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Bayesian inference: an approach

to statistical inference \
* an 8__&0 CDCOLWC:S
D.A.S. Fraser m_» mQ..Sw ﬁbMoHSﬁ.no.b \

The original Bayes used an invariant priorwith a location model and argued that the
resulting combination bf prior with likelihood provided a probability description
of an unknown parameter value in an application; the[particulaj combination
_inf e context with invariance can currently be called a confidence distribution
and is subject to some restrictions when used to construct confidence intervals
and regions. The procedure of using a prior with likelihood has now, however,
been widely generalized with invariance being renlaced by less restrictive criteria
such as non-informative, reference, and ethers. Other generalizations are to allow
the prior to represent various forms of background information that is zeadily
available or elicited from those familiar with the statistical context; these can
reasonably be called subjective priors. Still further generalizations address an
anomaly where marginalization fer a vector parameter gives results that contradict
the term probability; these are Dawid, Stone, Zidek marginalization paradoxes;
various priors for this are called targeted priors. Zxe case where the prior describes
tee random source & the parameter value mml.:mw probability analysis but is
frequently treated as a Bayes procedure. We survey the argument in support
of probability characteristics and outline various generalizations of the original
Bayes® proposalis. © 2010 John Wiley & Sons, Inc. WIREs Comp Stat 2010 2 000-0000

5/
can be a Euﬁnrg_. lo

mm%om&: inference me form of sthtistical inference
that has evolved mgus a seminal paper by Bayes.!
La that paper a special _ogﬂo:
type of statistical Bomo_ a statistical model f(y; 6

records possible density functions for a wnw@o:mo
variable y with uncertainty given by a parameter 6
that manipulates the form of the density to present the
perceived possibilities for the response distribution;

generated, we would obtain a joint distribution
that described the pair (6,y), and when observed
data y° on the response y became available ywhen
standard conditional probability calculus would give
the conditional distribution

7(01y°) = cn(9)f(y°; 6) (1)

and the particular location type of model cansidered
by Bayes had the special form f(y — 0), which can be
interpreted as a density for a variable z translated by
an amount 6 giving the response y as the translation
y = 0 + z of the initial z.

Bayes suggested that possible 6 values could
be viewed as coming from a prior density 7 (0)
that was constant in value, say 7(0)=c¢, thus
reflecting the translation invariance implicit in the
location structure of the model. And then, if the
prior distribution is taken to be descriptive of how
the actual 6 value in the application had been

*Correspondence to: dfraser@utstat.toronto.edu
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Canada MS5S 3G3
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where ¢ is now the normalizing constant. This is
called the posterior distribution for 6, and it would
give a frequency description of possible values for the
0 among instances (@, y) where the observed y is equal
to y°, provided the prior is descriptive.

The Bayes approach was prominently endorsed
by Laplace? and some other mathematicians and vig-
orously rejected by others, but it has had a profound
influence on the development of statistical inference.
Also, generalizations of the approach have become
available for arbitrary statistical models f(y; 6) using
priors 7 (6) of various levels of appropriateness and
relevance. And typically all are accompanied by some
claim or assertion that the resulting posterior distri-
bution 7(8]y°) = ¢ (0)f(y’; ) presents probabilities
that in some way describe the unknown 6 in the
application.

© 2010 John Wiley & Sons, Inc. 1
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Overview

THE INNOVATION

Bayes' proposal combined an observed statistical

model £°(0) = f(y°; #) coming from data y* with a
weight function 7(0) that provided a calibration of
parameter values. The use of the observed statistical
model does appear as an extraordinarily relevant first
step when a data value y° is obtained in the presence
of a statistical model f(y; 6): just examine the model
at the y’-section through the model. And indeed
Bayes’ proposal made that model section the operating
ingredient for formal statistical inference more than a
century and a half before m:nr\%onaos was formally
conceptualized and given the name likelihood? and
before the section was recommended* for direct
plotting and viewing as an explicit presentation of
information concerning thee parameter.

The weight function 7 (0) provides a calibration
of the scaling of the parameter; and the translation
invariance of the m@nnmm_\xﬁdoao_ then leads to a
constant prior density. And then if the prior density
is viewed as being descriptive or having frequency
properties, we would find that conditional probability
calculations are in order. But, as proposed, the prior
is just a mathematical object without reference to
frequencies; accordingly something derived from it by
probability calculus would also be just a mathematical
object. Thus, a claim of consequent probability
status is without corresponding basis. Indeed there
are indications® that Bayes may have been hesitant
to directly publish the proposal. Yet curiously the
posterior distribution sort of works, sort of gives
reasonable looking and behaving answers, and indeed
is widely promoted.e But if it is not probability,
then what properties underlie the ?m@:o:N.Homwo:mzm
behavior of the Bayes posteriors?

Consider the esiginal case
Bayes/ but in current notation. Let y = 6 + z where
2 hadthe centered distribution g(z) of the model; for
expository convenience to enable plotting we use the
extreme value distribution g(z) = e *exp{—e %} which
is simple and yet avoids having the special symmetries
of the normal; see panel (a) in Figure 1. Then with
data y°, the calculation of the probability position of
the data y° in the model with parameter value 6 gives
what can be viewed as the standard p-value function
p(8); it records the probability position of the data y°
in the distribution centered at 6 and is given by the
observed value F°(8) = F(y° — 6) of the distribution
function. For the particular extreme value model, this
is easily calculated and is given by

hﬁn_ugﬁ\n,a\ 0 y

um.w .Tv wn m.

www.wiley.com/wires/compstats

(a) Frequentist
p(6)
T T
0 y°
(b) Bayesian

s(0)

IGURE 1 | The extreme value EV(9,1) model: (a) the distribution of
y given ; (b) the posterior distribution of & given y°; the p-value p(6)
from panel (a) is equal to the survivor value s(@) in panel (b).

p—value=s—value

b%momﬁm\g wﬂwﬂ
FIGURE 2.

Proposa m\

If, however, we follow the Bayes proposal we
would start with the likelihood function from the
data y° and combine it with the indicated invariant
Bayes prior () = ¢; this in turn would give the
Bayes posterior density: the result is just the normed
likelihood function plotted in panel (b) of Figure 1;
this is a reversed or mirrored extreme value shape,
centered at the data point y°. If we then calculate the
right-tailed distribution function or survivor function
from this posterior density, we obtain directly the same
function, s(8) = p(0), and thus would have the same

0 . . ;
p(6) = exp{—e "~} (2)  reported information concerning the parameter 6.

The preceding information can also be put in

which is plotted in Figure 2. another form. If we want the 8-level lower confidence

2 © 2010 John Wiley & Sons, Inc. Volume 2, March/April 2010
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bound or the B-level posterior bound, we would
calculate the 6 value that makes p(0) or s(0) equal
to B; we designate such quantile bound as 4. For the
example, we then obtain

0p =" + log(—logp) (3)
thus the posterior B lower bound for Bayes’ original
location model context is just the Fisher® lower
confidence solution as clarified by Neyman.® And
thus Bayes produced the Fisher--Neyman confidence
result by a different route but by, unfortunately, a
route that seems restricted to the location model
case. We view this as the intrinsic explanation for
the reasonable looking and behaving results from
the Bayes procedure: the procedure gives confidence
when the model has the nice linearity exemplified by
the location models.

In summary, Bayes introduced the likelihood
function as an essential ingredient for inference
without giving it its subsequent name; and introduced
confidence without giving it its subsequent name and
used # a derivation route which did not generalize
beyond the simple location models. Clearly, these
were major innovations even if not quite in the fully
developed modern form now present more than two
centuries later.e Perhaps the Bayes procedure can be
viewed as an innovative method to obtain simple
approximations for confidence.

34
35
36
37
38
39

40
41

PROBABILITY: BELIEF OR SUBSTANCE

The Bayes proposal focused on a prior probability
density m(9) to describe possible values for an
unknown parameter value 6. In what way does it
describe such values for a parameter? Is it asserting
that the prior is objectively descriptive, and thus
describing how the unknown value was randomly
produced? In other words, are the probabilities in
the prior real, objective and not just named or just
mathematical or just for convenience? If the prior is
objectively descriptive then the use of the conditional
probability calculus would be appropriate, and the
filtered pattern 7 (6|y°) would describe the possible 6
value among cases (6, y) where the variable y takes the
observed value y°, to some reasonable approximately.
In other words, if 7(6) is objectively descriptive then
7(68]y°) is objectively descriptive.

But if 7(0) is just a mathematical object repre-
senting judgments or personal views or opinions or
other non-objective properties then correspondingly
the posterior 7(A|y°) is just a mathematical object
at most representing judgments or personal views or
opinions: the conditional calculus does not generate

Volume 2, March/April 2010

Bayesian inference

frequency properties from ingredients that do not
have such properties. Such posteriors can, however,
be examined on their own behavior, to see if they give
sensible results. And also if a prior is being proposed
because of the decision-theoretic argument that an
optimal procedure is obtained from some choice of
prior, then again the posteriors can be examined on
their own behavior.

Now consider some distribution 7 (0|y), perhaps
Bayesian or other, that has been proposed for an
unknown parameter value @ in a context where the y
value comes from a model f(y; 8). From the proposed
distribution, we can calculate the nominal probability
left or right of any value 6 of interest, or inversely
for any nominal probability level 8 we can obtain the
parameter value 6 g(y) having nominal probability g
to say the right of it. We consider such B-quantiles as
the focal route for assessing a proposed distribution
m(0]y).

In an application there is a true value 6 for
the parameter and there is a consequent observed vy
value. And for any chosen B level of interest, the
proposed distribution based on the y value leads to
the B-quantile point 6 4(y). Is the true parameter value
in the interval Awm@vuoov.v Either it is or it is not,
from an oracle viewpoint! Then for any given true
value 6, we can calculate the probability whether the
downstream y value will produce a true statement
concerning the presence of 6 in the interval %m@f )3
let this probability be designated 8(6). If the proposed
data-based distribution 7 (0]y) is sensible in some
communicable sense then one would reasonably hope
that the B() just calculated would bear some sensible
relation to the target value S.

Consider further the proposed distribution
w(0ly). If the calculated B(6) is identically equal
to the value B, then the proposed distribution has
the confidence property developed by Fisher’ and
Neyman;® and otherwise there would be discrepancies
and the proposal would not have the confidence
property. Perhaps, however, for some particular
prior m.(0), the proposal might give an average
[ B(0)dr () that is equal to B; then with that prior
there is an averaging of the discrepancies that would
giva the target value 8. We give next some examples
where such special advantageous priors cannot exist,
and thus do not average out discrepant behavior that

is intrinsic to a proposed posterior. %
Z acl \w

SOME EXAMPLES

We explore some examples, starting with our original
Bayes example and progressing through various

© 2010 John Wiley & Sons, Inc. 3
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complications that arise with thfe extended Bayes
approach.

Example 1. Consider the location model in Sec-
tion on The Innovation using the extreme value error
distribution; see Figure 1(a). With the flat prior 7 (0) =
¢ recommended by Bayes, we obtain the posterior

(01y°) = g(y° — 6) (4)
where g(z) = exp{—z — e %}; this is graphed in Figure
1(b). Now suppose we are interested in, for example,
the 90% quantile or 90% lower bound for 6. The
distribution function for g(z) is G(z) = exp{—e ™%}
and the quantile inverse is 23 = —log(—logp). For the
level B =90%, we then obtain z9p9, = 2.25 which
gives the 90% posterior lower bound

fo00, =y —2.25; (5)
¢— See Figure 2. This is also the 90% confidence
lower bound as discussed in Section on The
Innovation. And correspondingly it has the property
that asserting that the true 6 \ﬂb the 90% interval
(y —2.25,00) will always have a track record of
being true 90% of the time; this track record applies
whether we contemplate a fixed 0, or contemplate
a distribution 7(6) as the source of the true 6, or
examine any arbitrary sequence of values of 6. The
example clarifies the original Bayes' proposal: that
with linearity the Bayes proposal gives what is now
called confidence. I

Example 2. Consider a response y that is
Zoﬁdm:%vqu but with a mean 6 that is known to
be greater than or equal to a value 6¢. This may seem
rather artificial but it represents the core statistical
problem in the analysis of data in the High Energy
Physics community; see, for example, Mandelkern,’
Fraser et al.,® and Heinrich;’ it also has relevance for
the current analysis of data from the Large Hadron
Collider in Geneva. For expository convenience here,
we use 6 = 0.

Now for notation let ¢ and @ designate the
density and distribution functions for the standard
normal, and let zg be the upper p-quantile, that is,
®(z5) = B. The observed likelihood from data y° is

L%(8) = cp(y” = 6) (6)
for 8 >609=0; see Figure 3(a). The model is
translation invariant for all possible 6 value but does
have the restriction 8 > 0. We can reasonably use
the Bayes flat prior on the possible 8. The resulting
posterior distribution is

7(01y°) = 271 (30)p(y" — 0) (7)

4 © 2010 John Wiley & Sons, Inc.

www.wiley.com/wires/compstats

(a) AL(o)
O L L
0 y° 0
(b) p(®)
1
lo : :
0 y° 0
(c) s(0)
1
o n n
0 y° 0

FIGURE 3 | The normal (9, 1) with & > 6y = 0: (a) the likelihood
function L(#); (b) p-value function p(9) = ®(y° — 0); (c) s-value
function s(9) = ®(y° — 0)/dy°).

for 6 > 0; the corresponding B-level posterior survivor
function is

which is plotted in Figure 3(c); and the pB-level
posterior lower bound is

9,4(5")

Op(y (9)

_.0
=Y T Zpap0)
In order to see some numbers, let us assume

y0 = 2. Then if we are interested in the 90%-level
posterior lower bound, we obtain

B90%(2) =2 — 20880 =2 — 1.173 = 0.827  (10)

Volume 2, March/April 2010
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Propn(6)
50 %

o
T T T

0 1 2 3 4
0

FIGURE 4 | Normal with bounded mean: the actual proportion for
the B = 50% quantile is strictly less than 50%.

thus with data y° = 2 we obtain the 90% posterior
survivor interval (0.827,00). For comparison, we
record the 90% confidence lower bound

0909 (2) =2 —1.282 = 0.718

with corresponding interval (0.718, 00).

We next examine how the Bayes posteridr Uo n
behaves. We are of course concerned with true
statements whether the actual 6 is in the posterior
interval (64(y),00) calculated at level B. We also
comment on certain features associated with the
confidence interval (6 g(y),00).

For a particular true value 0, we consider the
assertion that the true value is in the Bayes posterior
interval (64(y), 00), and calculate the probability that
the assertion is true; we obtain

Propn(6)

= Pr{y — zga(y) < 00; 0} = P{z < 2ga(9+2)}

(12)

where z is the standard normal. This can be evaluated
numerically for particular levels B of interest. In
Figure 4, we plot the Propn() for 8 = 50% and find
that the truth of the Bayes statement is uniformly
less than the nominal value 50%. Then in Figure 5,
we plot the Propn(6) for B = 90 and 10%; again the
truth of the Bayes statements are uniformly less than
the nominal claimed values 8 = 90 and 10%. Indeed
this holds for all 8 values; and the results are reversed
for upper bounds. c.‘.._\ﬂ\.?
For the confidence bound 6g(y), we have in

all cases that the true values will be in the interval «

(Ap(y),00) with probability 8. As the calculations

Volume 2, March/April 2010
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1
[N
o

90%

Propn(6)

0 10%

FIGURE 5 | Normal with bounded mean: the actual proportions for
the B = 90% and for 8 = 10% are strictly less than the alleged.

are based on where the data point is relative to
possible parameter values, we do find that confidence
intervals can arise that go beyond the 6y = 0 limit.
By attempting to avoid this trivial anomaly, the Bayes
posterior bound leads S\fm:mnnﬁ.mﬁo results.

Example 3. Consider (y1,y2) with a normal
distribution located at (61, 6, ) with, for simplicity, the
identity covariance matrix. For Bayesian inference,
the very natural invariant prior is (61, 60;) = c. Then
with data y° = (y9,59) the posterior distribution for
0 = (61,02) is normal located at Aemuemv and with
again the identity covariance. See Figure 6 for some
details concerning the sampling distribution and the
posterior distribution. 100

Now consider a linear parameter ¥ (0) = a1 + 101
b0,. The marginal posterior distribution is normal 102

with mean ay! + by) and variance a + b*. The g- 103
level posterior bound is then V/(y°) = ay? + by — 104

2 0 B2\1/2 Thic ! - 105
zp(a* + b*)1/2. This is also a B-level confidence bound; 106
accordingly if we consider the assertion that the true 107

0 is in the interval (ay) + by) — zg(a® + b%)1/2, 00) we 108

will have that it is true a proportion B of the time, 109
whether the repetitions are with a single true 6, or 110
with an objective prior distribution 7 (0) for 8, or with 111
any arbitrary sequence of 6 values.e 112

t

: : — 113
Now consider an interest parameter p(d) = 1

2 4 p2y1/2 114
(01 +63)'/% that is :o:r:nmmtmﬂnmmrk quadratic 115
Eo_unmﬂmm In parallel, let (y) = 116
(2 + ¥3)17% be the natural sample space analog of p. 117

Non-central x? distribution theory is immediately 11§

N

© 2010 John Wiley & Sons, Inc.
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02 ,Y2

0
AP
N(®, 1): unit SD contour ‘
02, Y2
Y1
0

www.wiley.com/wires/compstats

(b)

1

N(y®, I): unit SD contour
s(6)

FIGURE 6 | (a) The model is N(6; I); region for p(#) calculation indicated. (b) The posterior distribution for 6 is N(y; I); region for s(0)

calculation indicated.

applicable. The posterior distribution of p(6) is non-
central x with two degrees of freedom and non-
centrality 7(y), and we can present this distribution as
p(0) = {(z1 + )* + 23)1/2 (13)
using standard normal generic variables z1,z2. In
a similar way, the sampling distribution of 7(y) is
non-central x with two degrees of freedom and non-
centrality p(6). Let G(x; 8) be the distribution function
of a x variable with two degrees of freedom and
non-centrality § (see Figure 6).
From the posterior distribution of p(8), we
obtain the B-level posterior lower bound

0p(y) = X1-5(r) (14)
with corresponding B-level interval {x_g(), o0}; here
Xo(8) is the solution of G(x;8) =« for x. Similarly
from the sampling distribution of r(y), we obtain the
B-level confidence lower bound

(15)

with corresponding B-level interval {4(r), oo}, where
8p(r) is the solution of G(x; §) = 8 for 6.

Now consider the behavior of the intervals in
a context where the true value of the full parameter
is (01,62). The probability that the true p(6) is in
(05(y), 00) is

Propn®(6) = Pr{f4(y) < p(6); 6} (16)
= Pr{xi_plx(p)} < p; p}
= Pr{l -8 < G(p; x(p))}
where x(p) designates a generic variable having

the non-central x distribution with two degrees of
freedom and non-centrality p. This is easily available
by numerical integration on the real line using R and
is plotted in Figure 7 for 8 = 50% and in Figure 8 for

6 © 2010 John Wiley & Sons, Inc.

L ——

Propn(y)
50%
|

FIGURE 7 | Actual(p) proportion with quantile level 8 = 50%.

B =90 and 10%. In all cases, the actual Proportion
of true statements is uniformly less than the claimed
level. In contrast, if the parameter is curved in the other
direction, the actual Proportion would be uniformly
greater than the claimed.

The behavior of the frequentist interval
{65(y), 00} is much easier to evaluate. The probability
that the true p(6) is in the interval {G5(y), 0o} is

Propn’(6) = Pr{f4(y) < p(6); 0)
= Pr{dg{x(p)} < p; p}
= Pr{G(x;p) < B}
= B

(17)

And, of course, if & came from a random source
7(6) then the proportion of cases where the frequentist
interval {f4(y), 00} includes the true p is equal to f;
and for any arbitrary sequence of 6 values the same
is true.

Volume 2, March/April 2010
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1

90%
|

Propn(y)

0 10%
|

5 10 15 20

FIGURE 8 | Actual proportion for 8 = 90 and 10%.

The complications with a curved parameter
represent one aspect of the marginalization paradoxes
highlighted by Dawid et al.!®

Example 4. The preceding examples addressed
various departures from the special linearity present in
Bayes original proposal. We now examine the simple
Normal(, 1) example but slightly modified to allow
the variance to depend weakly on the mean 9. Let y
be Normal(6, 02(6)) where 6%(0) = 1 + y6%/n and =
represents some antecedent sample size that iffluences
the current response distribution. This allows us to
use asymptotic theory and focus on the effects of a
small presence of model curvature.

The B-quantile of the normal variable y is

F&QJ

Bayesian inference
- Y

A coefficidnt for 6 of order O(n~1/2) can easily 60
be seen to over=displace Bayes posterior quantiles. 61
Accordingly, consider priors of the form 62

63

64
ad  bo?

7 22) 65

P (22) 6

67

Straightforward calculations then give Mw

+c¢c a ¢ 70

72

and further calculations give 73

74

75

76

(24) 77

78

A flat prior in the neighborhood of the center of 79

curvature 6 = 0 of the model would have a = ¢ =0. 80

The actual proportion by which the Bayes approachis 51

w(0) = exp

Propn(6) = § — ?m\lx + m + Wﬁ% +§_ $(25)

deficient is then 6y ¢(z5)/2n which is linear and higher Mw
on one side of the center of the model and lower on the g4
other. In fact, it is not possible to choose a prior that 35A

gives true statementsy a claimed level B of the time, g
unless the prior objectively describes the pattern in g~
which 0 values would appear and thereby balance out gg
the positive and negative deficiencies found with the 89
Bayes calculations. For further details, see Fraser.'! 90
Lindley'? showed that a confidence distribution 91
in the scalar case could not be a Bayes posterior except 92
in the location model case. This means that accuracy 93
for intervals concerning a parameter cannot in general 24

be obtained by a Bayes calculation from likelihood. 95

¥5(0) = 0 + 0 (6)zg (18) o
\!“.“lj@.\l

in terms of the standard normal B-quantile zg. PRIORS FOR BAYESIAN INFERENCE Wm
Then working to order O(n=3?) and expanding 100
(1 + y6%/n)'/2, we obtain Preface 101
N The standard statistical context has an observable 102
y6? variable y that is known to be random; the form of (3
yp(0) =60+ 25 |1+ A (19) " the randomness is given by f(y; 0) for some value of 104
a parameter 0; the true value say 6, is unknown; an 1035
The usual confidence inversion then gives the observed <m._=n % of the variable is obtained from the 106
interval (84 (y), 00) where context which vmm .Om course the true value 6,; and 107
model information is to be used to make statements 108
_ iy — NEN concerning what the true value of the parameter 109
Oply) =y — 28 T + A‘n (20)  is. A statement that the true value is in an interval 110
& calculated from the observed y° is either true or false xw
A prior examined in standardized coordinates and we do not know which. . . 113
has the asymptotic form .Hvo confidence approach involves an interval 114
obtained from a y value by a rule or formula; and 115
W2 po? the confidence level applies over repetitions on the 17¢
7w (0) = cexp % + 5. (21)  y. If, however, the true 6, is known to have come 117
" randomly from some known random source 7 (0), 118
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then a statement that the true value 6, is in an interval
calculated from the observed y° is either true or false
and we do not know which.

The Bayes approach involves repetitions on the
0 value and then subsequently on the y value from
that 0; and the posterior level applies over the subset
of pairs (6,y) having y = y°.

With the first approach, the interpretation or
meaning is in terms of repeats on y and with the
second is in terms of repeats on 6 and y then filtered
for y =90,

But if there is not a known source for the
true value, then the use of a proposed prior can
only be in terms of its success with individual
0 values or with various patterns; this was the
approach with the examples in the preceding sections.
Accordingly we examine various types of prior that
can be useful in terms of producing confidence or
approximate confidence. We do not address the
subjective approach, where 7(0) represents feelings,
intuition, elicitation, or guessing.

o nartectt (o ﬁm:
Location-Based Priors | ap ro w«, cale
As described in preceding sections) wrn otiginal Bayes
prior 7(0) = ¢ was—propased for a location model
f(y — 0). More general location models can have the
form f(y — XpB) using linear model notation.

An approximation to location properties for
more general models was proposed by Jeffreys!® and
made use of Fisher information I(9) available for
models with moderate regularity:

160) = E{—t0(6: y): 6)) (25)
where £gg(0;y) = (8/00)(8/00")logf (y; 0) is the Hes-
sian of the likelihood or log density. The original
Jeffreys prior is

7(0)do = |1(9)|"/*d6 (26)

For a scalar parameter, the use of Jefferys prior
receives asymptotic support from Welch and Peers.!
For this, let B(6) = \WOO 1'/2(9)d6 be the constant
information reparameterization. Then with increasing
sample size, we have that B(0) — B(9) has a fixed
distribution to the second order, and thus is pivotal.
In effect this is saying that the model is asymptotically
location to the second order.

If a model is a location model with scalar or
vector parameter, say f{a(y) — XB(0)}b(y)dy, then the
Jeffreys prior gives

www.wiley.com/wires/compstats

which is effectively a flat prior in the location
parameterization.

For the vector parameter case, there are
obvious advantages to having a flat prior in
the location parameterization, if there is such a
parameterization. This was illustrated in Example 3
in the preceding section: probabilities for a linear
component parameter had sensible properties; but
probabilities for a curved component could be
seriously misleading. Thus, some of the resulting
probabilities can be acceptable and others can be
unacceptable. But this happens with any proposed
distribution for a vector parameter: the distribution
can only be used sensibly for certain linear types
of component parameters: the Dawid et al.!'”
marginalization difficulty.

Likelihood-Similar Priors

The location-based priors just discussed were focused
on correct statements in quite general circumstances.
If we focus on correct statements when there is an
acknowledged probability pattern for the 6 value
that might be present in an application, then we
might reasonably use just the corresponding posterior
probabilities; but even if the probability pattern is
acceptable there can be applications where legal,
political, moral, or ethical considerations could limit
the use of the probability pattern. Now suppose we
do not have an acceptable probability pattern 7 (9),
and yet want to explore the use of a prior following
the approach proposed by Bayes. We could seek some
broad class of potential priors that are easy to work
with and provide a wide range of function 7(6) to
calibrate the parameter. A conjugate class of priors
P = {7(-)} consists of priors 7 (0) that have the same
functional form as a typical likelihood function and
thus are easy to use and to combine with a likelihood
function. Consider an example.

Example 1. Suppose zi,...,z, is a sample
from the Bernoulli(p) distribution. The corresponding
likelihood function from data having Y z; =y is

L(p) = cp”(1 = p)"f (28)

A natural conjugate prior family would have

m(0;1,s) =cp'q’ (29)
with some general range for 7 and s; these priors are
beta distributions for p on (0, 1). The corresponding
posterior is w(8|y) = cp*™"(1 — p)" ¥+ is then just
a beta distribution with modified parameter values.

3B . .
Flaly) — XB(0)} 216 = flaly) — XBO)B(O) (27) A nro.ﬁm for r and s could be for resulting

a0 convenience, or for expediency, or for reasonableness
8 © 2010 John Wiley & Sons, Inc. Volume 2, March/April 2010
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in presenting possibilities concerning the background
of the parameter value in the context.

Processing Priors

The location-based priors did not directly address or
focus on component parameters that had curvature.
The likelihood-similar priors focused on the conve-
nience of combining with likelihood. Another type
of prior called a reference prior is based on the pro-
cessing of prior into posterior, of finding a prior that
maximizes a Kullback--Leibler!® distance from prior
to posterior and was initialized by Bernardo'®; also
see Bernardo and Smith.!”

DISCUSSION

In the usual statistical context with an acceptable sta-
tistical model, there is a true value of the parameter
say 6 = 0, and there is a consequent observed value
y =% of the response variable. Interest often then
centers on some component parameter say ¥ (6) of
particular interest. And one then wants to make a
statement or statements coming from y° concerning
the true value v(6,), a statement such as the true ¥ (0,)
is in an interval (¥ p>0); for this B presents the relia-
bility say 90%, 95% for the assersonithe calculation
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of the bound ¥ s would be based on the data value
%, on the statistical model, and perhaps on separate
proposals as to what the true value 6, might be.

The assessment of any such process would cer-
tainly depends on whether the claimed reliability
related sensibly to the success rate of the process
in making true statements of the form ‘¥ (6,) is in
Sw,? 00)’, in particular, is the success rate equal to 8.

If the success rate is to be B regardless of the
value of 0,, then the process is producing a confidence
statement. If the success rate is allowed to fluctuate
but to have the average value B, when the true value
0, can be in accord with a prior 7,(6), then the process
is posterior with respect to that prior pattern.

If a posterior distribution is developed for a vec-
tor parameter, then it can have the claimed success
rate at most for certain linear component parameters.
And if a posterior distribution is developed for a scalar
full parameter in a model with curvature, then it needs
more than likelihood and it cannot be Bayes. And if a
posterior is developed for a parameter based on a par-
ticular choice of prior, then discrepancies can average
out in the presence of that prior but the success rate
can be seriously off-the-target in the presence of other
patterns for the possible true parameter value.

u,%P&hW%nwo% duws cumsiont of

Very special thanks to Ye Sun and Kexin Ji for extensive help during the preparation of this discussion of Bayes

analysis.
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