 1, . . . , ni + 1} and∆∗ =

max{∆i : i = 1, . . . , n}, whereti0 = a0 andti,ni+1 = b0, andn̄ = n−1
∑n

i=1 ni. To

obtain consistent FPC score estimates, we require both the pooled data across all subjects

and the data from each subject to be dense in the time domainT . For convenience, we

study the asymptotics in the manner ofn̄→ ∞ asn→ ∞, and assume that

(A2) ∆ = O(min{n−1/2b−1, n−1/2h∗−1, n−1/4h−1}), max{ni : i = 1, . . . , n} 6

Cn̄ for someC > 0, and∆∗ = O(1/n̄), asn→ ∞.

Denote byUi(t)
i.i.d.∼ U(t) the distribution that generatesUij for the ith subject attij .

The predictor processX and measurementU are assumed to satisfy the following con-

ditions.

(A3) E(‖X ′‖2
∞) <∞,E(‖X ′2‖2

∞) = o(n̄x), supt∈T E[U4(t)] <∞.

Recall that smoothing kernelsK1 andK2 are compactly supported densities with zero

means and finite variances. The Fourier transformations ofK1 andK2 are denoted by

κ1(t) =
∫
e−iutK1(u)du andκ2(t, s) =

∫
e−(iut+ivs)K2(u, v)du dv respectively. We

require
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(A4)
∫
|κ1(t)|dt < ∞,

∫ ∫
|κ2(t, s)|dtds < ∞, i.e.,κ1(t) andκ2(t, s) are both

absolutely integrable.

Let g1(u; t) denote the density function ofU(t), andg2(u1, u2; t1, t2) denote the density

of (U(t1), U(t2)). It is assumed throughout that these density functions satisfy appropri-

ate regularity conditions.

4. AUXILIARY LEMMAS

Denote the true and estimated covariance operators byG andĜ, generated byG and

Ĝ respectively; i.e.,G(f) =
∫
T
G(s, t)f(s)ds andĜ(f) =

∫
T
Ĝ(s, t)f(s)ds for any

f ∈ L2(T ). Define

DX = [
∫
T 2{Ĝ(s, t) −G(s, t)}2dsdt]1/2, δm = min16j6m(λj − λj+1),

M∗ = inf{j > 1 : λj − λj+1 6 2DX} − 1, πm = 1/λm + 1/δm.
(4.1)

Lemma 1 Under (A1)-(A4) and appropriate regularity conditions fordensity functions

g1(u, t) andg2(u1, u2; t1, t2),

sup
t∈T

|µ̂(t) − µ(t)| = Op(
1√
nb

), sup
s,t∈T

|Ĝ(s, t) −G(s, t)| = Op(
1√
nh2

), (4.2)

and as a consequence,σ̂2
x − σ2

x = Op(n
−1/2h−2 + n−1/2h∗−1). Considering eigenvalues

λm of multiplicity one,φ̂m can be chosen such that,m = 1, . . . ,M∗,

P ( sup
16m6M

|λ̂m − λm| 6 DX) = 1, sup
t∈T

|φ̂m(t) − φm(t)| = Op(
πm√
nh2

), (4.3)

whereDX , πm andM∗ are defined in (4.1).
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The next lemma provides upper bounds for the estimation errors |ξ̂Iim − ξim| with

some specific structure, and the derivation can be found in M¨uller and Yao (2008). Let

‖f‖∞ = supt∈A |f(t)| for an arbitrary functionf with supportA, ‖g‖ =
√∫

A
g2(t)dt

for anyg ∈ L2(A), and define

θ
(1)
im = c1‖Xi‖ + c2‖XiX

′
i‖∞∆∗ + c3, Z

(1)
m = supt∈T |φ̂m(t) − φm(t)|,

θ
(2)
im = 1 + ‖φmφ′

m‖∞∆∗, Z
(2)
m = supt∈T |µ̂(t) − µ(t)|,

θ
(3)
im = c4‖Xi‖∞ + c5‖X ′

i‖∞ + c6, Z
(3)
m = ‖φ′

m‖∞∆∗,

θ
(4)
im = |∑ni

j=2 εijφm(tij)(tij − ti,j−1)|, Z
(4)
m ≡ 1,

θ
(5)
im =

∑ni

j=2 |εij|(tij − ti,j−1), Z
(5)
m ≡ Z

(1)
m ,

(4.4)

for some positive constantsc1, . . . , c6 that do not depend oni orm. We note that the sub-

scripts are mainly for notational convenience and do not necessarily reflect dependence

on these indices. More importantly, we emphasize thatθ
(ℓ)
im are i.i.d. overi (ℓ = 1, 3, 4, 5)

or nonrandom that is freei (ℓ = 2), and that theZ(ℓ)
m do not depend oni for all

ℓ = 1, 2, 3, 4, 5.

Lemma 2 For integral estimates of the FPC scoresξ̂Iim in (2.10) of the paper,

|ξ̂Iim − ξim| 6

5∑

ℓ=1

θ
(ℓ)
imZ

(ℓ)
m , m = 1, · · · ,M∗, (4.5)

whereθ(ℓ)
im andZ(ℓ)

m are defined in (4.4), andM∗ is defined in (4.1).

We aim for the consistency results for anyM andK, whereM andK are the numbers

of FPCs and distinct regression functions in the FMR model. We state a useful theorem

proved in Yao (2010) as Lemma 3 regarding the consistency of the Maximum Likelihood
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Estimation based on Estimated Design (MLEED), that can be shown applicable to the

proposed FMR. For convenience, we first define some conditions that are required for

some relevant functions. A functionh(ψ, y, ξ) is said to satisfy the assumption (B1) at

ψ1 ∈ Θ, provided that the following holds.

(B1) There exist some functionsg(y, ξ,ψ) andc(ψ) such that, for all possible

values ofy, ξ′, ξ′′, andψ ∈ Nψ1
, whereNψ1 is some neighborhood ofψ1,

‖h(ψ, y, ξ′′) − h(ψ, y, ξ′)‖ 6 g(y, ξ′,ψ)‖ξ′′ − ξ′‖ + c(ψ)‖ξ′′ − ξ′‖2,

andg(y, ξ,ψ) andc(ψ) satisfy

sup
ψ∈Nψ1

E(ψ0,Λ0)

{
g2(Y, ξ,ψ)

}
<∞, sup

ψ∈Nψ1

c(ψ) <∞,

whereψ0 andΛ0 are the true values ofψ andΛ.

A function q(y, ξ,ψ) is said to satisfy the set of assumptions (B2) atψ1 ∈ Θ, if the

conditions (B2.1)–(B2.3) below hold.

(B2.1) q(y, ξ,ψ) is upper semicontinuous inψ ∈ Nψ1
for all (y, ξ);

(B2.2) There exists a functionD(y, ξ) such thatE(ψ0,Λ0)D(y, ξ) <∞ andq(y, ξ,ψ) 6

D(y, ξ) for all (y, ξ) andψ ∈ Nψ1
;

(B2.3) Forψ ∈ Nψ1
and sufficiently smallr > 0, sup{ψ′:‖ψ′−ψ‖<r} q(y, ξ,ψ

′) is

measurable in(y, ξ).

In Lemma 3, letf(y|ξ,ψ), ψ ∈ Θ denote a general conditional density function with a

parameter spaceΘ that is a subset ofRp for some positive integerp [not restricted to the
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conditional density defined in (9) of Section 2.2], andξ̂i be any sequence of estimates

of ξi, i = 1, . . . , n. Denotel(ψ; y, ξ) = log f(y|ξ,ψ).

Lemma 3 Suppose that the true valueψ0 is an interior point of the parameter spaceΘ.

Consider an arbitrary compact setE satisfyingNψ0
⊆ E ⊆ Θ and anyψ ∈ E is an

interior point ofΘ, whereNψ0
is some neighborhood ofψ0. Assume that

(i) There exist someZ(j)
n and θj)i,n, whereθ(j)

i,n are either i.i.d. realizations of posi-

tive random variablesθ(j)
n or nonrandom constants with respect toi, wherej =

1, . . . , J , for some finiteJ ,

‖ξ̂i − ξi‖ 6

J∑

j=1

Z(j)
n θ

(j)
i,n, E{(θ(j)

n )2} <∞, Z(j)
n

√
E{(θ(j)

n )2} p−→ 0;

(ii) For anyψ ∈ E, l(ψ; y, ξ) satisfies the assumptions (B1) atψ with some functions

g(y, ξ,ψ) andc(ψ), whereg(y, ξ,ψ) satisfies the assumptions (B2) atψ;

(iii) For anyψ ∈ E, l(ψ; y, ξ) satisfies the assumptions (B2) atψ;

(iv) f(y|ξ,ψ) = f(y|ξ,ψ∗) implies thatψ = ψ∗ in a well-defined sense (identifiabil-

ity).

Then for any sequence of the maximizerψ̂ of ln(ψ; y, X̂ξ) =
∑n

i=1 l(ψ; yi, ξ̂i) on

the compact setE, i.e., the maximum likelihood estimates based on estimateddesign

(MLEED), one has

ψ̂
p−→ ψ0.
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5. PROOFS OFMAIN THEOREMS

Proof of Theorem 1.We first verify the conditions (i)–(iv) in Lemma 3 for the FMR

model with the conditional density of thekth componentf(yi|ξi, bk0, bk, σ2
ky) = ϕ{(yi−

bk0 − ξTi bk)/σky}, k = 1, . . . , K, whereϕ(u) = exp(−u2/2)/
√

2π is the density func-

tion of standard normal. Given the expressions ofZ
(ℓ)
m andθ(ℓ)

im in (4.4), one notes that

θ
(ℓ)
im are i.i.d. or nonrandom w.r.t.i, ℓ = 1, . . . , 5,m = 1, . . . ,M . With (A3), it is obvious

thatE{(θ(ℓ)
im)2} < ∞ for ℓ = 1, 2, 3. Due to the orthonormality ofφm and the inde-

pendence amongεij ’s, we haveE{(θ(4)
im )2} = E[{∑ni

j=2 εijφm(tij)(tij − ti,j−1)}2] =

var{∑ni

j=2 εijφm(tij)(tij − ti,j−1)} = σ2
x

∑ni

j=2 φ
2
m(tij)(tij − ti,j−1)

2 6 2σ2∆∗ → 0. For

θ
(5)
im , applying Cauchy-Schwartz inequality,E{(θ(4)

im )2} 6 {∑ni

j=2E(ε2
ij)(tij−ti,j−1)}T 6

2T 2σ2
x < ∞ for largen. Combining with Lemmas 1 and 2, then condition (i) holds.

Since the parameter spaceΘ defined is an open subset ofR(M+3)K−1, anyψ ∈ E is

always an interior point ofΘ. It is easy to verify that condition (iii) holds for the con-

ditional densityf(yi|ξi,ψ) with normal components, while condition (iv) is satisfied

given the identifiability in the sense of (2.8) in the paper.

Now we check condition (ii), and observe that

l(ψ; y, ξ) = log
{ K∑

k=1

πkf(y|ξ, bk0, bk, σky)
}
,

f(y|ξ, bk0, bk, σ2
ky) =

1√
2πσky

exp
{
− (y − bk0 − ξTbk)2

2σ2
ky

}
. (5.1)

For any fixed interior pointψ1 of Θ, one can always assume that a sufficiently small

neighborhoodNψ1
is bounded, and particularlyδ 6 πk 6 1 − δ andσky > δ for some
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δ > 0, k = 1, . . . , K. By Mean Value Theorem, one has, forψ ∈ Nψ1
,

l(ψ; y, ξ′′) − l(ψ; y, ξ′) = (∂T l(ψ; y, ξ∗)/∂ξ)(ξ′′ − ξ′),
∂

∂ξ
l(ψ; y, ξ∗) =

∑K
k=1 πkf(y|ξ∗, bk0, bk, σ2

ky)(y − bk0 − ξ∗Tbk)bk/σ2
ky∑K

k=1 πkf(y|ξ∗, bk0, bk, σky)
,

whereξ∗ = ξ′ + v(ξ′′ − ξ′) for some0 6 v 6 1. In spite of the complex appearance

of the above expression, one can see that it is in fact aweighted averageof (y − bk0 −

ξ∗Tbk)bk/σ
2
ky with weightsπkf(y|ξ∗, bk0, bk, σ2

ky), k = 1, . . . , K. Therefore,

‖ ∂
∂ξ
l(ψ; y, ξ∗)‖ 6

K∑

k=1

‖(y − bk0 − ξ∗Tbk)bk/σ2
ky‖

6

K∑

k=1

1

σ2
ky

{
‖bky − bk0bk‖ + ‖bk‖2‖ξ′ + v(ξ′′ − ξ′)‖

}

6

K∑

k=1

‖bk‖
σ2
ky

{
|y − bk0| + ‖bk‖‖ξ′‖

}
+

{ K∑

k=1

‖bk‖2

σ2
ky

}
‖ξ′′ − ξ′)‖

≡ g(y, ξ′,ψ) + c(ψ)‖ξ′′ − ξ′‖.

From the boundedness of the smallNψ1
, it is easy to see thatsupψ∈Nψ1

c(ψ) < ∞,

supψ∈Nψ1
E(ψ0,Λ0)

{
g2(Y, ξ,ψ)

}
< ∞, and moreoverg(y, ξ,ψ) satisfies the assump-

tions (B2) atψ1. Thus condition (ii) holds. The existence of a consistent sequence

ψ̂ ∈ E that are roots of∂ln(ψ; y, ξ̂)/∂ψ = 0 follows for the conditional mixture normal

density (5.1).

Proof of Theorem 2. The uniform consistency of̂βk,M(t) w.r.t. t ∈ T is obvious

given Theorem 1 and Lemma 1. For individual prediction, notethat |Ê(Yi|Xi,M) −

E(Yi|Xi,M)| 6 |bk0−bk0|+‖bk−bk‖·‖ξ̂i−ξi‖ and‖ξ̂i−ξi‖ 6
∑M

m=1

∑5
ℓ=1Z

(ℓ)
m θ

(ℓ)
im.
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We have shown thatE{(θ(ℓ)
m )2} < ∞ andZ(ℓ)

m

√
E{(θ(ℓ)

m )2} p−→ 0, whereθ(ℓ)
im

i.i.d.∼ θ
(ℓ)
m

(considering i.i.d. random variables here without loss of generality), ℓ = 1, . . . , 5,

m = 1, . . .M . We then arrive at the result (2.3) by observing the following for each

m andℓ. For anyǫ > 0 andδ > 0, we chooseA >
√

2/(ǫδ), i.e.,(A2δ)−1 6 ǫ/2, when

n is sufficiently large, and apply Chebyshev’s inquality:

P
(
Z(ℓ)
m |θ(ℓ)

im − Eθ(ℓ)
m | > δ

)
6 P

(
Z(ℓ)
m

√
E{(θ(ℓ)

m )2} >
√
δ

A

)
+ P

( |θ(ℓ)
im − Eθ

(ℓ)
m |

A

√
E{(θ(ℓ)

m )2}
>

√
δ
)

6
ǫ

2
+

1

A2δ
6 ǫ.

Noting that(1/n)‖ξ̂i − ξi‖ 6
∑M

m=1

∑5
ℓ=1 Z

(ℓ)
m (1/n)

∑n
i=1 θ

(ℓ)
im, then the consistency

of the average prediction (2.4) follows immediately from the law of large numbers for

triangular arrays.

6. EM ALGORITHM FOR M IXTURE REGRESSIONMODELS

For completeness we outline an EM algorithm for fitting mixture regression models. For

details, see, for example, Naik, Shi and Tsai (2007).

Consider the following mixture model withK normal density components:

f(yi|ξi,ψ) =
K∑

k=1

πkϕ(yi|ξi, bk0, bk, σ2
ky), i = 1, . . . , n,

where0 < πk < 1 and
∑
πk = 1, ϕ(yi|ξi, bk0, bk, σ2

ky) is the normal density with

mean(bk0 + ξTi bk) and varianceσ2
ky, andψ = (bT0 , b

T
1 , . . . , b

T
K ,π

T ,σTy )T is the vector

containing all relevant parameters. Letψ(r) be ther-th iterative estimate forψ. In the
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E-Step of the algorithm, one calculates

τ
(r)
ik =

π
(r)
k ϕ(yi|ξi, b(r)k0 , b

(r)
k , σ

2(r)
ky )

∑K
k=1 π

(r)
k ϕ(yi|ξi, b(r)k0 , b

(r)
k , σ

2(r)
ky )

.

This quantity can be seen as ther-th estimated probability foryi originated from thek-th

component.

In the M-Step, the(r+ 1)-th estimates are calculated with the following closed-form

expressions:π(r+1)
k = n−1

∑n
i=1 τ

(r)
ik and



 b
(r+1)
k0

b
(r+1)
k



 = (X̃
(r)T

k X̃
(r)
k )−1X̃

(r)T

k ỹ
(r)
k , σ2(r+1)

ky =
ỹ

(r)T

k (I − H̃
(r)
k )ỹ

(r)
k

tr(W (r)
k )

,

for k = 1, . . . , K. In the aboveW (r)
k = diag(τ (r)

1k , . . . , τ
(r)
nk ), X̃(r)

k = W
(r)1/2
k X̃ξ, ỹ

(r)
k =

W
(r)1/2
k y, H̃(r)

k = X̃(r)(X̃
(r)T

k X̃
(r)
k )−1X̃

(r)T

k , X̃ξ = (1, Xξ), Xξ = (ξ1, . . . , ξn)
T and

y = (y1, . . . , yn)
T .

REFERENCES

JIANG , W. AND TANNER, M. A. (1999). Hierarchical mixtures-of-experts for exponential family regression models:

Approximation and maximum likelihood estimation.Annals of Statistics27, 987–1011.
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Table 1.Section 3 Simulation Scenario 1. Monte Carlo estimates of regression coefficients (standard errors in paren-

theses) for 4 combinations of noise levels, calculated fromthose runs thatK = 1 were correctly specified. The first

integer in each case reports the number, out of 500 runs, of correctly specified runs. In this scenario there is one single

regression function with true valuesb11 = b12 = 1. The first row corresponds to the ideal fitting (IDEAL) while the

second row corresponds to FMR.
Noises σx = .1 σx = .3

IDEAL 498 .9996 .9998 496 .9998 1.0002
(.0073) (.0152) (.0049) (.0070)

FMR
σy = .2

495 .9796 .9975 494 .9179 .9982
(.0493) (.0546) (.0798) (.0770)

IDEAL 497 1.0002 1.0004 496 1.0002 1.0009
(.0141) (.0206) (.0147) (.0216)

FMR
σy = .6

497 .9908 .9934 497 .9251 .9942
(.0861) (.0867) (.0835) (.0854)

Table 2.Similar to Table 1 but for Scenario 2. For this scenario the true value forK = 2 and the regression

coefficients are(b11, b12, b21, b22) = (1, 1, 1,−1).
Noises σx = .1 σx = .3

IDEAL 494 .9998 .9999 .9999 -1.0007 495 .9998 1.0004 .9997 -.9999
(.0111) (.0217) (.0110) (.0208) (.0067) (.0100) (.0072) (.0101)

FMR
σy = .2

494 .9786 .9992 .9780 -1.0014 486 .9969 .8422 1.0114 -.8211
(.0519) (.0628) (.0531) (.0603) (.0832) (.0838) (.0827) (.0839)

IDEAL 493 1.0004 1.0008 1.0009 -1.0009 496 1.0009 .9988 1.0001 -.9980
(.02189) (.0293) (.0235) (.0315) (.0222) (.0317) (.0225) (.0310)

FMR
σy = .6

492 .9922 .9937 .9842 -1.0013 488 .9261 .9933 .9197 -.9979
(.0895) (.0880) (.0887) (.0922) (.0913) (.0954) (.0945) (.0953)



Supplementary material to functional mixture regression 17

Table 3.Monte Carlo estimates of the relative prediction errors (RPE) defined in Section 3 for 4 combinations of

noise levels. Also reported in the last row is the predictiveclassification rates (P. C. Rate) calculated for the validation

samples that correspond to those runs withK = 2 correctly specified.
Noise levels:{σx, σy}

Model Method {.1, .2} {.1, .6} {.3, .2} {.3, .6}
Scenario I FLM .02448 .03408 .05764 .08152
(K = 1) FMR .02447 .03408 .05764 .08152

Scenario II FLM .23210 .34332 .37007 .39004
(K = 2) FMR .0218 .03016 .04943 .06804

(P. C. Rate) (.8932) (.8951) (.8664) (.8448)


