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SUMMARY

Higher order approximations to p-values can be obtained from the log-likelihood function
and a reparameterization that can be viewed as a canonical parameter in an exponential family
approximation to the model. This approach clarifies the connection between Skovgaard (1996)
and Fraser et al. (1999a), and shows that the Skovgaard approximation can be obtained directly
using the mean log-likelihood function.

Some key words: approximate pivot; Fraser information; Kullback—Leibler distance; p* approximation; tangent expo-
nential model

1. INTRODUCTION

Parametric likelihood inference is often based on first order approximations to standard sum-
mary statistics from the likelihood, such as the likelihood ratio statistic or the standardized max-
imum likelihood estimate. For more accurate inference, refinements are needed to improve the
first order approximations, to find the distribution of the relevant statistic, and to properly take
account of nuisance parameters in the multi-parameter setting. A great many examples are avail-
able that illustrate the failure of first-order methods in models with large numbers of nuisance
parameters, and there is a similar wealth of examples illustrating the accuracy of higher order
approximations. Recent books include Barndorff-Nielsen & Cox (1994), Severini (2000), Butler
(2007) and Brazzale et al. (2007).

In this note we establish a simple connection between the higher order approximation due to
Skovgaard (1996) and that of Fraser et al. (1999a), and this in turn gives quite direct links to the
approximations of Barndorff-Nielsen (1986) and Severini (1998). This connection is established
by emphasizing the role of exponential family models as approximations to the original model
in obtaining higher order approximations for parametric inference.

2. CANONICAL PARAMETRIZATION

We assume a model f(y;6) for the observation y = (y1,...,%,), where # € R?, and 6 =
(1, \) is typically partitioned into a parameter of interest 1) € R% and a nuisance parameter \ €
R%_ We further assume that the components of y are continuous and independent; extensions
are discussed briefly in §5. The log-likelihood function is £(6;y) = log f(y; #) with observed
information function j () = —82£(0;y)/008' and maximum likelihood estimate  assumed to
be the solution of the score equation 9¢(6;y)/06 = 0.

First consider the case of a full exponential family model,

f(y;0) = exp{p1(0)t1(y) + - + pa(@)ta(y) — c(0) — h(y)};
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2 N. REID AND D.A.S. FRASER

the canonical variable ¢(y) is sufficient and has dimension d. Both the model f(y;6) and the
model for the marginal distribution of ¢(y) have the same observed log-likelihood function
0(9) = T (0)tY — c(6) and the same canonical parameter ((6), that is, the same up to affine
transformations ay + b where a and b are constants. This canonical parameter can be obtained
as the derivative of the log-likelihood function with respect to ¢ at any point say the observed
data tY. It could also be obtained by differentiation with respect to y at y in any d linearly
independent directions not tangent to the maximum likelihood surface 0 =060,

In more general models it is possible to find an approximating exponential family model, the
tangent exponential model (Fraser, 1990), which is an exponential family model that has the
same observed log-likelihood function as the original model and the same first derivative with
respect to the data at the observed data point. The tangent exponential model at the data point y°
is defined from the model f(y; ) as

frim(s; 0)ds = exp{p(0)"s + £(6;y°) Y h(s)ds, (1)

where s is a nominal variable that can be viewed as a score variable s(y) = £y(8°; y), and £(6; y°)
and ¢(0; y°) are defined from the original model as

0(0;9°) =log (% 0), ©(0;y°)" =Ly (0;4°). 2)

In (2) the notation /., denotes differentiation in the sample space in directions given by the
columns of a matrix V': the construction of V" is described below at (3). It is convenient to use the
score variable in (1), so that s = s(y") = 0, but s is simply the argument of the density, which
is defined on R?. The tangent exponential model was developed for the derivation of accurate
approximations to tail probabilities, which is discussed in the next section. For the moment we
note that it is completely determined by the pair of functions {£(0), ©(0)}.

It follows from (1) that log frenm(0;s°) =£(0;4°) and (0/0s)log frem(0;sY) =
©(0;9y°)™ = £.v(0;y°). This shows that the tangent exponential model and the original model
have the same log-likelihood function and the same sample space derivative of the log-likelihood
function. The tangent exponential model implements conditioning on an approximately ancillary
statistic, to construct an approximate model on R¢ from the original model on R™, so strictly
should be written frem(s; 6 | ). This conditioning is implemented through the choice of V.
Subject to this choice, the tangent exponential model is unique up to and including terms of
O(n=1).

Denote by z = (21, ..., z,) a vector of pivotal statistics z; = z;(y;; #), which could be simply
the vector of distribution functions F'(y;;#). We use this vector of pivotals to define an n x d
matrix V, with rows V;, by

9=\ (9 d

L K I W

Y 0= =)0 6=0,y=y°

where the final expression in (3) is the derivative of y for fixed pivotal z.

Then in more detail, the canonical parameter in (1) is
de(o;y) o0(0; %)

)" = L.y (0; = ’ = — =V 4
w0 =ty Ol = S| =S TG @

It is shown in Fraser & Reid (1995) that there is a statistic a that is ancillary to O(n~1), that
the subspace in R” determined by fixing the value of a = a is spanned by the column vectors
in V, and that frem(s;0 | a ) approximates the exact distribution of f(s;6 | a) to O(n™1), in
O(n_l/ 2)-neighbourhoods of 0 and y": details are summarized in the Appendix.
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Mean log-likelihood 3

A different approach to higher order approximation was proposed by Skovgaard (1996), who
obtained estimates of the directions of conditioning. We show in §3 that Skovgaard’s approxima-
tion to p-values can be obtained by using the exponential family model (1), but with a different
canonical parameter. Let 1(6; 6y) designate a mean log-likelihood function:

1(6;600) = Eg, {€(0;y)} = /5(6’; y) f(y; 60)dy. §)

This function is related to the Kullback—Leibler distance, which is I(6y;60y) — 1(0;6y). It also
arises in studies of the robustness of likelihood inference, where it is called the Fraser information
(Kent, 1982). A new version of , say ¢, of the canonical parameter for the model (1) is defined
by differentiating the function 7(6; @) instead of £(0;y);

2(0) = f%m;ew

9 R
i 08 (6 0) (6)

The exponential family model with canonical parameter %(6) is an O(n~!) approximation to
the tangent exponential model (1). Averaging the log-likelihood in the calculation of ¢ elimi-
nates dependence on the approximate ancillary, which in turn reduces the accuracy of tail area
approximations based on @, discussed in the next section. On the other hand for many models
the calculation of ¢ is simpler than the calculation of ¢ using (4).

In linear exponential families, with log-likelihood ¢(0) = 6"s — ¢(#), we have 1(0;6y) =
07 (6y) — c(6), giving ¢* = 07" (), where ¢”'(0) is a d x d matrix, so that both ¢ and @
are equal to the canonical parameter of the model (up to an affine transformation). Outside this
special setting, broadly speaking the the  version is easier to compute in transformation families
and the ¢ version is easier to compute in curved exponential families.

Example 1. Suppose y; follows a one-parameter location model fo(y; — ). A sample
Y1, - -, Yn admits an exact ancillary statistic, a = (a1,...,a,) = (y1 — 0,...,yn — 0), and the
n x 1 vector V from the pivotal z; = y; — 0 is simply a vector of 1’s. Thus

P(0) = L (032) = 37 5w o = 0) = 5 Y ol ) =~ 35— ),

writing go(-) = log fo(-). From (5) 7
1(0;00) = Epg, Y _log fo(y; — 0) = n/go(z — 04 6p) fo(2)dz,
showing as expected that 1(6; 6p) = Io(6 — ), say. Then
p(0) = n/gé(y — ) foly — f)dy. ®)

On dividing (7) and (8) by n we see that ¢(#) is the nonparametric bootstrap estimate of the
expected value of g(,(Y" — 6) and ¢(6) is the parametric bootstrap estimate of the same quantity.

Example 2. If the density of y; is a (d, 1) curved exponential family
f(yi; 0) = expla(60)"t(yi) — c{e(6)} — d(vs)], )
where ¢ and « are d x 1 vectors, then writing t. = > t(y;),

1(6: 60) = a(6)" Egy (t.) — nef{a(8)} = nla(6)"¢ {a(8)} — c{a(9)}]
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4 N. REID AND D.A.S. FRASER
and (0) = a(0)"a, say, where

Z(‘)Qc{a )} 0o
Oa;0a; 00

=00

The calculation of ¢ requires a vector of pivotal statistics which could be taken as F'(y;; 0), the
cumulative distribution function for the ith observation, giving ¢(6) = «(6)"d, say, where

Zat yz aF ylv )/89
8yz yue)

=1 6=00,y=y°

Depending on the particular exponential family model, one or the other may be easier to calculate
analytically or numerically.

The exponential family models, using  or ¢ as the canonical parameters, provide approximate
conditional densities on R¢ and are related to the p* approximation of Barndorff-Nielsen (1986),
given by

p*(0:0 | a) = cl5(0)|"/? exp{€(6;6,a) — £(6;0,a)} (10)

for some exact or approximate ancillary statistic a. To use this formula requires details concern-
ing the ancillary a, in particular what its contour a = a” looks like at ¢°. Let y = y° + V't be the
first order Taylor series expansion of y given a(y) = a” in terms of coordinates # relative to tan-
gents V to the surface a(y) = a’. Then the tangent exponential model (1) with (2) re-expresses
(10) to first derivative at y° using the V' determined by the ancillary a in (10). This first derivative
approximation to (10) gives third order inference at 3/°: see the Appendix.

3. TAIL AREA APPROXIMATIONS

Exponential family models are particularly useful for approximating tail areas, as saddlepoint
approximation arguments presented in Daniels (1954) and Barndorff-Nielsen (1986) can be used
to construct an approximate a p-value function for inference for a scalar parameter ¢ with relative
error O(n~3/2). The approximation depends only on the canonical parameter and the observed
log-likelihood function. More generally, in any asymptotic model f(y; @), where y and 6 have the
same dimension, an approximate p-value function for a scalar parameter of interest ) can be ob-
tained from the observed log-likelihood function £(6; y°) and the derivative () = 9¢(0;y")/0y
(Fraser, 1990).

This saddlepoint argument applied to the tangent exponential model (1) leads to an approxi-
mate p-value function ®(r*), where ®(-) is the standard normal distribution function, ¢(-) is its
density. The approximate pivot r* = r*(¢; y), defined as

1
= - log<q) (1)
where

£[2{0(6) — £(6y) 1], (12)

and

2(6) = ¢(0s) _eallu)l L3O
o (0)] ian () [1/2

q= (13)
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Mean log-likelihood 5

In (12) (% = (¢, 5\¢) is the constrained maximum likelihood estimator, and 5‘1& is assumed to be

the solution of A(#)/OX = 0. If 6 is a scalar then r = £[2{¢(f) — £(#)}]"/2. The approximate
pivot r = r(1); y) is usually called the likelihood root, and to first order, i.e. with relative error
O(n~1/2), follows a standard normal distribution. The nuisance parameter X is accommodated
in this approximate pivot by the simple expedient of maximization. In (13) (+) isad x 1 vector,
the matrix ¢y (-) is the last d — 1 columns of y(-), the matrix of derivatives of ¢ with respect to
6, and jy»(0) is the submatrix of the observed Fisher information function corresponding to the
nuisance parameter components \. Conditioning on an approximate ancillary and adjusting for
nuisance parameters are both incorporated in the approximate pivot gq. A detailed discussion of
the r* approximation and its numerical implementation in R (R Development Core Team, 2007),
in the bundle hoa, is given in Brazzale & Davison (2008). Brazzale et al. (2007, Ch. 9) describe
an algorithm for implementing 7* from ¢(#) and and a function to compute the vector array V;
the derivatives needed to compute r* are then obtained numerically.

An important property of (11) is that it is completely determined by the pair of functions
{€(0),p(0)}, and their derivatives with respect to 6 and for this the original model can be re-
placed by the tangent exponential model frgn(s;6).

The original r* approximation of Barndorff-Nielsen (1986) was derived from the p* approx-
imation to the conditional density of the maximum likelihood estimator assuming an explicit
ancillary statistic was available. The corresponding expression for ¢ is (13) with ¢(0) replaced

by £.45(0) = 04(6;0,a)/96:

10,5(0:6,0) — £,5By:0,0)  £,5(80)] 1562

4BN = ~— ’ — : (14)
|£9;é(9; 97 a)‘ |])\)\(0¢) ’1/2

The normal approximation to * using this version of ¢ also has relative error O(n —3/ 2), provided
that a is a second order ancillary statistic. As noted by a reviewer, ¢ and £ ; are affinely equivalent
if the vectors V' in (3) are tangent to the ancillary a in (10), in Wthh case ¢ = qpn: see the
Appendix and Fraser et al. (1999a, §2.3).

Skovgaard (1996) derived an approximation to (14) by showing that

(5(0:0,a) = £5(0y30,a) = i7" (0)5(D)cov;{lo(9), £(0) — £(0y)}, (15)
£,

~

3(04) = i1(0)j(B)cov{o(0), Lo (0,)}, (16)

where the covariance terms are evaluated before the first argument of ¢(-;-) is replaced: for
example,

cov, {€o (003 y), £(01;9) Hgy—5.0, -4, -

From the definition of ¢(#) at (6) we see that Skovgaard’s version of ¢ is identical to (13) with
o replaced by @, as

2(0) = covy{ls(0), £(0)}, (17)
@o(0) = cov;{ly(0), o(0)}, (18)

@g(0) = i(0), and fe,é(é) = j(f). Skovgaard (1996) also noted that the determinant in the nu-
merator of (13) can be expressed as

A~ A~

lpo(09)1[i0 ! (9) {0(8) — (8p) Y1,
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6 N. REID AND D.A.S. FRASER

where the choice of the first component of the vector in square brackets assumes that v is the
first component of 6.

The tangent exponential model approximates the conditional density at y° to O(n™1), but
when the pair of functions {£(8;1°), ©(6;y")} from this model is used to derive the distribu-
tion function at 4", using (11), (12) and (13), the O(nil) term vanishes, and the error in the
tail area approximation is O(n~3/2) (Fraser & Reid, 1993; Andrews et al., 2005). Skovgaard’s
expressions do not require specification of the ancillary statistic a or its tangent vectors V'; the
resulting 7* approximation has relative error O(n 1), for moderate deviations, and O(n~1/2) for
large deviations (Skovgaard, 1996). The role of the ancillary conditioning on the relative error is
outlined in the Appendix. Severini (1999) proposed using empirical estimates of the covariances
in (17) and (18), although numerical work presented in Severini (2000, Ch. 7.5) suggests that
this may be numerically rather unstable.

4. EXAMPLES

Example 3. Suppose (y14,%2i),% =1,...,n follow independent exponential distributions
with means 1/6 and 6, respectively. The pivotal functions for computing V' using (3) are

215 = 140 and zp; = y2;/0, giving V = 07 (—y11, ..., —Y1n, Y21, - - -, Y2u)" and

_ 1_ 1 1
0) =0~ ) =nad (5~ ).

| 3

where 6 = (Qg,/gl,)l/g, a= (gl,gg,)m; in this model « is exactly ancillary.
The information function 1(0;6y) = —nf/0y — nbhy /0, leading to

_ 1 1
2(0) = n0 (9 - 02) ;
since o(6) and (6) differ only by a scalar multiple both give ¢ = (na/2)'/2{(0/6) — (0/0)},
so that the r* approximation using ¢ is in this case accurate to O(n*3/ 2.
Using Skovgaard’s original expressions (17) and (18), the numerator and denominator of (13)
contain the scalar multiple a, which simply cancels, although ancillary information is incorpo-

rated into ¢ through a scaling factor. Severini (2000, Ch. 6) shows that ¢ and (14) give the same
expression for ¢, which is expected as V is tangent to the curve a = a® at 6°.

Example 4. Suppose now that (y1;, y2;) follow a bivariate normal distribution with means 0,
variances 1, and covariance 6. This example was used in Reid (2003) to illustrate the construction
of several approximate ancillary statistics, and in Reid (2005) to illustrate the accuracy of the
r* approximation. The ancillary directions V' are computed using the pivotal statistics z1; =

(Y15 + y20)?/{2(1 + 0)} and 22; = (y1; — y2:)?/{2(1 — 0)}, leading to

Vo [Y2i= Oyri v — Oyoi n{0(t — 0s) — (s — Ot)}
' 1—62 ~ 1-¢2 (1—62)(1 — 62)

where t = Y (v}, +y3:)/(2n) and s = > (y1;y2:)/n. Using (5) gives @(0) = (nd)/(1 — 62).
An expression for (14) in this example requires explicit expression of £(#;y) as a function of
6 and an approximately ancillary statistic. This can be obtained following Barndorff-Nielsen
& Wood (1998) by embedding the model in a full exponential family, but the details are quite
cumbersome. Table 1 presents a simulation showing that computing the tail area approximation
using ¢ or ¢ gives essentially the same numerical results.

Y

) 7‘;0(9) = E;V(g) =
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Table 1. Normal correlation coefficient: approximate p-values (percent) computed using the r*
approximation, with @ and ¢ used in (13). Based on 10, 000 simulations with sample size n = 5.

left tail (%) right tail (%)
# Exact 01 05 10 25 50 50 25 10 05 0.1

09 r* 0.10 0.51 098 251 5.03 5.02 244 097 047 0.10
" 0.10 0.51 098 251 5.02 512 259 1.04 051 0.11
0.7 r* 0.12 050 1.04 251 5.05 530 260 1.05 054 0.14
7 0.12 050 1.04 251 5.04 6.61 3.09 126 0.67 0.19
05 r* 0.12 049 1.01 256 5.14 564 285 1.18 0.61 0.19
7 0.12 049 1.01 256 5.13 645 320 135 0.72 0.24
03 r* 0.10 0.53 1.10 2.63 522 546 277 114 059 0.18
7 0.10 053 1.10 2.61 521 586 294 120 0.64 0.21
0 r 0.13 056 1.07 263 5.15 5.07 253 1.04 0.53 0.11
T* 0.14 056 1.09 265 524 512 254 1.04 055 0.13

Example 5. We assume that we have n independent observations with y; = z;(53) + o¢;,
where z;(3) is a known nonlinear function of a d-dimensional parameter 3 and some known
covariates, and ¢; follows a standard normal distribution. The canonical parameter ¢(6) com-
puted using (4) is given in Fraser et al. (1999b) as

P0)" = 25 S o — s(9) e Xu(D))

where ¢; = {y; — 2:(3)} /6 is the standardized residual, and X;(5) = 8z;(3)/83". The canon-
ical parameter obtained using (6) is

PO = —5 6, 3 (wi(B) — wi XKD

For more direct comparison the first component of ¢(0) is equal to
1, . A A s 2
—3[né + > {yi — (B Hzi(B) — 2:(8)}] = né/o® + O(1)

after replacing z;(3) — x;(8) by the first term of its Taylor series expansion, X;(3)(3 — 3). The
vector that makes up the remaining components of ¢ is

LX) - S @X()

so that p(0) and ¢(0) are affinely equivalent, exactly for the 3 components, and approximately
for the o component.

More detailed formulas of for nonlinear regression are given in Brazzale et al. (2007, Ch. 8),
and the R package nlreg implements both the Skovgaard and the Fraser-Reid versions of gq.

In linear and nonlinear regression models with non-normal error, the existence of an explicit
pivotal statistic for computing the array V' ensures that ¢(#) is relatively easy to compute; for-
mulae are given in Brazzale et al. (2007, Ch. 8.6) and the linear regression case is implemented
in the R package marg. The computation of ¢(#) requires a multi-dimensional integral that can
rarely be evaluated explicitly.
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8 N. REID AND D.A.S. FRASER

Example 6. On the other hand in mixed effects linear regression models ¢(6) is much easier
to compute than ¢ (). We assume the marginal model is y ~ N{X 3,V (p))}, where p indexes
the parameters in the covariance matrix. If this model is obtained by integrating over the mixed
effects linear model y = X 3 + Zb + ¢, the structure of V' is V(p) = ZQZ" + X, where  is
the covariance matrix for the random effects b and 3 is the covariance matrix for the errors; p
would then include the unknown parameters in both €2 and ¥.. The information function I(6; 6y)
is readily evaluated:

1(6:60) = Bay{—5 (y — XB)V " )y — X5) — 5 log |V ()]}

2
1 1 _ 1 _
= —5log|V(p)| = 5tr {V(po)V Yo} - 5B = B)" XV Hp)X (Bo = B)
from which we have the 3 and p components of ¢(6)

PO =XV PX(E - B), $0) = 5 e VOV )

These agree with Lyons & Peters (2000), who used the covariance versions (17) and (18).

To construct ¢(6) using the sample space derivative /.y requires specifying the pivotal statis-
tics z. In the dependent data setting it is not obvious how to do this, but one approach is to
construct the residual for each component y; after regression on the preceding components
(Yi-1,---,y1); this is carried out in a University of Toronto dissertation by S. Iglesias-Gonzalez.
Numerical investigation there confirms that the r* approximation using ¢ is indeed more ac-
curate than Skovgaard’s version. However, the calculation of V' depends on the ordering of the
components of y, which is a somewhat unsatisfactory aspect of the ( version in this setting.

5. DISCUSSION

The asymptotic theory underlying the r* approximation is most easily developed for indepen-
dent and identically distributed observations, but extensions to regression settings are relatively
straightforward, as long as the information function is proportional to the sample size: this will
typically involve some conditions on the design matrix X for the regression. In the case of de-
pendent observations, such as discussed in Example 4.4, detailed conditions on the nature of the
dependence would be needed, to ensure that information continues to accumulate at a rate pro-
portional to n. We are not aware of a thorough treatment of this case, but limited simulations in
Lyons & Peters (2000), Guolo et al. (2006) and in the dissertation of Iglesias-Gonzalez suggest
that the approximations are still useful in these dependent data settings.

The ¢ version of the approximating exponential model can be used in discrete models, whereas
the derivation of ¢ depends on continuity. Davison et al. (2006) suggest an alternative to ¢ for
discrete models obtained by replacing dy/df in (3) by dE(s)/df, where s is the score variable
if the discrete model is a curved (or full) exponential family model, and is a locally defined
score variable in more general settings. In the curved exponential family case, this leads to the
same canonical parameter as that defined by using 7(6; ), but in the more general setting the
expressions are different.

In models where the analytical calculation of Eg,{¢(6;y)} is not possible, it may be possible to
use a bootstrap approximation to estimate this mean, not only at 6 but at enough values of 6 to be
able to use smoothing to get the derivatives numerically. This is very close to the approach taken
by Severini (1999), who estimated the derivatives empirically, but might have better numerical
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properties, as empirical estimates of means are usually more accurate than empirical estimates
of covariances.

The simplicity of the expression for ¢ means it can easily be used with likelihood-like objects,
such as partial likelihood or composite likelihood, although it is not clear what the asymptotic
properties of this approach might be.

Skovgaard (2001) extended his approach to obtain a higher order approximation for vector
parameters, w*, by deriving a correction of the log-likelihood ratio statistic w(0) = 2{¢(6) —
£()}. This correction is a function of the likelihood ratio statistic, of @(6) — @(éd,), and also of
a standardized version of the score statistic Ew(éd))- The derivative 91(0;0y)/00 gives the mean
value of the score under 6y, which might lead to an equivalent version of w*. A quite different
approach to the multivariate setting is to use a directional test; this can be derived from the pair
{£(0), p(0)} along the lines of that developed in Skovgaard (1988) and Fraser & Massam (1988).
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APPENDIX

Ancillary conditioning in the tangent exponential model.

The tangent exponential model is defined on R?, although it is computed from the original model on
R™, through (2). Assume for the moment that we are able to find a one-to-one transformation y = y(s, a),
where y = (y1,...,Yn), S = ($1,...,84) and a = (a1, ..., a,—_q) is an exactly ancillary statistic, so that
f(y;0) = g1(s | a;0)g2(a)|J (s, a)|. Fraser et al. (1999a, eq. (2.4) — (2.5)) show that

(0/0s)log g1(s | a”;0)|s=s0 = L1 (0;°)

where V' = 0y(s, a)/0s|s=s0 q—q0. Thus the sample space derivative used to define ¢ can be computed
from the conditional model or more easily from the original model, provided the tangent directions can
be determined. As noted by a reviewer, this shows that £ ;5 and £,y, define the same tangent exponential

model, where V' is taken to be dy/ 0 for fixed a, although the derivative £, 5 is not usually computable. In

more detail, let V = (v1,...,v4) be a linearly independent set of vectors tangent to the surface a(y) = a°

at °; and let W = (w1, ..., w,—q) be a linearly independent set of vectors orthogonal to the tangent
plane 4" + £(V) to the ancillary contour. Then local coordinates near y° using these vectors as the basis
are

y=y"+(V W)(t),

u

where ¢ gives coordinates with respect to V' and u with respect to . Denote by

06

ot

t=0,u=0

the local d x d Jacobian for the change from ¢ to 6 given a = a”. We can write

y=y"+(V W)(i)
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where t = Ht,V = VH ! and 1 is now expressed as a function of ¢ and u. It follows that

o d d
~{(6; = —=/((0; = —/
% (0;y) = (0;y) oV

Y=y

(CAN)

y=y°

where V is the array of tangent vectors to the ancillary at the data point 3/° relative to the 6 coordinates.
From (11) and (13), we see that the formulas are unaffected if the vectors V' are replaced by any linearly
equivalent V H ! for non-singular H, so there is no gain in calculating derivatives with respect to 6 coor-
dinates. In fact in most cases a differentiation with respect to 6 would need computation of d¢(0; ) /dy;
for individual coordinates as indicated in (2).

For the density approximations (1) and (10) we only require a to be ancillary to O(n~1). It is rare to be
able to find an explicit expression even for such an approximate ancillary, but £.y/(6; y°) can be computed
without making the transformation from y to (s, a), using (3). It is shown in Fraser & Reid (19953, §5)
for scalar 6 and Fraser & Reid (2002, §6) for vector 6 that there exists a statistic @ which is ancillary to
O(n~1). This statistic is obtained by constructing a location model approximation to f(y; 6); the ancillary
statistic for this approximate model is directly available from the residuals, and the vectors V' defined in
(3) are tangent to the the surface defined by fixed a. This statistic is an exact first derivative ancillary, and
thus is ancillary to O(n~'/2), but can be modified to be ancillary to O(n ') without changing its tangent
vectors V.

From tangent exponential models to p-values

The tangent exponential model approximates the original model to O(n~!), in moderate deviation
neighbourhoods of 4. If 6 is a scalar, the saddlepoint approximation applied to (1) gives the r* approxi-
mation with r as the signed log-likelihood root, and ¢ as the standardized maximum likelihood estimator
(¢ — w)ﬁé{f. If 6 is a vector, and the parameter of interest is a scalar component of 6, then an additional
step is needed to eliminate the nuisance parameters. This step is outlined Reid (2003, §3.3), and it is very
similar to the argument in Skovgaard (1996, §9.3); it requires integrating a density of what Skovgaard
(2001, §5.4) calls “Laplace type”.

Assume for notational simplicity that after conditioning on an approximate ancillary statistic, as de-
scribed above, we have a model f(y;6) on R and a scalar parameter 6. A more explicit expression
for the tangent exponential model can be obtained from Taylor series expansion of the log-likelihood
function, expanded in both 6 and y. Andrews et al. (2005, eq.(2.6)) give the coefficients for this ex-
pansion, and show that it has a particularly simple structure, after both y and 6 have been centered at
y° and 0 respectively, scaled to have unit second derivatives, and transformed to variables of the form
y+ain~Y2y? + agn" 1y, 0+ bin /262 + byn~163, where terms of O(n~3/2) are ignored. The re-
sulting expansion for the log-density of the transformed variable y with transformed parameter 1, where
' =0and ¥° = 0 s

v

c+ Pin(y) + Pon(9) + 9y + %192312, (A1)

where c is the normalizing constant,

_osy 7(17 ay — 202 — 5y
2n1/2 2 4n

is determined by requiring the density to integrate to 1, and

2
a3 3 0[473043*6")/ 4
Pi.(y) = 2

1n(¥) b i voh A o v

a3 g3 Y4
6nl/2 24n

1
Py (9) = —50° - 94,

where a3 and ay and 7 are O(1). This model has the property that its cumulative distribution function,
evaluated at 0, does not depend on +, so for approximating the p-value to O(n*?’/ 2) we can use the simpler
version of (A1)

¢+ Pln(Y) + P2n(19) +dy
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and this is the tangent exponential model with () = ¢ and £(¢) = Pa, (9).

The role of the ancillary is suppressed in this argument, but the coefficients a3, ay and v depend on
the approximate ancillary statistic. Thus even though the tangent exponential model with ¢ replaced by
Skovgaard’s version @ is also free of the non-exponential term ~1¥?y?/(4n), it can only approximate
the true conditional model to O(n =), and hence give approximate conditional p-values to that order. It
has been suggested by a reviewer that the unconditional p-values from Skovgaard’s version might yet be
accurate to O(n~3/2), but it is not clear to us how this might be established.

However we now verify, for scalar 6, that ¢ = {1 + O(n~!)} via a Taylor series expansion, to
O(n~1) only, of the joint model for 6 and a. The dimension reduction from n to 1 in principle requires
an ancillary statistic a of dimension n — 1, but it follows from §3 of Fraser & Reid (1995) that only a
finite number of coordinates of a are needed for third order inference, and that the joint density can be
approximated at (6°, a®) by an expansion of the form
Q3 P ) 1

i (0= 9)° + —Fa(d —9) -

a®+0(n 1Y)}
(A2)
In (A2) we assume the dimension of a is 1, although the general structure for a finite dimensional a is
of the same form. We again use the notation ¥ in place of 6, but in (A2) the series expansion assumes
that the original parameter 6 has been reexpressed and standardized so that the model follows a location
family form to second order, with observed Fisher information equal to 1. In (A1) the reexpression and
standardization is to exponential family form. Both types of expansions are detailed in Andrews et al.
(2005, §2), although in the approximate location case they give only the conditional model given a.

From (A2) we obtain ¢(1;4°) = @(19;19°, a°) as

a2 Y
2¢ + 6nl/2

Fl:6) = expl—5 (0~ 0)” +

2a%6
nl/2

(0 —9°),

3 (6 %3 ~
(y; 0)‘@:30 =9 — 1" + W(ﬁ _ 190)2 .

and dividing by 1 — 2a°5§/n'/? we have that ¢ as a function of ¥ is affinely equivalent to

o) =9 —9° + (0 — 9% +O0(n™h).

2n1/2

This also shows that ignoring terms of O(n 1) and higher, ¢ (19, y°) is free of the ancillary value a°.
We now use (A2) to calculate I(1J; ¥); for example

Ego(9 —9)2 =1+ (9o — V) + o —9) +0(n ),
Egy (0 —0)* = 309 —0) + (9o — 9)* + O(n™"),

109 00) = —5(0 — 9)* = 5 + = (g = 9)° + O(n ™)

1/2(

6n 1/2(

and hence

o) =9 —9° + (9 —9°)2 +Oo(n™h).

n1 /2
If we used a more accurate O(n~3/2) expansion in place of (A2) we would find dependence on a in the
O(n~1) term for ¢, whereas ¢ can of course only depend on 0.

The extension to vector 6 follows from expansions given in Cakmak et al. (1994) but the notation
becomes rather cumbersome.

Finally, we note that the (10) can also be expressed in the form of a tangent exponential model, by
expanding about 60 as follows:

(050 | a®) = clj(0)]"/* exp{(6;0,a) — £(b; >}
= c|j(0)]"* exp{(6;6°,a°) — £< 0,a%) + (0= 6°)"{€5(6;6°, %) — £,5(6°:6°,a%)}
= exp{(0 — 6°)"0.5(0) + £(0) } k(0 >
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which compares directly with (1) with the score variable s replaced by 6 — 69 and the canonical parameter
replaced by E;é.
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