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1 Introduction

Exponential models provide a highly flexible extension of the Normal statistical model.
We examine some second order properties of an asymptotic exponential model and focus
on a third derivative information that describes how nuisance information can depend on
an interest parameter. Consider the exponential model with the two-dimensional canonical

parameter ¢ = (1, A) and the two-dimensional canonical variable (s, t),

Fls, 1590, 0) = d(s — 0)p(t — N)e N/ P p(s 1), (1)

where ¢(z) is the standard Normal density function and h(s, t) is the underlying density. The
particular likelihood third derivative term —aA?/2n'/? has special properties on interest and
the coefficient a = jxny = £iny measures from a A information varies with respect to ¢. We
will first evaluate h(s,t) to second order.

As the model (1) is a probability density function for each parameter value, we have

1:/_: /: Fs,t;h, N)dsdt = —GW/%“/ / d(s — V)p(t — N h(s, t)dsdt

_ —a¢A2/2n1/2 (s )’



where the mean is calculated using the standard Normal distribution centered at (¢, A). We

first expand the norming constant in terms of the parameter,

Blh(s,t)] = em/m”

= 1+ apA?/2n*? + a®*\*/8n,

to the third order. Then by using the fact that E(y? — 1) = 62 and E(y* — 6y* + 3) = 6*

where y is location Normal with centre 6, we can deduce the expansion of h(s,t):
h(s,t) =14 as(t®> —1)/2n'? 4+ a*(s* — 1)(t* — 6> + 3)/Sn.

By substituting the expansion of e~/ 22 and h(s,t) both to the third order, we obtain

a more detailed form of (1).

fls. 50, A) = 6(s =)ot — {1 — aX®/2n'/2 + a®y? X! 8n} -

{1+ as(t® —1)/2n'% + a*(s> = 1)(t* — 6> + 3)/8n}. (2)
Expanding (2) we obtain

fs, 90, 0) = ¢(s—)p(t — MN{1 + as(t* — 1)/2n1/2 +a?(s* = 1)(t* — 6t* + 3)/8n
—ap\?/2nY? — a?si A2 (12 — 1) /An 4+ a®? At /8n}

= (s — 0ot — V{1 + o ls( = 1) — X

CL2

8n

—[(s? = 1)(t* — 6t% + 3) — 25 A% (t* — 1) + 2N} (3)

We can then verify that the expression for f(s,¢;, A) is indeed a density function:

//fsti/z, )dsdt //gbs— — \)dsdt

//¢ s —)p(t — Nals(t? — 1) — vN’] /20" Pdsdt



//¢s— Bt — A )g;[(s —1)(t* — 62+ 3)
—2sP XA (1 — 1) + w2)\4]dsdt

- 1 2132 _24_2222 214
—|—2n1/2[w)\ wk]+8n[w>\ PENEN" 4 7N

We then expand the right side of (3) for easier checking with a saddlepoint version later:

FlstitnX) = 9s = )olt = V{1 + Zls(t = 1) = vA

+g—[52t4 6522 + 352 — 259022 + 2502 — #4462 — 3+ 2N}
n

Alternatively, f(s,t;1,A) can also be rewritten as

fls,ts0,0) = @(s —)o(t — N{1 — apA*/2n'? + a®° ' /8n} -

02
{1 + ast?/2n'? — as/2n'/? + S — (5% — 657 + 35> — t* + 6t* — 3)},(4)
n

which keeps the parameter pieces in one bracket and the data pieces in another.

2 Saddlepoint reexpression of the exponential model

The expression (2) can also be derived using saddlepoint approach. We write out the

exponential model in more detail,

Fls,t;0,\) = % exp {— (s _21”)2 _ ;A)Q - aw/w/?} h(s,t). (5)

The log-likelihood function for (5) is

w2 )\2
(), Ay s,t) = Oy —|— s + Mt — ap\? /2nt/2.



First we find the maximum likelihood estimates for ¢ and A, then the information 7 = j(s,t),
and then the saddlepoint reexpression.

Some simple derivatives give the score equations,

by = s—1—aX/2n'/?

O = t—X\—ap)/n'?

and then give the information quantiles,

byy = —1 Jyp =1
by = —ar/n'/? Jux = ar/n'/?
by = —1—a1/1/n1/2 jA,\zl—i—aw/nl/Z

Solving the score equation for the maximum likelihood estimates 1[3, A to the third order

gives

U =s—ar/2n'? = s—(t—apr/n'/?)?/2n}/?
= s—a(t® — 2atpr/n'/?) /2n'/?
= s—at?/2n'/? + a®st?*/n
A=t—apA/n'? = t—a(s—aX?/2n"?)(t — ap\/n/?)/n'/?

= t—ast/n'? + a®s*t/n + a*t3/2n,

by iteratively re-substituting and by replacing A by t and 1& by s in the second order n=!

terms.

The information matrix is

1 a\/n/?

jgogo:j@go(sat) = ~ N
ar/n'? 14 ayp/n'/?



1 a(t — ast/n/?) /n'/?
a(t — ast/n'?)/nt/? 1+ a(s — at?/2n'/?) /nt/?

The norm of j,, is

ool = 1+a(s — at2/2n"?) /2 — a*2/n
= 1+ as/nl/2 — a?t®/2n — a*t*/n

3
= 1+as/n'/? - §a2t2/n;

and thus

. 3 3
D] 2 -1 as/?nl/2 + Za2t2/n + §a252/n

using (1+2)7? =1 — 1z + 32 to the third order.

The saddlepoint approximation of the model is

k/n R
F(s, 0, N)dsdt = 62 exp{l — 0Hjpo(s, )] 7Y% - dsdt (6)

™

= Bls = U)ol — N Nt | st

where £ — 0 = £(, s 5,1) — €(dh, Ay s, 8) and £ = —(s = 9)?/2 = (t = X)*/2 — apX?/2n'/2, and

0 = —(s—¥)?/2—(t—N?/2 — aX*/2n'/?
1 1
= —§(at2/2nl/2)2 - E(ast/n1/2)2 —a(s — at?/2n?)(t — ast/nt/?)? /20172
1 1
= —§a2t4/4n - §a2$2t2/n — ast?/2n'% + a®t* /An + 24%5°2 /2n

= —ast?/2n'? + a®t* /8n + a®s*%/2n.

Thus

R t2 2t4 2 2t2 3 2t2 3 2.2
6k:/ne—é|j%0|—1/2 — k/n exp ast- a _as 1_ as n a n a“s
2nt/2  8n 2n 2nl/? 4dn 8n




2522 a2s%tt as 3a%t?  3a?s?
1+ ast®/2n'/2 — a2t /gn — &2 1—
+ast’/2n a’t’/8n on + 8n 2nl/2 + 4dn + 8n

k/n{ ast?  a?s*t? d*tt @Ps*t? a?sttt as 3a*t? 3a232}
= e 1+ +

omi/Z  4n 8n on 8n  2nl/2 4dn 8n

+

02

1+ ast?/2n'? — as/2n'/? + 8—($2t4 — 65%% 4+ 357 — t* + 6t%) }

n
2

= eh/m {1 + ast®/2nY? — as/2n'? + g—(52t4 — 65%% 4 357 — t* + 6t%) }
n

a2
= 1+ast?/2nY? —as/2n*? + 5 — (%t — 65*% + 35 — t* + 61> — 3),
n

from which we deduce k/n = 3a®/8n using the connection with (4).

3 Conditional analysis of the exponential model

Consider the conditional analysis for s|t with the exponential model (2); we have
F(sltsv) = co(s — 0){1 + as(t® — 1)/2n'? + a*(s* — 1)(t" — 61° + 3)/8n}, (7)
and c is determined by
/f(s|t;¢)d$ = {1+ ay(t* — 1)/2nY? + a®*(t* — 6t> + 3)/8n} = 1,
which leads to

¢ = {1+ap(t® —1)/2n? + a®*(t* — 6t + 3)/8n}
= 1 —a(t? = 1)/2n? — a®P?(t* — 612 4 3)/8n + a®*(t* — 2t 4+ 1) /4n
= 1—ayp(t® —1)/2n"? + a*P*(t* + 2t> — 1) /8n
= exp{—ay(t? —1)/2n"? + a2 (t* + 2t — 1) /8n — a®*(t> — 1)%/8n}

= exp{—a(t® —1)/2n"? + a®? (4> — 2)/8n}



where (1+2)™' =1 — 2+ 2% and log(1 + z) = x — 2%/2 to the third order. The conditional

distribution (7) becomes

Fslts) = (s — ) {1+ as(t* = 1)/2n"? + a®(s* = 1)(t" — 6t* + 3) /8n} -
{1 — a(t? — 1)/2n? + a®P?(t* 4 2t> — 1) /8n}
= ¢(s — ) {1+ as(t* —1)/2n'% 4 a®(s* — 1)(t* — 6t> 4 3)/8n} -

exp{—a)(t* — 1)/2n"? + a®¢*(4t> — 2)/8n}

which is a probability density function by direct integration.

4 Marginal third order analysis of the exponential model

We would like to determine the marginal model for assessing v using third order method.
Let S(s,t) be a third order ancillary with respect to A for a given 1. First we find the

saddlepoint version of the probability density function for S:

ebm L(1h, Ay; 5,0)
S;)dS = 2T Y (s, 0)|Y2 - dS
f(S;v) @O L(d.55.0) 177 (s,0)]

= coxp{l(¥, Ay, 0) = (¢, X 5,00} (5,0)'/2 - dS. (8)

Looking at the components piece by piece, we first obtain

~

(s — 1/;)2 _ (t —N)? . alﬂ;\2/2n1/2 -0,

E(i&,j\,S,O) == 9 9

which uses the maximum likelihood estimates from Section 2. Also, we have the score
equation OO\ = t—A—apA/n'/2, which leads to Ay = t—aA/n'/? = t—aipt /n'/>+a>%t /n.
Then when ¢t = 0 we obtain j\w = 0, which in turn gives

G

E<¢75"¢)7870) - - 9



The information matrix is

1 a(t — ast/n'/?)/n'/?
~7<P<P(570> = (57())
a(t — ast/n'/?)/n? 14 a(s — at?/2n/?) /n'/?

10
0 1+ as/n'/?

thus |7,,| = 1 + as/n'/? and

1 +as/n'/?

Wi — et R—
19775, 0)| = |70l /01 = 1+ as/n'/> !

Then from (8) we have

F(S30) = ce 279" . 1 = ¢(S — ).

where ¢(z) is the standard Normal density function.

5 Joint distribution for (S,t).

We now examine the joint distribution f(.S,¢;, A) given by (2). For this we try S =

s — a(t? —1)/2n'/? and substitute in the following

o(s —v) = o(S+alt® —1)/20"2 —y)

_ L (s-w2a-(s-wa2-1)/2n12

V2r
= ¢(S — {1~ (S —)a(t® —1)/2n'"},

where ¢ is the usual standard Normal density function. Note the Jacobian from (s,t) to

(S,t) is unity. Then the substitution of s = S + a(t> — 1)/2n'/? into (2) gives

F(Sit0,0) = @(S =)ot — A exp{—ayX®/2n'? — (S = p)a(t® = 1)/2n'/? 4+ aS(#* — 1)2n"/?}

= ¢(S =)t — A exp{—ap[\* — (> — 1)]/2n'/?}.



Now will move to the third order. Similar to the second order case,

d(s =) = ¢S —+a(t?—1)/2n'?)
= ¢127 exp{—(S —¥)*/2 = (S — ¥)a(t® — 1)/2n"* — ®(t* — 1)*/8n}
= ¢S —P){1— (S —Y)a(t®> —1)/2n"% — a*(1* — 1)*/8n + (S — ¥)%a*(t* — 1)?/8n}

= ¢(S — {1~ (S —¥)a(t® — 1)/20'2 + [(S — ¥)* = 1a?(t* — 1)*/8n}.

Making the same substitution to (2) gives

{1+as(t®> —1)/2n"? + a*(s* — 1)(t* — 61> + 3)/8n}
= 1+aS{t —1)/20"? + a*(t* — 1)?/4n + a*(S* — 1)(t* — 6> + 3)/8n
= 1+aS{t*—1)/2n? + a?S?(t* — 6> + 3)/8n + {2a*(t* — 2t> + 1) — a>(t* — 61> + 3)} /8n

= 14+aS{t —1)/2n"? +a®S2(t* — 61>+ 3)/8n + a*(t* + 26> — 1) /8n
Some simplification gives the final joint density function f(.S,%;, ),

F(S, 0, A) = 6(S — )t — A) exp{—avA?/2n'/?} -

{1 = (S = ¥)a(t® = 1)/2n'2 + [(S — ¢)* — 1]a’(t* — 1)*/8n} -
{1+ aS(t* = 1)/2nY? 4 ®[S*(t* — 61> + 3) + (t* + 2t — 1)]/8n}

= ¢(S —)o(t — N exp{—ap(\* — 2 +1)/2n'/?} -
A1 —a*S(S —)(#* = 1)*/dn+ (S — ¥)?a*(t* — 1)*/8n — a*(t* — 1)*/8n
—a*p?(t* —1)*/8n + a®S?(t* — 6t + 3)/8n + a*(t* + 2t* — 1)/8n}

= (S — )t — \) exp{—arp(X* — * +1)/2n'/} -
A1 —a®S*(t* — 1) /dn + a*Sy(t* — 1)? Jdn + S*a*(t* — 1)?/8n — 2Sva*(t* — 1)*/8n
+a2?(t2 — 1)2/8n — a*(t* — 1)?/8n

—a*p?*(t* — 1)*/8n + a®S*(t* — 6t + 3)/8n + a®(t* + 2t* — 1)/8n}



= (S —P)p(t — ) exp{—ap(\* — 1* + 1)/2n1/2} .
3n

= oS — )t — N exp{—arp(\2 — 2 +1)/2n*?}{1 — a®(S?* — 1)(41> — 2)/8n}.

AL+ —[-S*# = 1) = (- 1)+ S*(t* — 62 + 3) + (t* +2t* — 1)]}

This joint density indeed integrates to 1,

/ / (S — V)t — \) explav(t — 1)/2nV2}{1 — a2(S? — 1)(42 — 2) /8n}dSdt
— /¢(t — {1+ ap(t? = 1)/2n"? + a®*(t* — 1)?/8n}{1 — a®? (41> — 2)/8n}dt
= /¢(t — {1+ ap(t? —1)/2n"? + a®P?[t* — 2% + 1 — 4> + 2)/8n)dt
= 1+apr?/2n? + a®p? 2\ /8n

= exp{ay\?/2n'/?}.
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