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SUMMARY

The concept of sufficiency can be examined locally for a neighbourhood of
a parameter point 6, and it leads to an estimate that has minimum variance
among locally-unbiased estimates (Fraser, 1964). This local estimate
generates the natural global estimate for the case of the simple exponential
model, but it does not do so for the important case of the general translation
model. The global estimate, the Pitman estimate, for this translation model
is rooted in ancillarity and conditional sufficiency. In this paper the concept
of local conditional sufficiency is developed; the asymptotic distribution of
the conditionally-sufficient statistic is investigated for large samples; and
for the maximum-likelihood estimate a conditional large-sample variance is
obtained which differs from that usually used.

1. INTRODUCTION

THE use of a minimal sufficient (exhaustive) statistic as a means of reduction for a
statistical problem is well established in theoretical statistics. So also are the ensuing
methods of inference, provided the minimal statistic has the same dimension as the
parameter (Fisher Sufficiency). But, where the minimal statistic has larger dimension
than the parameter, new factors seem to enter and little unanimity is found as to
the appropriate method of inference. One promising method is to be found in the
writings of R. A. Fisher; it has, however, received rather little attention—perhaps
because his partial formulations are anathema to most mathematical statisticians.
Fisher recommends the use of an ancillary statistic, which has a fixed distribution,
followed by analysis in the conditional framework given the ancillary statistic. If the
conditioned variable has the same dimension as the parameter then the established
methods of inference appropriate to the case of Fisher sufficiency can be used and the
conditioned variable can conveniently be called conditionally sufficient. Fisher (1956,
p. 85) comments on.this approach to estimation: “If we must think in terms of
random sampling it is only that selection of random samples which agree exactly
with our own in regard to the value of A4 (the ancillary statistic) that is relevant to
assessing its real precision”. Fisher (1956, pp. 84, 132, 161, 165) also gives a variety
of examples illustrating the method.

In applying Fisher’s method one encounters the problem of determining the
appropriate ancillary statistic. Fisher (1956, pp. 119, 163) recognized this problem
as being of fundamental importance and entitled it ‘““The problem of the Nile”.
He did not give a general solution, but in many examples he presented on an ad hoc
basis some very natural-looking ancillary statistics. A careful survey of his examples
reveals that in all the continuous cases the ancillary statistic is in fact the maximal
invariant statistic under a natural group of transformations on the sample space.
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Perhaps, then, an essential but unspecified ingredient of what Fisher had in mind for
an ancillary statistic was the position structure that derives from the transformation
model. But however this may be, it can be noted that the problem of the Nile is
solved for the general transformation-parameter model and that the solution specializes
to give the ancillaries presented in all of Fisher’s continuous examples.

Transformation-parameter models have, however, further advantages for purposes
of inference. In particular they provide a position relasionship between variable and
parameter and this seems to lead to stronger inference statements. Ordinary
sufficiency seems strangely out-of-step with this. For, in the regular case, a one-
dimensional sufficient statistic is available only for samples from an exponential
distribution and, further, the results of Lindley (1958) show that such a statistic has
position relationship only for the normal and gamma cases. Thus to obtain position
relationship between statistic and parameter all translation models can be analysed
by conditional sufficiency, but only the normal and gamma can be so analysed by
sufficiency. Perhaps the importance of sufficiency has been overestimated.

A similar disparity seems to hold for estimation examined locally on the parameter
space. Local sufficiency and local minimum-variance unbiased estimation are
developed in Fraser (1964). It is found that the translation-form of analysis is
available only if the distribution is locally of normal or gamma form and that for
translation models the local estimate does not generate the Pitman global estimate
except for the normal and gamma cases. This seeming inadequacy of sufficiency
has prompted the development of the local conditional sufficiency in this paper.

As a motivating example for the conditional form of analysis, consider the
Welch (1939) example of a sample (x;,x,) from the uniform distribution (6 + 3).
This statistical model has translation invariance: under the transformation y = x+k
the sample (x;, x,) produces a sample (y,, y,) from the uniform distribution (6 +k + )
and, in fact, any distribution in the model can be obtained from any other by a
single appropriate transformation. The statistic (x;—x,) is maximal invariant; it
is the natural ancillary and has the triangular distribution on (—1,+1). The
conditional distribution of 4(x; + x,), given this ancillary, is uniform on

{0+ 30 —|x,—x,])}-
The ancillary approach can be described in terms of a reduction—not of the observable
variable but of the statistical problem: the reduction is to the conditional model
given the ancillary. The new sample space is a slice of the old sample space (along
the orbit determined by the observed value of x;—Xx,) rather than a projection to a
lower dimensional space, as is the case with a sufficient-statistic reduction.

2. THE LINEARIZING TRANSFORMATION

Consider a real variable x having a distribution function F(x|6) that is stochas-
tically increasing in the neighbourhood of 6,:

0
Fg(xl 00) = 8—00F(xl 0)<0;

an increase in 6 at 6, causes the distribution to shift in the positive direction on the
axis. In this section a transformation of x will be constructed which puts the problem
into translation-invariant form in the neighbourhood of 6, In later sections this
transformation provides the basis for local ancillarity and local conditional
sufficiency.
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Consider an increment in the parameter from 6§, to 6,+8. The distribution
function at x correspondingly decreases by an amount — Fy(x|6,) 8. Consider now
an increase in the variable from x to x+#4. The distribution function correspondingly
increases by an amount -F,(x|6,) # when the parameter value is 6, If 8 and / are
in the ratio determined by

—Fy(x|0p) 8 = Fy(x| 6) &,

then F(x|6,) will be approximately equal to F(x+%|60,+8). Thus a change from
0, to 6,+ 8 can be viewed as a topological shifting of the distribution, the amount
of the shift at the point x being given by

Fo(x I D)

a:(x | 00)

Or the distribution can be said to shift at the rate
Fg(x| 6)
w(x | 00)

3.

under parameter change at 6,.
The preceding rate function provides the basis for defining a new variable / whose
rate of shift is everywhere equal to one. Let /= /(x) be a new variable satisfying

dx(h)  F,x|6y.

a ~ TFG[8y)
L [E,
10y = ‘f Foe| B

The variable /(x) in the preceding formula is indeterminate to an additive constant
of integration. The constant can be chosen naturally in a variety of ways; for example,
it can be chosen so that | = 6, when x is equal to the median of the 0, distribution. It
should be noted that the transformation is produced on the basis of properties at
6, and in certain contexts might advantageously be denoted by I = I(x| 6,).

Let G(I| 6) be the distribution function for the new variable:

G(1| 6) = F{x(D)| 6.

The probability density function can be obtained from this as

Fo{x(l)l b0}
F{x(D)] 6}

= F{x()| 6} w{x(D)},
wherein w(x) is a function of x only. At 6 = 6, this simplifies to
G/ | bo) = _Fo{x(l)l b0}

and is seen to be the fiducial dénsity function — F,, only treated as a function of /
rather than 6.

Gl ) = = Folx(D| O =175
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The rate of shift of the new variable / can be easily checked. At 6, the rate is
_Gl|6y) _ _ Fix(D] 6o}
Gy(!| 6o) F{x(D)| 6o} {ax(Dy/dl}
_ Fo{x(D)] 60} Fo{x(D)| 6}
F{x(D)| 0o} Fo{x(D)| b0}

this is the result sought for in the choice of transformation.

The above analysis provides, incidentally, a natural context for a simple necessary
and sufficient condition for global translation invariance. For the local translation
invariance to extend to global translation invariance, the rate function must satisfy

GO _ o

this is necessary and sufficient. In terms of the original variable this becomes

F(x|0)
= () w(x),
which states that the ratio of partial derivatives must factorize so that the variables

separate.
The locally translation-invariant distribution can be propagated in both directions
from 6 = 6,: the resulting distribution function is
G{I—(0—0,)| 05} = F[x{I—(6— 65)}| 60];
and the density function is
GI—(6— 6,)| 8o} = — Go{l—(0— 6o)| 6o}
= — Fylx{I—(6— 60)}| 6,1,
which also has fiducial density function form, but with the parameter tied additively
to the transformed variable /. This globally translation-invariant distribution agrees
with the original distribution to a first derivative approximation at 6,, and it provides
thereby a transparent means for examining some local properties at 6.
The local translation invariance suggests that the quantity z =1/—6 would be
locally pivotal. Let H(z| ) designate the distribution function of z:
H(z|0) = G(z+ 0] ).
The derivative of this at 8, is
Ho(Zl 00 = GI(Z+ 00' 00) + Gg(Z"‘ 00' 00)
=0.
Thus, to first-derivative change, the quantity z = [/ — 0 is a pivotal quantity locally at 0,,.

In the neighbourhood of 6, the relationship of / to 8 is additive or linear ; accordingly,
the transformation /(x) will be called the linearizing transformation at 6,.

3. LocAL ANCILLARITY
In the preceding Section a transformation was developed that carried a variable x
into a new variable / in such a way as to produce translation invariance at 6,; this
local translation invariance is characterized by Gy(I|6,) = —Gy(l| 8,), where G(I| 6)
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is the distribution function of the new variable /. In this Section a sample of n will
be considered and an ancillary statistic developed for 6 near to 6,.

Consider a sample (xy, ..., x,,) from the distribution F(x|6) and a corresponding
sample (4, ..., /,) from the distribution G(/| 6). A change in 6 at 6, can be interpreted
as a uniform shift in the distribution for / and hence a uniform shift for each /;:
from (4, ...,1,) to (,+h, ..., 1, +h). These local displacements in n-space correspond
to the differential equation :

dl = ...=dl,,
which has a general-solution orbit
®B+1,..,. 0+,

where (19, ..., %) is a reference point on an orbit and # is a parameter giving position
on the orbit. For the original variables, the orbits are given by

{x(9+1), ..., x(I19 + 1)}
The flow of probability in the one-dimensional case suggests that for a sample of
n the probability would flow along the preceding orbits as 6 changes near 6,. The

remainder of this Section presents a demonstration of this ancillarity property.
For the transformed variables an orbit is determined by specifying the differences

ti=li_ll (i=2,...,n).
These new variables (%, ..., ¢,) can be used as coordinates for the orbits. On an orbit
there is one degree of freedom and a simple choice of coordinate is # =/ (an
alternative choice with some advantages is #; = /). The Jacobian of the transformation
from (4,...,1,) to (t, ..., t,) is equal to 1. Simple change of variable and integration
then give the following expression for the marginal density function for (t,, ..., %,):

f G| 0) Gt +1,]0) ... G, +1,| 0) dty

(e o] n
= Gl(li_ll-l-tl B)dt.
—o0 i=1
In the second expression the probability density function for the differences
(—1), ...,(I,—1) is expressed in terms of these differences.
The local ancillarity property is established by showing that the derivative at 6,
of the preceding expression is zero:

4 (* GU—h+1]8
00 ) oo ih (=l +1] O)dt
‘Q) n
= Gl@(lj—ll-i-tl 00) ]___[ Gl(lz_ll-'—tl 00) dt
—00 j=1 i#7

0 n )
- f  Gully— a1 60) T Gily—ly+1] 69
_ I

0 j=

—0

o 4 n
Ti=1

[e¢]

__ [ 11 6=+ 00)]
0;

t=—0
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the second step uses the identity Gy =—Gj, which derives from G,=—G; by
differentiation with respect to /. It follows then that the probability for any event
for I,—1,,...,1,— 1, has derivative equal to zero at 6. Accordingly, the statistic
(U—1, ..., 1,— 1) is called locally ancillary at 0, In terms of the original variables
this statistic is {/(xy) —I(xy), ..., {(x,) — I(x,)}.

4. LocAL CONDITIONAL SUFFICIENCY

Consider a sample (xy, ..., x,) from the distribution F(x|6) and a corresponding
sample (4, ...,1,) from the distribution G(/| f). The statistic

{U(x0) — Ux0)s -5 Aox) — Ux1)}

is locally ancillary at 6, In this Section the conditional distribution, given the
ancillary, will be examined. ’

In the preceding Section the marginal density for the ancillary was obtained by
integrating a joint density function. The ratio of these density functions gives the
conditional density function. For notation let (/, ...,7,) determine an orbit, that is,
determine the ancillary (l,—1,, ..., 1, —1;), and let L, be a free variable giving position on
the orbit. Then the conditional density for L, given the orbit described by (4, ..., Z,) is

TG~ +1,]6)
fHG,(l L+t 6)dr

The conditional density for L, is of interest for 0 near to 6,. At 0, the derivative
of the denominator with respect to ¢ is equal to zero. And at 6, the numerator has
translation-invariant form:

0 0
35, MG = b+ 1] ) = - TG — b+ Ly 6)

which is obtained by use of the relation Gy(I|6y) = —Gy(l|6,). It follows that the
conditional density itself has translation-invariant form.

The variable L; has the same dimension as the parameter, and the statistic
(Uo—1, ..., 1,— 1) is ancillary for 6 near 6,; accordingly, it is natural to call L,
conditionally sufficient (given the ancillary) for 0 near 8,. In addition L, has locally
the translation invariance which is a quite general characteristic of Fisher’s con-
ditionally-sufficient statistics.

The density function for X; = x(L,) is obtained by simple change of variable:

H(F,[x{l;— L+ (XD}| Ol w[x{l;— L + (XD}
f T(E, [x{l,— b+ 8| 0 wlxl;— L+ }]) dt

o I(XY).

The locally translation-invariant distribution can be propagated in both directions
from 6 = 8,; the resulting density function is

HG{l;—h+L,—(0— '90)[00}
fIIG,(l —L+1|6)dt
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This globally translation-invariant distribution provides a first-derivative approxi-
mation at 6, and can be used to examine some local properties in a transparent
manner. '

5. ESTIMATION USING A CONDITIONALLY-SUFFICIENT STATISTIC
The logarithmic derivative of the likelihood function, called the score by Fisher,
is prominent in the theory of estimation. Its variance, the information, appears in
the Cramér-Rao inequality. The minimum-variance locally-unbiased estimate at 6,
is based on the score and the information at 6,; see Fraser (1964).
The log-likelihood for the conditioned variable x; is

k+Z1n F[x{l;— I, + I(x)}| 6].
The derivative of this log-likelihood at 6, is

S0 = 5 g InFy x| ),
0

which is the same as the score Xs(x;) as calculated from the original observations
(K15 +ees X))

Let var{S(x,)|/;—1, 0y} designate the conditional variance of S(x,) along the
orbit defined by the ancillary statistic {{(xy) —I(xy), ..., {x,)—xy)}. Then, by Fraser
(1964), the locally-unbiased: estimate having minimum variance is ‘

S(x)
b+ 1 .
0 Var{S(xl)lli"lp 6o}
Conditionally on each orbit, this estimate is locally unbiased at 6,. It follows that,

unconditionally, it is locally unbiased at 6,. As a consequence, its variance must be
at least as large as the variance of

2s(x;)
b0+ var {Zs(x;)| 6o}’

which is of minimum variance among locally-unbiased estimates. This inequality is
easily checked; the variance of the conditional estimate is

EQ1var{S(xp| li—1, 65}]
whereas the variance of the unconditional estimate is
1/var {Zs(x;)| 6,}-

The two scores are equal; the first expression can be viewed as the average of the
reciprocal of a quantity and the second expression as the reciprocal of the average
of the same quantity; the inequality then follows from the convexity of the reciprocal
function.

The estimate based on conditional sufficiency can have smaller variance or it can
have larger variance than the estimate based on sufficiency—depending on the value
of the ancillary statistic. 1If viewed unconditionally its variance will be larger (unless
its conditional variance is independent of the ancillary statistic). Thus minimum-
variance and conditionality can be in conflict in the appraisal of locally-unbiased
estimates.
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6. THE LARGE-SAMPLE CONDITIONAL DISTRIBUTION

The basic principle associated with conditionally-sufficient statistics is that they
can be evaluated and interpreted entirely in terms of their conditional distribution
given the ancillary statistic. In this Section the large-sample distribution form for
the conditionally-sufficient statistic is examined, and found to be approximately
normal under moderately general conditions.

Censider a sample (x;, ..., X,,) from the distribution F(x| 6), and the corresponding
sample (/y,...,/,) from the distribution G(/|6) obtained by linearizing at 6,. The
local ancillary statistic can conveniently be designated by (4, —/,...,1,—I) and the
conditionally-sufficient statistic by /.

The quantity z = /— 6 is locally pivotal at 6,. Its distribution function H(z|6)
satisfies o

H(z| ) = G(z+ 6] 6),
G(l| 6) = H(I— 0| 6);

the local pivotality is expressed by Hy(z| 6,)=0. Let h(z|6) = H,(z| ) designate the
density function for the quantity z; in terms of 4 the local pivotality becomes
hy(z] 65)=0.

Iln the remainder of this Section the large-sample form of the conditional distri-
bution will be investigated. The logarithm of the density function will be examined
in terms of In4(z| 6). The implications for the original variables x will be considered
in the next Section.

Consider the Taylor’s expansion of InA(z| 6) about 6, For this, it will be con-
venient to write In/(z| §) = Inh(z| 6) so that, for example, the second derivative of
the log-density can be written

82
5 InA(z| 6) = Inh,(z] 6).
Then
Inh(z| 6) = Inh(z| 6,) + 4(6 — 6,)2Inhy,(z| 0%);

the linear term vanishes because Inhy(z| 0,) = hy(z| 6,)/h(z| 6,) which is zero by local
pivotality, and 6* is a value between 6, and 6 that can depend on z.

The conditional density function was derived in Section 4. Let (,,—1,...,1,—1)
designate the orbit and let L be a free variable denoting the sample average for a
possible sample among those having the same differences as the reference sample
(5 ---,1,). Consider now the logarithm of the density function and ignore the normaliz-
ing constant; then

In 1 G(l;—I+L|0)
7=1

= SInh(,—I+L— 6] )
= SInh (f;—I+L— 0] 65)+ 30— 002 Inh,,(l;— I+ L— 0] 6%).
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Now consider a Taylor’s expansion of each term in terms of the variable L— 6.
For this, it is convenient to use L—(0— 6,) in deviation from a reference point a.
The log-density function becomes

Snh(;—I+a— 0| 8,)+(L— 0+ 0y—a) ZInh (l;— I+ a— 6,| 6p)
+ 3L~ 0+ 0y—a)?ZInh,(I;—I+a— 6,| 6,)
+HL— 0+ 0,—aPZInh,,,(;—I+d — 6, 6,)
+3(0— 62 ZInhyy(l;— I+ a— 0] 6%)
+3(0— 02 (L— 0+ 8,— a) Z1nhyy (I, — I+ a" — 6| 6%).
Now choose the reference point a so that
SInh(;—I+a—6y| 6p) = 0;
the log-density can then be rewritten as
k+¥m(L— 0+ 0,— )X Inh,(,— I +a—0,| 6p)/n
+inHnd(L— 0+ 0,— )P Snh,, (L, —I+d — b,| 6,)/n
% similar terms.
Then, on the assumption that the expectations
E{lnh(z+ 8| 6,)| 6y+e}, ..., E{Inhgp(z+ 8| O+ €| 0y + €5}

exist, so that the law of large numbers applies uniformly for small &, €;, €,, it follows
thaty for n sufficiently large, the probability is close to one that the conditional distri-
bution of

n(L— 0+ 0,—a)
is asymptotically normal with mean equal to zero and variance equal to the reciprocal of
—(1/n) Slnh,,(l;— I+ a— 6,| 6,),

where a is the solution of
SInh(;—I+a—6,] 6,) = 0.

7. INTERPRETATION OF THE LARGE-SAMPLE DISTRIBUTION
In the preceding Section the large-sample conditional distribution of
n(L— 0+ 0,—a)

was shown to be approximately normal. Consider briefly the interpretation of this in
terms of the original variables.
The constant g is chosen so that

Snh,(;~I+a—6,) = 0.
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But this can be simplified, for
Snh,(;—I+a—6,] b,) = Z%Ing(li—l'+a| 6

Gl(li_ l-+ al 00)
Goly=I+a] 8))
G(l;—I+a| 6,)

=3

-3
0 -

= —ZZlng(;—I+a| )

= —Z—lnf{x(l I+a)| 0p}.
Thus the constant a should satisfy

) %m Ol —T+a)| 65} = 0,

or equivalently satisfy
Ss{x(l;—I+a)| 63 =0,

which uses the score at 6,. In this latter form the equation is similar to a maximum-
likelihood equation and in fact the constant a can be interpreted in terms of maximum
likelihood. The linearized observations are (ll, .. Iy); additively adjusted to have
average equal to zero, they become (4—1,...,1,—1); additively adjusted to have
average value equal to a, they become (}, —/ +a .s1,—I+a). Thus, if the linearized
observations are additively adjusted, a is that average value Jor them which makes the
maximum-likelihood solution equal to the reference point 0.
For large samples the conditional distribution of

nHL—(0—0,)—a}

is approximately normal with mean equal to zero and variance equal to the reciprocal
of

—%Zlnhzz(l I+a—0,| 0, ——-Zgzlng(l —I+a| 8,
1 0?

Ealaolng(l I+a| 6y
1y 2

Zmlnf{x(li—l+a)| Oo};

this is the sample average of the mixed logarithmic derivative at the linearly adjusted
data point for which 6, is the maximum-likelihood solution.

3
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