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1. SMULATION STUDIES

We conducted simulation studies in two scenarios to ilatstthe empirical performance
of the functional mixture regression (FMR) model in term$oth estimation and pre-
diction. We simulated 500 Monte Carlo runs in both scenagash run consisting of a
collection ofn = 200 predictor trajectories; and associated scalar responsgthat

serve as théraining samplefor estimation. In addition, for each run, we further gen-
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erated anothe?00 pairs of (X;,Y;) that constitute thevalidation samplewhich will
be used towards the end of this section for assessing thecfiwegower of FMR. All
these trajectories were generated with a mean fungtion= ¢ + sin (¢), 0 < ¢ < 10,
and a covariance function derived from two eigenfunctiangt) = sin (7t/10)/v/5
and¢,(t) = sin (27t/10)/+/5, associated with eigenvalugs = 4, A\, = 1 as well as
A = 0 for m > 3. Note that these two eigenfunctions in fact resemble thpeshaf
the estimated ones in Medfly example. The predictor FPC s@me£;,, ~ N (0, \,,),
m = 1,2. The measurement erref; [(2.9) in the paper] are i.i.dN(0,02), where
two noise levels of the predictor process were considere@mnoonstrate the influence,
o, = 0.1 and0.3. Each predictor trajectory was sampled at locations thae wai-
formly distributed over the domai®, 10]. The number of measurements was indepen-
dently chosen for each trajectory, by selecting a numben frt00, . . ., 150} with equal
probability.

In Scenario 1 the response was generated from a single segrdanction,5(t) =
¢1(t) + ¢o(t) for ¢ € [0,10], with an i.i.d. additive noise; , distributed asV (0, o)) for
all subjects. We also included two noise levels of the resppr, = 0.2 and0.6. In
Scenario 2, the response was simulated from two distincessgn functionsy; (t) =
d1(t) + ¢o(t) for the first 100 subjects ands (t) = ¢1(t) — ¢o(t) for the rest, and
again was contaminated with an i.i.d. additivg0, o7) noisee; ,, whereo, = 0.2 and
o, = 0.6 were considered. The proposed FMR was estimated as desanilsection
2.3, including automatic choices of various smoothing peai@rs, the number of FPCs
of the predictor processes truncated by the threshold of &%gerall variation, and the
numbers of regression functions chosen by BIC in mixturadjttlt is worth mentioning

that M = 2 was correctly specified in most Monte Carlo runs for each.case
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We first examine model estimation using the training samphetuding the regres-
sion coefficients as well as the choiceléf The benchmark we compared with is the
ideal case of fitting the FMR [(2.4) in the paper] using thetRPC scores;,,,. From
Tables 1 and 2, one can see that, for identifying the numbeggression function&’,
the proposed FMR methodology is nearly as good as the ideagfitvhere the worst
case is 486/500 (97.2%) in the case with the larger noise edigior process in Sce-
nario 2. These results also provide evidence for the carsigtof regression coefficient
estimates.

It is of more interest to inspect the predictive ability oEtRMR when comparing
with the classical functional linear models (FLM). Recdlat, for each run, we have
generated a validation sample of size= 200, and here we use them to calculate the
relative prediction error (RPE), defined as RPES." | (Y — Y;*)2/ 3.7, Y;*2, where
Y;* is the response of th#h new subject in the validation sample a}Ajtiis its predicted
value. These predicted values were obtained as followst ffie FPC scores;,, of the
new subjects were calculated by applying the integral agr$(2.10) in the paper] to
the new noisy predictor trajectoriés;. Then these FPC scores were fed into the fitted
FMRs and FLMs repectively to calculate the predicted valudere the parameters of
such fitted FMRs and FLMs were estimated from the trainingm@anit is noticed that
the responsé’* were used to determine which cluster the subjects belong EMR.
From the Monte Carlo estimates of the RPEs listed in TableeSsee that the FMR
achieves dramatic gains ranging from 83% to 91% in Scenarndh suggests that the
FMR can definitely be a viable alternative when the FLM is mi#@uate. For Scenario 1,
comparable results were obtained for FMR and FLM. This wageted as the true value

for K = 1 was correctly specified by FMR in most runs. These compasisateed
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provide strong evidence for the need of the proposed FMR vehsimgle regression
function is not sufficient to characterize the underlyintatienship. Also reported in
Table 3 are, for Scenario 2, the FMR predictive classificatates for the validation
samples that correspond to those runs vidtiorrectly specified as 2. As expected, they

are affected by the noise levels of the predictor processespbnse.

2. THEORETICAL RESULTS

We state in this section the theoretical results on the stersty of the proposed func-
tional mixture regression (FMR) in terms of model estimatod prediction, along with
a brief and intuitive outline of the technical arguments. fik&t need to appropriately
guantify the discrepancy between the true and estimatexdi€unal principal component
(FPC) scores, i.e&,;, andé,,,. Besides needing a large number of subjects, it is also re-
quired that the measurements sampled from each subjectficgemtly dense. Then the
FPC scores can be satisfactorily estimated by the integmbaimationé{m [(2.10) in
the paper]. Since the PACE estimaf§§ [(2.11) in the paper] can be considered equiv-
alent to¢!  in the dense case (Milller, 2005), we shall focus on the rategtimates for
theoretical developments and suppress the supersétiptiienever appropriate.

Write &, = (&, ..., &) T and€; = (€, ..., &)Y, whereM is the number of FPCs
used for approximation. We cak, = (£,,...,£,)7 the “estimated” design matrix.
Given the estimated FPC scores, any estimate of the parametgr[defined prior to

(2.6) in the paper] would in fact be calculated from the ‘@stied” log-likelihood

(Y y, Xe) = Zz Py, € Zlogfyz|€z,1/)) (2.1)
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instead of the “true” log-likelihood

(Y, Xe) = leyz, Zlogf vil€:, ).

wheref(y;|€;, ) is defined in (2.7) in the paper. Although the consistencyhefilax-
imum Likelihood Estimation (MLE) ot/ obtained by maximizing the “true” likelihood
is applicable to standard mixture regression (Jiang anddrai999), to the best of our
knowledge, there is no existing theory for estimation ot#diby maximizing the “esti-
mated” likelihood (2.1). For clarity we denote such an eatierag) and call it MLEED,
short for MLE based on the Estimated Design maf?@( A general theorem concern-
ing the consistency of such MLEED has been established i2@b0) and is stated in
Lemma 3 of Section 4.

We shall consider the case of normal random component arateldre density func-
tion of a standard normal by(-). Coupling Lemmas 1-3 in Section 4, together with mild
regularity conditions listed in Section 3, we have the fwilog theorem. Recall thab
is the parameter space afity;|&;, bro, bx, a,ﬁy) is thekth conditional density, defined in

(2.6) and (2.7) in the paper, respectively.

Theorem 1 Suppose that the assumptions (Al)-(A4) hold with thle conditional
density f (:|€;, bro, b, 07,) = ©{(yi — bro — & bi)/owy}, k = 1,..., K, and that the
true valuey, is an interior point of the parameter spageThen, for any compact set
E C © containing some neighborhood of the true vaiiig there exists a sequence
of estimatea) = 1/;n maximizing the estimated likelihood functidg(+; y, )?5) onF,
such thatp —- ;.

Our estimates aim for the regression parameter functipngt) = Z%Zl e O (1)
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km?

[(2.5) in the paper]k = 1,..., K. Letb\), 5, (t) and EO) (Y| X;, M,i € C;) [(2.4)
in the paper] be the quantities evaluated at the true valygsy,, and¢&;,,. That is,

06 = XM 00 6 (1) and EO(Y;] X,, M,i € Cy) = by + S0 b))

m

&im» Where
teT7,k=1,....,K,i =1,...,n. Then we can obtain consistent estimation and

prediction both individually and on average.

Theorem 2 If the assumptions in Theorem 1 hold, for any compact/set © con-
taining some neighborhood gf,, Iettingﬁk,M(t) andE(Yi|Xi, M, i € Cy) be the quan-
tities evaluated ab,,, &, and that maximized,, (v;y, X¢) on E, i.e., B (t) =
ST bk (1) @NA E(Y;| X5, M i € Cr) = bro + SN brmEim, then

sup Brae(t) = B ()] =0, for k=1,--- K, (2.2)
te

R
- > {E(Yi|X:, M,i € C) — EOYi|X;, M,i€C)} -5 0. (2.4)
i=1

Remark. In principle, the consistency of MLEER as well as the predictions can
be extended to FMR model with other conditional densifi@g|&;, bxo, bk, 07,) and/or
with suitable nonlinear link functiong(by, + &; b;), provided that the conditions in

Lemma 3 and other necessary regularity conditions arel@afil

3. TECHNICAL ASSUMPTIONS

Necessary assumptions are listed below. Briefly, theserg#gans concern the number
and density of measurements per trajectory, the underbtimchastic procesk (¢) and
the noise process(¢) that generates the observed repeated measurehigifi¢g8.9) in

the paper], as well as various smoothing parameters anélerrctions. Let = b(n),
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h = h(n) andh* = h*(n) denote the bandwidths for estimating26), G (27) ands.,
(2) in Yao, Muller and Wang (2005).

(A1) b — 0, h* — 0, h — 0, nb®* — oo, nh*?> — oo, nh* — oo, nb® < oo,

nh*® < 0o, nh® < 0o, asn — oo,

Denote the sorted time points across all subjectg,as t1) < ... < t,) < bo,
andA = max{ty) —tg_1) : k=1,...,N + 1}, whereN,, = >~ n;, T = [ao, bo),
to) = ao, andty41) = bo. For theith subject, suppose that the time poihjshave been
ordered non-decreasingly. L&, = max{t;; —¢;;_1 : j = 1,...,n; + 1} andA* =
max{A; : i = 1,...,n}, wheret;y = ag andt; ,,+1 = by, andn = n=*Y_"  n;. To
obtain consistent FPC score estimates, we require botlotilegbhdata across all subjects
and the data from each subject to be dense in the time domdtor convenience, we

study the asymptotics in the mannerof- co asn — oo, and assume that

(A2) A = O(min{n= Y2~ n=2p 1 Y41} max{n; :i =1,...,n} <

Cn for someC > 0, andA* = O(1/n), asn — oc.

Denote byU;(t) Hi.d. U(t) the distribution that generaté§; for theith subject at;;.
The predictor proces¥ and measuremet are assumed to satisfy the following con-

ditions.
(A3) E(|IX"||%) < oo, E([[X"||%,) = o), super E[U*(t)] < co.

Recall that smoothing kernels; and K, are compactly supported densities with zero
means and finite variances. The Fourier transformations;ofnd K, are denoted by
k1(t) = [e ™K (u)du and ky(t,s) = [ e ) [y (u, v)du dv respectively. We

require
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(A4) [|r1(t)]dt < oo, [ [|ra(t,s)|dtds < oo, i.e., ki(t) andrs(t, s) are both

absolutely integrable.

Let g; (u; t) denote the density function éf(¢), andgs(uy, us; t1, t2) denote the density
of (U(t1), U(t2)). Itis assumed throughout that these density functionsfgatppropri-

ate regularity conditions.

4. AUXILIARY LEMMAS

Denote the true and estimated covariance operatoG Iaynd@’ generated by~ and
G respectively; i.e.G(f) = [, G( s)ds andG(f) = [, G( s)ds for any
f € L*(T). Define

Dy = [[{G(s,t) — G(s,)}2dsdt]"/?, G = Minyjam(A; — Ajy1)
M*=inf{j > 1:\; — X\j;1 <2Dx} —1, Tm = 1/ A 4+ 1/6p.

' (4.1)

Lemma 1 Under (Al)-(A4) and appropriate regularity conditions fi@nsity functions

g1 (U, t) andgg(ul, U2; tl, tg),

sup i(t) — p(t)] = O sup |G(s, 1) — G(s,1)] = Op(—

1
T =) ’ 9 T =19/ 42
teT \/ﬁb) steT P \/ﬁh2) (4.2)

and as a consequeneg, — o2 = O,(n~'/2h=2 + n~1/2p*~"). Considering eigenvalues

A\ Of multiplicity one, é,, can be chosen such that,= 1,..., M*,

~ ~ T
P Am — Am| < Dx) =1, m(t) — om(t)| = O)(—=), (4.3
(1§£§M| | x) igglcb (t) — om(D)] ”(\/ﬁh2) (4.3)

whereDy, m,,, andM* are defined in (4.1).
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The next lemma provides upper bounds for the estimatiorrserfgn — &im| With

some specific structure, and the derivation can be founduhdviand Yao (2008). Let

| flloo = sup,e4 | f(t)| for an arbitrary functiory with supportA, | g|| = ,/fA g2(t)dt
foranyg € L*(A), and define

05 = | X + ol | Xi XA + 3, Zin) = supyer [dm(t) — dm(t)],

0% = 1+ || pmdl, [loo A, 25 = supyer |it) — p(t)],

05 = call Xilloo + cs| Xllloo + e, 28 = @]l (4.4)
0h) = | > ig €ijbm(tig) (tij — tij—1)l, ZW =1,

o) = > ity leij|(tiy — tij-1), A=A

for some positive constants, . . . , ¢ that do not depend oior m. We note that the sub-
scripts are mainly for notational convenience and do noessarily reflect dependence
on these indices. More importantly, we emphasize&jﬁéare i.i.d.over (¢ =1,3,4,5)

or nonrandom that is freé (¢ = 2), and that thez!" do not depend on for all

¢=1,2,3,4,5.

Lemma 2 For integral estimates of the FPC scofﬁ;gin (2.10) of the paper,
5
gzm| ZOM?LZZ, m:]_) 7M*7 (45)
/=1

Where9§Q andZ\? are defined in (4.4), andi/* is defined in (4.1).

We aim for the consistency results for abWyand X', whereM andK are the numbers
of FPCs and distinct regression functions in the FMR model stte a useful theorem

proved in Yao (2010) as Lemma 3 regarding the consistendyed¥aximum Likelihood
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Estimation based on Estimated Design (MLEED), that can loevshapplicable to the
proposed FMR. For convenience, we first define some conditivett are required for
some relevant functions. A functidr(v, y, £) is said to satisfy the assumption (B1) at

1, € O, provided that the following holds.

(B1) There exist some functiongy, &, 1) andc(v) such that, for all possible

values ofy, ¢, ¢”, andy € Ny, , whereN,, is some neighborhood af

Hh<¢7 Y, 5//) - h(l/)a Y, 5/)" < g<y7 €/7 1/)>H€// - é/H + C(‘b)Hg/ - £/H27
andg(y, &, v¢) andc(v) satisfy

Sup E(wmAO){gz(}/’ £7¢)} < OO, Sup C(’L/)> < OO,
$ENy, PYENy,

wherev, andA, are the true values ap andA.

A function ¢(y, &, 1) is said to satisfy the set of assumptions (B2)atc ©, if the
conditions (B2.1)—(B2.3) below hold.

(B2.1) q(y, &, ) is upper semicontinuous i € Ny, for all (y, §);

(B2.2) There exists afunctiab(y, &) such thatt,, 1, D(y, &) < oo andq(y, &, ) <}

D(y, &) forall (y,£) andip € Ny, ;

(B2.3) Foriy € Ny, and sufficiently small: > 0, Sup g,y — ) <r} q(y, &) is

measurable iy, £).

In Lemma 3, letf(y|&, 1), b € O denote a general conditional density function with a

parameter spade that is a subset dR? for some positive integer [not restricted to the
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conditional density defined in (9) of Section 2.2], a&}cbe any sequence of estimates

of£,,i=1,...,n.Denotel(y;y, &) = log f(y|&, ).

Lemma 3 Suppose that the true valueg is an interior point of the parameter spage
Consider an arbitrary compact sétsatisfying/N,,, € £ C © and anyy) € E is an

interior point of©, whereN,, is some neighborhood af,. Assume that

(i) There exist someZ{ and Hf)n Whereeﬂ are either i.i.d. realizations of posi-
tive random variableg{’ or nonrandom constants with respect tavherej =

1,...,J, for some finite/,

g — &1l <> 2962 B{(09)*} <o,  ZD\E{(67)2} L 0;

Jj=1

(i) Foranyvy € E, (v;y, &) satisfies the assumptions (B1)atvith some functions

9(y, &, 1) andc(vp), whereg(y, &, ¢) satisfies the assumptions (B2)at
(iii) Foranyy € E, [(v;y, &) satisfies the assumptions (B2t

(iv) f(yl& v) = f(y|€ ¢") implies thatyy = ™ in a well-defined sense (identifiabil-
ity).

~

Then for any sequence of the maximizgrof I, (y;y, X¢) = S, 1(¥; v, ;) on
the compact set, i.e., the maximum likelihood estimates based on estimdésiyn

(MLEED), one has
% = Py,
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5. PROOFS OFMAIN THEOREMS

Proof of Theorem 1.We first verify the conditions (i)—(iv) in Lemma 3 for the FMR
model with the conditional density of tti¢h componeny (y;|€;, bro, bi, o7,) = ¢{ (yi—
bro — & by)/owy}, k= 1,..., K, wherep(u) = exp(—u?/2)/+/2r is the density func-
tion of standard normal. Given the expressionszfif and QZ(Q in (4.4), one notes that
92(2 are i.i.d. ornonrandomw.rt,/ =1,...,5,m = 1,..., M. With (A3), it is obvious
thatE{(Qi(Q)z} < oo for ¢ = 1,2,3. Due to the orthonormality of,, and the inde-
pendence among;’s, we haveE{(6{))2} = B30 cijm(tiy)(tiy — tij1)}?] =
var(3 0L, gidm(tiy) (tiy — tig—1)} = 02 3201, 0 (ti) (i — tij-1)? < 20°A" — 0. For
6 applying Cauchy-Schwartz inequaliy{ (6\*)2} < (>, B (tij—ti;1)}T gl
27202 < oo for largen. Combining with Lemmas 1 and 2, then condition (i) holds.
Since the parameter spaéedefined is an open subset BV +3)X-1 any € E is
always an interior point o®. It is easy to verify that condition (iii) holds for the con-
ditional densityf(y;|&,, ) with normal components, while condition (iv) is satisfied

given the identifiability in the sense of (2.8) in the paper.

Now we check condition (ii), and observe that

K
[(;y,€) =log { > mif (yI€, bro, br, oy)
k=1

1 (y — bro — £70)°
bro, by, 02.) = — . 5.1
f(y‘éu k0> Yk, aky) /_27T0'ky €xp { QUzy } ( )

For any fixed interior pointy, of ©, one can always assume that a sufficiently small

neighborhoodV,,, is bounded, and particularty < =, < 1 — § andoy, > 6 for some
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0>0,k=1,..., K. By Mean Value Theorem, one has, forc N, ,

l(tb;y,é”) — sy, &) = (0"1(ap;y,£)/08)(£" - &),
lapry. ) = S i1 TS (YIE” bro, by 02, (y — bro — €7 by )by /0,
65 id S TS (YIE, bro, br, Ohy)

Y

whereg* = ¢ +v(¢" — ¢') for some0 < v < 1. In spite of the complex appearance
of the above expression, one can see that it is in fastighted averagef (y — by —

&by by / o}, with weightsm. f (y|€*, buo, bi, 07,), k = 1,..., K. Therefore,

Mw

0
IIa—El(VJ); y €N <D Iy — bro — €7 br)by /a3, |

B
Il
—

{1Bry — brobi || + 1b&]1?[1€" + v &)}

P‘ﬂx

e

I

—_
)

<

Ty

by || {ly — bro| + L& €]} + { Z ||bk||

— 0' — O’ky

(. w) c(¥)Ig" = &'l

}Hﬁﬁ /

Mx

Il
o =

From the boundedness of the smalj, , it is easy to see thatip,,. v, c(y) < oo,
SUDyen,, Eyone){g?(Y,€,4)} < oo, and moreovey(y, &, ) satisfies the assump-
tions (B2) atvy,. Thus condition (ii) holds. The existence of a consistemjusace
1 € E thatare roots ofl,, (1; y, £) /8y = 0 follows for the conditional mixture normal

density (5.1).

Proof of Theorem 2 The uniform consistency Qtffk,M(t) w.rt. t € 7 is obvious
given Theorem 1 and Lemma 1. For individual prediction, rthm@(YAXi,M) —
B(Y;|X;, M)| < [bro—bo| +11bx—bil|- 1€ — &, and||€,— &[] < 0, S5, 276,
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) Lid. g

We have shown tha‘E{(@%’Y} < oo and Z4Y E{(efﬁ))2} 50, WhereGZ(
(considering i.i.d. random variables here without loss eherality),/ = 1,...,5,
m = 1,... M. We then arrive at the result (2.3) by observing the follayiar each
m and/. For anye > 0 ands > 0, we choosed > /2/(ed), i.e.,(A%0)~! < €/2, when

n is sufficiently large, and apply Chebyshev’s inquality:

P(200 - 500 > 5) < P (20 B( ) > 12) +p(f§QE—{§§f;‘} > Vi)
< E L <e
2 A 5

Noting that(1/n)||€, — &,]| < SN, 520 29 (1/n) 321, 619, then the consistency
of the average prediction (2.4) follows immediately frone taw of large numbers for

triangular arrays.

6. EM ALGORITHM FORMIXTURE REGRESSIONMODELS

For completeness we outline an EM algorithm for fitting mnettegression models. For
details, see, for example, Naik, Shi and Tsai (2007).

Consider the following mixture model witk” normal density components:

K
f(yi|€i7 'lb) = Zwk@(yimiv bro, by, UI%y)? i=1,...,n,
k=1

where0 < 7, < 1l and> m, = 1, @(yl\gz,bko,bk,ak ) is the normal density with
mean(byo + &; by) and variancer?,, andy = (b}, b}, ..., b, w", ol)7 is the vector

containing all relevant parameters. lsgt” be ther-th iterative estimate fogp. In the
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E-Step of the algorithm, one calculates

2(r
(r) - 7Tk Sp(yl|£zvbk()7 ;))

Tik = :
Zk 17Tk @(yl‘£z7bk07b y))

This quantity can be seen as thh estimated probability foy; originated from the:-th
component.
In the M-Step, thér + 1)-th estimates are calculated with the following closed¥for

expressionsr! " = n=1 S 717 and

(r+1) (T ~ (VN ~ (1
Do _ (v =1 ()T ~(r) 20r+1) 3/2) (/- lfé ))3/2)
- (Xk Xk ) X Yy Oky - (r) )
(r+1) F(W )
b, k

fork =1,..., K. In the above?,\” = diagry),...,77), X = w2 x,, g\ =
T rr(r v (r ST o (r)y—1 o ()T >
Wiy, B = XOXT X)X, Xe = (1, Xe), Xe = (€4,...,€,)7 and

y:(y17"'7yn)T
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Table 1.Section 3 Simulation Scenario 1. Monte Carlo estimatesgréssion coefficients (standard errors in paren-
theses) for 4 combinations of noise levels, calculated fiawse runs tha#{ = 1 were correctly specified. The first
integer in each case reports the number, out of 500 runs,réctly specified runs. In this scenario there is one single
regression function with true valués: = b12 = 1. The first row corresponds to the ideal fitting (IDEAL) whitet

second row corresponds to FMR.

Noises o = .1 o =.3
IDEAL 498 .9996 .9998 496 .9998 1.0002
oy =2 (.0073) (.0152) (.0049) (.0070)
FMR 495 9796 9975 494 9179 .9982
(.0493) (.0546) (.0798) (.0770)
IDEAL 497 1.0002 1.0004 496 1.0002 1.0009
oy = .6 (.0141) (.0206) (.0147) (.0216)
FMR 497 .9908 .9934 497 .9251 .9942

(.0861) (.0867) (.0835) (.0854)

Table 2.Similar to Table 1 but for Scenario 2. For this scenario theetrvalue forK = 2 and the regression

coefficients aréby 1, bio, ba1, ba2) = (1,1,1, —1).

Noises o = .1 s =.3
IDEAL 494 9998 .9999 .9999 -1.0007 495 .9998 1.0004 .999P999
oy =2 (.0111) (.0217) (.0110) (.0208) (.0067) (.0100) (.00720)1Q1)
FMR 494 9786 .9992 .9780 -1.0014 486 .9969 .8422 1.0114 -.8211
(.0519) (.0628) (.0531) (.0603) (.0832) (.0838) (.0827889)
IDEAL 493 1.0004 1.0008 1.0009 -1.0009 496 1.0009 .9988 @I1.0G.9980
o, =6 (.02189) (.0293) (.0235) (.0315) (.0222) (.0317) (.022%)310)
FMR 492 9922 9937 .9842 -1.0013 488 .9261 .9933 .9197 -.9979

(.0895) (.0880) (.0887) (.0922) (.0913) (.0954) (.0945)9563)
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Table 3.Monte Carlo estimates of the relative prediction errors ERlefined in Section 3 for 4 combinations of
noise levels. Also reported in the last row is the predictifessification rates (P. C. Rate) calculated for the validat

samples that correspond to those runs with= 2 correctly specified.
Noise levels{oz, oy}

Model Method {.1,.2} {.1,.6} {.3,.2} {.3,.6
Scenario | FLM .02448 .03408 .05764 .08152
(K=1) FMR .02447 .03408 .05764 .08152
Scenario Il FLM .23210 .34332 .37007 .39004
(K =2) FMR .0218 .03016 .04943 .06804

(P.C. Rate) (.8932) (.8951) (.8664) (.8448)




