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Abstract

Conditional and unconditional confidence intervals have been
compared by Grice, Bain, and Engelhardt (Commun. Statist. B7
(1978), 515-524) in terms of the location-scale model with
double—-exponential distribution form. Preference was found
for the conditional intervals based on mean length and cover-
age probability for untrue parameters values. These two cri-
teria for a location—-scale system are shown to be inappropri-
ate criteria for assessing the conditional versus uncon-
ditional approaches to inference. The usual ancillarity con-
cept is also noted to be inappropriate. Suppert for many con-
ditional analyses, however, is found in a more careful for-=
mulation of the statistical model.

1. Introduction

Recently, Grice, Bain, and Engelhardt (1968) have examined
certain problems of inference for the location-scale model

with density functions == g
£(y:u,0) = o' gla | (y=u)) (1.1)

(LER, UER+) in the particular case
1
gl(z) = zexpl-|z|}

Their analysis compared (I) the confidence intervals for uyde-
rived from the marginal distribution of

t = (fi - /G (1.2)

for a sample of n with (II) the confidence intervals for yu de-
rived from the conditional distribution of t given the con-
figuration (d1,...,dn), di = (yi = y)/o.



We recall that the conditional analysis Il was proposed by
Fisher (1934) as a means to "recover information lost"
through use of the not-sufficient maximum likelihood esti-
mates |t and 0. Recently Hinkley (1978) (see also Hinkley and
Efron (1978)) has proposed some large-sample approximations
for the conditional distribution of t; these approximations
include finding the MLE and typically require the use of a
computer. It should, however, be pointed out that the exact
conditional analysis for the location-scale model is readily
available (Fraser, 1976) using the computer program (Fick,
1976) .

Grice, Bain, and Engelhardt examine the relative merits of
the conditional and the unconditional confidence intervals in
terms of three criteria. The first of these is the ancillari-
Lty property of the configuration d. Ancillarity is often pro-
ferred as grounds for the conditiconal analysis. However, while
supported by a few appealing examples (e.g. Cox and Hinkley,
1974), ancillarity as a general principle of inference has
severe shortcomings. Indeed the existence of conflicting an-
cillaries exhibits the principle as self-contradictory (cf.
Fraser, 1973, 1979). Support for the conditional analysis
must therefore be found elsewhere.

Grice, Bain, and Engelhardt also consider the criteria of
minimizing mean length and maximizing power of confidence
intervals. For the double exponential, they find that inter-
vals derived from the conditional analysis tend to have
shorter mean length and higher power than those from the un-
conditional analysis. This support for the conditional ana-
lysis appears tempered, however, by the Welch (1939) example
in which intervals obtained from the conditiocnal analysis
were in fact longer for the case with g(z) given by the uni-
form(-1/2, 1/2) distribution.

The purpose of this note is to show that short mean length
and high power are not suitdble criteria for assessing the
conditional versus the unconditional approaches to inference.
This is not to deny, however, certain merit to the two cri-
teria when other things are egual.

Also we note that, though ancillarity, shortest mean length,
and highest power do not provide adequate support for the
conditional analysis, such support does exist; section 4 dig-
cusses briefly this alternative support.

In addition we emphasize particularly that inferences coming
from the conditional analysis do not depend on choosing y and
o to be the maximum likelihood estimates. In fact any location-
scale statistics ﬁ, g will lead to the same conditional in-
§erences; note tha§ ﬁ, g are location, scale statistics if
ulal + cy) = a + culy), a(al + cy) = caly) for all a in R and
¢ in R*."Thus the chdice of estifMator vafishes in the con-
ditional context. Indeed if there are certain ultimate esti-
mators as are sought by the robustness analyst then such are
automatically being used in the conditional context. For the
remainder of this article y§ and 6 will refer to arbitrary
location, scale statistics.
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2. The mean length criterion

We consider a sample of size n from the distribution (1.1).
A B, level confidence interval for p is of the form

A_HA'\_IA
(u ty o, w t3 a) (2 1)

where (t!, té) is an interval containing B, Probability for

the conditional distribution of t given the configuration d.
Note the special form of the interval as required by the
typical nonsymmetry of the conditional distribution. We see
that (2.1) is an overall B level confidence interval for u
where g = E(B,) is calculated using the marginal distribution
for d.

Now let §1 and d2 be two possible values of d with respective

probabilities pq and p;. We present our arguments in a dis-
crete context but note that they carry over to the continuous
case by the use of limiting arguments involving neighbour-
hoods. Also, to simplify formulae we assume the scale sta-
tistic 0 has been specially selected so that E(o}d) = ko, is
constant with respect to d. -

Consider a B-lével confidence interval with conditional con-
fidence 81 at d1 and 82 at dz. We examine the effect on the
mean length of increasing 81 to 83 + ey by changing outward

one of the boundaries té F ta , . say tnt by an amount Ty and
=] beti |

decreasing 82 to 62 - g, by changing inward one of the boun-
daries t} , t% , say t,, by an amount 1.. We then have the

d, d2 2 2
local relationship Tihi =€y where h.l is the conditional den-

sity for t given di evaluated at ti'

Under the preceding changes the overall confidence level B
will remain fixed if

Py¥yhy = poTahy«

The mean length, however, will typically change. This change
is given by

(Py7q = P,T,) ko
which by (2.2) reduces to
k0p1T1(1 - h1/h2)

and is negative if h1 > h2.
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Thus to minimize mean length we should increase conditional
confidence on intervals with high boundary t density and de-
crease conditional confidence on intervals with low boundary
t density. Or more intuitively we would place higher con-
ditional confidence on intervals formed from narrow precise
conditional distributions for t, and lower conditional con-
fidence on intervals formed from wide imprecise conditional
distributions. Moreover the conditional B interval with By = B
will only be shortest if the conditicnal distribution is
esgentially the same (at the critical value) for all d, in
which case the conditional and unconditional analyses are in
fact identical. )

Thus minimizing mean length runs counter to the very essense
of conditional analysis: you can always do better in the mean-
length sense by using the unconditional analysis - unless the
conditional and unconditional analyses are the same, as with
the normal. The operating principle from the minimum length
viewpoint is get as much confidence coverage as possible

where it is cheap - where the conditional distribution is
precise.

The implications of this are overwhelmingly apparent in the
simple location example considered by Welch (1939). Let y1q,
y2 be uniform (8 + 1/2). The minimum mean length B-level con-

fidence interval depends on the range r = 1 - y(zj = y(j) of
possible 6 values; it has the form

v+t r/2 if r < v/ B
¢

r > B,

in other words the full range of possible 8 walues when that
range is small and the empty set (!) otherwise.

3. The power criterion

Somewhat similar results are obtained with the power criterion.
For illustration we take the somewhat simpler location model
with known scale, say ¢ = 1. For this model the configuration
is given by d = y - u1 where u is a location statistic,

utal + y) = a + {i(y) and the appropriate t statistic is given

by t = ﬂ = k.

A B,-level conditional confidence interval has the form

(n - .. a—té) (3.1)

where (té, t&) is a g, interval for the conditional distri-

pution of t. We have that (3.1) is an overall g confidence
interval where g = E(g,) with respect to the distribution of
d. Also we see easily that a shift in y results in a com-

pensating shift in (té, ta) so that the interval is independent

of the choice of location™statistic.
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The power of a confidence interval is defined as the pro-
bability of missing a false parameter value say u + A, A + 0.
The power of (2.3) is given by

< A4+ u <y - t!

1 - p(n - )

‘a

.~} - " "
1 P(td + A < t < td + A).

Without loss of generality we examine the case A > O.

As in Section 2 we let d, and d, be two possible values of d
with prbbabilities Py and Py- We consider a B-level interval
with conditional confidence S1 at d1 and 82 at'dz. The upper

boundary of the interval is critical for the A > O case and
thus we examine the effect of increasing 51 to 51 + €4 by

changing outward the first upper boundary by an amount T, and

decreasing 52 to Bz - €, by changing inward the second upper

boundary by an amount T,; then Tihi = %j where hi is the con-

ditional density for d given d, evaluated at the lower boundary
: ~ ~i

point ti.

The overall confidence remains unchanged if p,t,h, = p,t,h,.
; : : 1711 2272
The change in power is given by

B A A
P4Tqhy + PyTohy

where hi is the conditional (on d) density evaluated at ti + A

or is the -A displaced conditional density evaluated at £y
This reduces to

A A
2

Tl 5= = )
11 h2 h1

which is positive if the likelihood ratio h’%‘/h.| is small with
respect to h%/hz. Indeed this is what we would expect from

hypothesis testing theory: put points into the acceptance
region for small values of the likelihood ratio.

How does this effect the conditional confidence levels? For

a reference case consider a central B-level conditional con-
fidence interval and in particular the (1-g)/2 boundary point
in the left tail of the conditional distribution. If the con-
ditional distribution is very concentrated then the likelihood
ratio will be very small, and if the conditional distribution
becomes diffuse then the likelihood ratio becomes larger. The
implication is that the interval should be increased in the
concentrated case and decreased in the diffuse case.
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Thus we see that the criterion of maximum power leads to high
conditional confidence for the precise distributions and low
conditional confidence for the diffuse conditional distri-
butions. The second criterion also runs counter to the con-
ditional analysis.

In conclusion we note that both minimum length and maximum
power lead to high confidence levels for the precise distri-
butions and low levels for the imprecise distributions. From
a conditional point of view this situation is untenable and
amounts to a statistician playing off one client against
another in order to produce, on the average, short powerful
intervals. In brief get your coverage where its cheap.

4. Formulation of the model

Support for many conditional analyses is found in a more
careful formulation of the model used. Consider, for instance,
a distribution g(z) with a corresponding variable z. Then it

d
should be more or less obvious that the model (I') v = p1+cz,

where = denotes equal-in-distribution, is in some way dif-
ferent from the model (M")y = u1 + oz.

The first model (I') simply provides a description of the
possible distributions of the response y. It is identical

with the model that asserts that the response y has possible
distributions {G_ng(oh1(y = pHl)) = =» < y < ®, 0 < g < w},
An observed y is then assessed in accordance with these pos-

sibilities. On the other hand, model (N') asserts that an
observed y is in fact some (unknown) non-random transformation

or presentation of an (unknown) realized 25 Knowing z . as

(o]
well as Yor is tantamount to knowing the transformation (and

thus u and o). This, of course, is not the case with model
(I'). A statistical model plus data has been termed an in-
ference base. For model ('), the variation-based model, an
observed y leads to a reduction in the possibilities for 24
(all but two dimensions of z, are determined). The possible
values for this realized z_ thus lead to the alternatives

0
with which to assess the observed y. This leads (Fraser, 1976,
1979) necessarily to the conditional analysis: the initial in-
ference base has been replaced by a simpler inference base.
Model I, thg classical model, is a response-based model. The
conditional inference (on g) involves a reduction of the

initial inference base (classical model plus data); it re-
places an assessment of the observed y against all possible vy,

with a comparison of the observed Yy against those y's having
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a specified g (in light of course of the possible distri-

butions). Such a reduction of the response based model can
only be accomplished in conjunction with some principle. As
we have noted ancillarity, "shortest length" and "largest
power" are not appropriate.

Thus the question of whether to use a conditional or an un-
conditional analysis becomes rephrased in terms of whether to
use model (I') or (II'). Both entities can be viewed as
potential models for a location-scale problem. Which is more
"appropriate”? An answer to this question requires some mini-
mal basic axioms pertaining to the ingredients of a statistical
model. We suggest that one minimal requirement is for the model
to be descriptive in the sense that components of the model
correspond to real objective components of the system being
modelled and vice versa. It has been shown (Fraser, 1979 and
Brenner and Fraser, 1979) that distribution form (and thus z)
of the location scale system is an objective component of 7
the system. Accordingly it should be included in the statistical
model. Thus for location scale problems model (T') with the
consequent conditional analysis should be employed.
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Gunter Lorenzen

Spezifikationsfehler beim Messen der Abhdngigkeit in
Kontingenztabellen

(i

1. Einleitung

Der Begriff des Spezifikationsfehlers ist in der Okonometrie
vertraut. Im weltesten Sinne werden unter diesem Begriff die
Konsequenzen eines fehlerhaft oder unvollstdndig spezifizier-
ten Regressionsmodells verstanden. Beispielsweise kann ge-
zeigt werden, daB die OLS-Schdtzfunktionen der Regressions-
koeffizienten nicht erwartungstreu sind, wenn eine 'relevan-
te' Variable in der Regressionsbeziehung nicht berlicksichtigt
wurde (z.B. Schneeweif (1971), S. 150). Da es bei der Regres-
sionsanalyse um das Messen von Abhidngigkeiten zwischen Varia-
blen geht, heift dies, daB bestehende Abhdngigkeiten zwischen
Variablen systematisch fehlerhaft ermittelt werden, wenn nicht
alle 'relevanten' Variablen im Regressionsmodell berlicksich-
tigt werden.

Die Regressionsanalyse wird in der Regel nur fir gquantitative
Variable benutzt, allenfalls werden unter den unabhdngigen
variablen (Regressoren) des Regressionsmodells gualitative
Variable in Form von (0,1)-Variablen zugelassen. Das iibliche
Regressionsmodell ist dagegen ungeeignet, wenn auch die abhin-
gige Variable eine (0,1)-Variable ist, da dann die iblichen
Annahmen iiber die stochastische Residualvariable nicht ldnger
erfiillt sein k&nnen. Um Aussagen ilber Zusammenhinge zwischen
(0,1)-Variablen zu machen, stehen andere Methoden zur Verfii-
gung, beispielsweise der xz—Unabhangigkeitstest.

Im folgenden wollen wir uns mit speziellen Spezifikations—
fehlern beim xsznabhangigkeitstest befassen, d.h. mit dem
Problem, daB der y2-Unabhingigkeitstest zu inkorrekten SchluB-
folgerungen hinsichtlich des Zusammenhangs zwischen zweil
Variablen filhrt, wenn 'relevante' Variable aus der Untersu-
chung ausgeklammert werden.

Das Problem ist seit langem bekannt, aber in der Regel nur
gqualitativ abgehandelt worden, siehe z.B. Simpson (1951),
Birch (1963), Bishop (1971). Ansdtze zu einer Quantifizie-
rung des Spezifikationsfehlers finden sich beil Kendall and
Stuart, Vol. IT (1961) bzw. Kendall (1975). Allerdings wird
der Spezifikationsfehler dort mit Hilfe eines uniiblichen Kon-
tingenzmaBes quantifiziert, daB keinen unmittelbaren SchluB
auf das vor allem in der schlieBenden Statistik wichtige x2-
MaB zuldBt. Demgegeniiber wird in vorliegender Arbeit der Spe-
zifikationsfehler im y¥2-MaB ausgedriickt.

Im nichsten Abschnitt werden wir das im folgenden benutzte
xz—MaB kurz vorstellen. Im dritten Abschnitt soll das Spezi-
fikationsproblem anhand eines Beispiels erdrtert werden. Im
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