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SUFFICIENCY FOR REGULAR MODELS
By D. A. 8. TRASER

University of Toronto and University of Copenhagen

SUMMARY. Yora goneral parametor space, and a fixed-carrier model, the sample-space gradient
of tho log-likelihood statistic is used to determine the local form of the minimal sufficient statistic. An
extended form of the exponential model is dofined and is characterizod in terms of tho likelihood gradient,
Some global Koopman-Darmois-Pitman theorems are then developed that generalizo those theorems of
Dynkin, and Barankin and Maitra,

1. INTRODUCTION
Let x be a variable taking values in a closed region X of Euclidean space Kb
(or, for most of the results, a finite dimensional manifold with a countable base);
let & be a parameter taking values in a general space Q; let f(x|0) be the probability
density function and, for each @ in an open sot 4 whose closure 4 = X, suppose that
f@]0) > 0 and the gradient vector

3 t@lo)

exists. Such a model will be called R-regular. An open set A can be expressed as a
countable union of disjoint connected open sects A4,.
L=
A =1) 4,
a=1 :
In his analysis of sufficiency for a Koopman-Darmois-Pitman theorem, Dynkin (1951)
makes similar assumptions for a real variable but requires in addition that S| 0) be
continuous in & and the gradient vector be continuous in 4. From his definitions it
would seem that the set 4 in which the gradient vector exists could vary with 6 but
examination of the proof of his Theorem 2 excludes this apparent generality.
Barankin and Maitra (1963) make somewhat stronger assumptions. They
require that 4 be connected, that Q be a connected open Buclidean set, and that further
derivatives exist and ave continuous, and for their global theorem they assume that
f(x|0) is analytic on 4 x Q. ' o
Both Dynkin, and Barankin and Maitra vestrict themselves to one-dimension
variables for their principal results.

2. THE BEXTENDED EXPONENTIAL MODEL
¥or an analysis of sufliciency when the open set A is disconnected it seems
more appropriate to work with a generalization rather than with the ordinary
exponcntial model,
Let f(z|0) be an R-regular statistical model. f(z|0) is an extended exponential
model if it has the form.

1(210) = oxp {ate)+- 3 8,@pul0)+ 2 b, @fe(0)
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where a(x), b(x) are differentiable in A and 8a() is the characteristic function of the compo-
nent domain A,.

As a simple example suppose that w is real, that 4; = (1, 2) and 4, = (3, 4)
and that

J(@]|8) = ¢(0) exp {0 +26) on 4,
= ¢(0) exp {420} on 4,
= oxp {[0*-+d(O)]3,(w) [0+ d(0)16y() +ab)}.
This model has a basic exponential term a0 which is adjusted from A4, to 4, by an

amount that depends on 4.

Ordinary exponential models can be standardized by removing linear depen-
dencies among the functions of x and among the functions of §. A similar simpli-
fication is possible for extended exponential models.

An extended exponential model
f(x]0) = exp {a(z)+ Z o(@)pa (O)+ Z 0, (@) (0)}

18 11 canonical form with respect o references points xdin A, and 0y in Q if
@) (lOo)s ..o iy (6,)) = 0.
(i) 94(6), ..., ¥, (0) are linearly independent.

(i) (by(x), ..., b, (x)) = 0 at each 22

iv)  by(x), ..., b, (x) are linearly independent.

(V) (?1(00)) “?2(00)! ) = O
The example can be written in the following canonical form.

f(@|0) = exp {d(0)-+(02+1.50+4-d(0)—d(0))5,(x)

+(02+3.504-d(0)—d(0))8y(x) +(x—1.5 8,(x) — 8.5 8y(x))6}.

Any extended exponential model can be put in canonical form with respect lo given
reference points.  Condition (i) can be satisfied by writing () ={/(0)— ¥ (0)} -+ ,(0,),
and rearranging the exponent so as to incorporate the contribution from ¥ (0,) into
the term a(x). If there is lincar dependence among the new i functions, one of them
can be expressed in terms of the others, and substitution and rearrangement leads to

one less ¢ function; this can be repeated until no lincar dependency remains, therchy
satisfying condition (ii). Condition (iii) can be satisfied by writing

b, @) = {b, (@0)=Z b, () 8,@)} +2 b, (=D) du(e)
1 1
substituting, and rearranging. Condition (iv) can be satisfied in the way that condition

(i) was satisfied, and condition (v) in the way that condition (i) was satisfied.

Some simple analysis shows that the canonical form for an extended exponential
model is essentially unique in the following way. '
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(a) The function a(x) is unique. Tt is equal to In S(x|0) at 0.

(b)  The functions ¢,(0), 9(0),... are unique. If likelihood is taken with respect
to 0y, these functions give the log-likelihood at the reference points :
10|22), 10]aY),... . .

(¢) The linear space generated by the functions W), fro0), ... 18 unique. This

is the smallest space containing Lhe likelihood deviations, (0 |x)—1(0]a2)
with = in 4,.

Ad) For a given basis yry(0), ry(0), ... the cogfficients by(z), by(), ... are unique.

These clements of the canonical form for an extended exponential model derive from
the following separation of In f(z|0).

In f(z]6) = In fiw|0o)+-{ £1014) @)} +{1010)— £ 10]48) o)) .

The second bracket gives a likelihood contribution that comes from the sel A, in which
the observation falls, the third gives the likelihood contribution that comes from the
observation x relative to the reference point for tlie set 4, in which  falls.

For later reference it is convenient to have names for some elements of an
extended exponential model in  canonical form.

Wﬁ(ﬁ): S ] ?fj‘?(ﬁ)

are structural-basis paramelers or mercly basis parameters when the context is
explanatory. The number v of structural-basis paramcters is the order of the model.
The exiended exponential model is said to have structural basis :

Yi0)s ..., ¥ (0).

The following lemma derives simply from the preceding definitions :

Lemma : =, ..., %, are independent wvariables. FEach z; has an exlended
exponential model with structural basis in a space over yry(0), ..., Y(0) if and only if
(@1, ooy @) 18 an cxtended exponential model with structural basis in « space over

#1(0), ..., ¥(0)

3. SUFFIOIENCY FOR 2 NBAR 20

Sufficiency in the neighbourhood of a sample space point was investigated by
Barankin and Katz (1959) and provides the basis for the Koopman-])mmom Pitman
theorems in Barankin and Mairta (1 963).

In this section a concept of local sufficiency is developed; it is, in essence,
equivalent to the Barankin and Katz formulation but applics to the more general
B-regular models and its development is based on the minimal sufficiency of the likeli-
hood function (Dynkin, 1951 and Fraser, 1963).
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Let f(x10) be an R-regular statistical model. The statistic
(0| 2) = In f(x|0)—In f(x|0,)
is defined for all  in 4 and its values are functions on the parameter space Q;it is the

log-likelihood statistic and provides one mode of expression for the minimal sufficient
statistic.

Consider the log-likelihood statistic in a neighbourhood of a point 2% To
a first derivative approximation it has the form

| U0 | z) = 1(0]a°)+ ﬁi (z;—27) 1g:(0]2%)+-...
where

a
lgi(0]=°) = 570 (0| )

: 2

is the i-th coordinate of the lLikelihood-gradient wvector. Thus, to a first derivative
approximation at 2 the log-likelihood function has

(i) a fixed contribution giving the form at 29,

(ii) contributions from lg,(f]a?), ..., lgs(@|2°) in the amounts (z;—29),...,

(2 —2).

Thus the local form of the minimal sufficient statistic depends essentially on the likeli-
hood-gradient functions Ig;(0]x%).

For reference it is convenient to have some names :  T'he likelihoods gradients
Ig, (8] 2%, ..., lg,(0 ] 2°) are structural parameters at the point z°; any linear combination
of the parameters lg,(@]a®), ..., lg(0]a°) s a structural parameter at the point x°.
Lot V(2% designate the lincar space over Q formed by the structural parameters at
2%, it has dimension at most k. The space V(a®) is the likelihood-gradient space or
stmply the gradient space at 20.

The log-likelihood function in a neighbourho'od of 2 has

(i) a fixed contribution {(0|«?), plus, '

(ii) an element of the gradient space V(z?).
Thus the first derivative form of the minimal sufficient statistic takes values in a linear
space of dimension at most k. If there is a differentiable sufficient statistic i(z) with
1 (<L k) real coordinates, then the dimension of ¥ is at most /. And if there is a minimal
sufficient statistic with I differentiable coordinates in a neighbourhood of #® then I
is the dimension of V(z9).

Some further names: The dimension of the gradient space at 2° dim
V{a®) = d(a®), is the local structural dimension of the model at a°.

The maximum value d = max d(x) ts the struclural dimension of the model.
@

Thus, structural dimension is the dimension of a differentiable minimal sufficient

slatistic when one exists.
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4. LOOAL SUFFICIENCY AND INDEPENDENT VARIABLES
Consider independent variables 3 and z, involving the same parameter ¢, And
let 19)(0|2;) be the likelihood function statistic, ¥@(z;) be the gradient space, and let
dP(z;) and d¥) bo the local and global structural dimensions of the j-th variable a;.
For the composite variable (@, #,) the likelihood-function statistic is
UO |y, 25) = IV(0]2,)H1ENO | 2,).

In the neighbourhood of (%9, «9) the likelihood statistic has the form
.y
U0 | 2y, ) = 10(0 | 29)+12(0 |af)+ = (wy—ady) lgi(0]a8)
i=1 ’

k.
4 3 (g—a) 1900 |a8)+-
=1

Thus the structural parameters for the composite variable at (29, 29) arve given by the
set-theory union of the structural parameters for z; at f and the structural parameters
for 2, at 3. The gradient space for the composite variable is obtained by addition.

Vg, @) = V@) 4 TOy) = {0+ oDV O},
The dimensions satisfy inequalities
Ay ) < AV(ay)+dD(zy); & < AV,
Note that d(z,, ©,) = dW(z,)-+d?(z,) if and only if the gradients Ig{(@ |2y) ave linearly
independent of the gradients IgiP(0 | x,).
5. (CHARACTERIZATION OF AN EXTENDED EXPONLNTIAL MODEL
The analysis of local sufficiency in terms of gradient spaces provides a simple

means for characterizing the extended exponential model.

Theorem 1: A necessary and sufficient condition that an R-regular slatistical
model f(z|0) be an extended exponential model is that for all & in A

V)V
where V is a finite dimensional linear space of paramelers.
Proof : (a) Lot f(z]|0) be an extended exponential model in canonical form
using basis parameters yry(0), ..., 1, (0).
(0|x) = In f(x|0)—In f(x|0y) = X 0,(x) ¢.(0)+ Lb z/f
[:3
b (a
Ig; (0]) = 5 224Dy )
, s o
V@) C LS {4(0), -... 1(0)}-
The right side of the last expression denotes the linear space generated by the para-
moters ¥y(0), ..., ¥, (0).
(b) Let f(x]|0) be a model satisfying
V({z)CV
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for all @ in A, and lot #/4(0), ..., ¥,(0) be a basis for the-smallest space V satisfying this
relationship. Then
lg(0|2) = eu(@Wf(O) ... 4-cin(x)fr(0).
Since lg,(0 | «) is integrable for each @, so also are the coofficicnts Cyy(@). Then
U0 ) = 1{0]2) CL@Wr(0)+ .. +C,f) Y,(0)
where the C's are integrals of ¢’s along connected paths within a set 4, ; thus

U0|2) = SU0|aD) du(w)+ Z O (aa(0)

and the model is an extended exponential model of order < 7.
Corollary : The order of an eatended exponential model is the dimension of the
smallest linear space V containing the structural parameters.
order = dim {Z V(z)}.
Ed

Proof : Let f(x|0) be an extended exponential model with basis parameters
Yri(0), ..., ¥(0). By the first part of the preceding proof,
V(@) C LS {fy(0), .., ¥,(0)}.
Thus dim V < 7. By the second part of the proof the likelihood function can be
expressed in terms of a basis for ¥, thus » < dim V. Hence » = dim V.
The structural dimension of an extended exponential model may be less than
its order.
d = max dim V(z) < dim {Z V(z)}.
@ . x
An extended exponential model on a connected open space A is an ordinary
exponential model ; and its structural dimension must be at least one; otherwise it is a
trivial model nof dependent on 6.
Theotem 2 : For a sample of v from an extended exponential model of order
7, the struclural dimension is necessarily r.
Proof :  Let V be the smallest linear space containing %V (2); V has dimension
@

7; hence some r (possibly fewer) of the V(z) will generate V. Tet %1, ..., @, be r points
such that V(x;)4... +V(x,) = V. For a sample of 7 the dimension at the point
(@1, ..., ) i '
- Az, e, 2,) = dim Viayg, ..., @),
= 7r

Thus the structural dimension of the sample model is r.

6. SAMPLING AND SUTFFICIENCY

The characterization of the extended exponential model permits simple and
direct proofs for some Koopman-Darmois-Pitman thcorems. These theorems are
formulated in terms of structural dimension but the concluding remarks in Section 3
allow @ simple translation into dimensions for a sufficient statistic or minimal sufficient
statistic.

Theorem 3: If @, ...,x, are independent R-regular variables tnvolving a
parameter O and if the structural dimension d for the variable (®gs ..oy @) 15 achieved by
at least two of the component variables, then all the variables are exlended exponential
with structural basis in a linear space over r parameters.
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Proof: Suppose that z; and , achieve m aximum structural dimension

d at the points 2 and a; let ¥y = Vy(@l), Vy = Va(e)r Then

Vy C Vy@d)+ Valag) 4o Volw,) = V(@R @ s @)
But d = dim V, < dim V(2?, @y, ..., 2,) < 4, hence these must be equalities and
Vo(@s), o.os Vi) C Vi By symmetyy it follows that Vils) Valiga)s oo Valen) © Vg
Hence V, = V,, and all of V(x,), ..., V(z,) are contained in ¥, = V,. The proof is
then completed by using Theorem 1 in Section 5. '

Tor identically distributed varviables a slight modification of this theorem scems
appropriate. _

Theorem 4 : For an R-regular variable the structural dimension for a sample
of n is equal lo the structural dimension for a sample of n+1 if and only if the variable
is an extended exponential variable.

Proof :  Let (25, ..., 23) be a point at which the maximum structural dimension
d is attained for a sample of n. Then

d = dim V(29, ..., 20) < dim V(), ..., 3, #o1q) K0
Hence V(x,,,) C V() ..., 23) and by Theorem 1 in Section 5 it follows that the vari-
able is extended exponential with d basis parameters. '

The following theorem adds an extra conclusion to that found in Theorem 5.1
of Barankin and Maitra (1963). '

Theorem 5 : 1If the siructural dimension of n independent R-regular variables

with parameter 0 is s < n, then n—s of the variables are extended exponential with basis
in an s-dimensional linear space VO which is generated by the likelihood gradient for the
remaining s variables at some sample point. And if the struclural dimension of these
n—s exponential variables 1s t, then an additional t variables are cxlended exponential
with basts also in VO, -

The second statement in the theorem says in effect that typically more
than n—s of the variables are extended exponential with a certain s structural para-
meters, and the only way that it can be just n—s is for the structural dimension of the
exponential variables to be zero, i.e., no variation with 0 in the relative density within
connected open sets. Then in particular for variables on connected open sample
spaces, the number of extended exponential variables must be ab least n—s--1,
assuming that none of the variables is independent of 0.

Proof : (a) Let (2, ..., ;) be a point such that V(x,, ..., ¥,) has maximum
dimension s, and let -

Vo = V() ...; a3} = Vi{xd)+...+ V(=)
The s-dimensional space V° can be generated by some s (perhaps fewer) of the com-
ponent spaces, say V(2i), ..., V(x9). Consider then the relationship
| PO = V@)t .+ V@) C V@Dt VD V() o+ V@,

tho left side has dimension s, the right side dimension at most s. Hence

V(xs+1)7 vy I](‘r'wn) C VO:
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and by Theorem 1 in Secction 5 the variables (2,4, ..., 2,) are extended exponential
with basis in the linear space V0. By letting 9,(0), ..., ¥,(0) be a basis for V0 this
completes the first part of the theorem.

(b) Let ¢ be the structural dimension of the exponential variables (.4, ..., %,)
with basis in V9, let (2,4, ..., 2}) be a point at which the maximum dimension ¢ is
attained, and let

V= Vb V().
The ¢-dimensional space V* can be generated by some ¢ (perhaps fewer) of the com-
ponent spaces, say V(xh_,.), ..., V(#;). Consider then
V(@d)+...4+ V@l )+ V@h )+ -+ V(ah)

=V(@)+...4+V(@d_ )+ 7*
The first s of the compenent spaces generate V0, and then with total dimension at
most s it follows that the space is 7°. The space V° can then be genorated from V*
by adding some s—t (perhaps fewer) of the spaces V(a)), ..., V(zl-,), say the spaces
V()), ..., V(22,). Consider then relationship :

s—1
VO = V@)t A V(a0 )+ V@h ) oo Vi)
C V@D + o A V)4 V@) o V(o V(Ehga) ook V),
The left side has dimension s; the last expression has dimension at most s. Hence
Vg gun)ioessy Vit VO

and by Theorem 1 in Section 5 the variables ®,_;y, ..., &, are extended exponential
with basis in V. ‘

This theorem removes some of the restrictions found in the Barankin-Maitra
theorem. It applics to vector-valued Euclidean variables generally rather than to
real-valued variables, it does not have continuity and differentiability conditions with
respect to the parameter, the open sample space need not be connected, the density
function need not be analytic and it need not have a continuous gradient on the sample
space as assumed in the Barankin-Maitra local analysis.

For identically distributed variables the theorem can be modified conveniently.

Theorem 6 : If the structural dimension of a sample of n from an R-reqular
variable is s < w, then the variable is extended exponential of order s.
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