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B
ayesian

in
feren

ce:an
ap

p
roach
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statisticalin

feren
ce

D
.A

.S.Fraser ∗

T
h

e
origin

alB
ayes

u
sed

an
in

varian
tp

riorw
ith

a
location

m
od

elan
d

argu
ed

th
atth

e
resu

ltin
g

com
bin

ation
of

p
rior

w
ith

likelih
ood

p
rovid

ed
a

p
robability

d
escrip

tion
of

an
u

n
kn

ow
n

p
aram

eter
valu

e
in

an
ap

p
lication

;
th

e
p

articu
lar

com
bin

ation
in

th
e

con
text

w
ith

in
varian

ce
can

cu
rren

tly
be

called
a

con
fi

d
en

ce
d

istribu
tion

an
d

is
su

bject
to

som
e

restriction
s

w
h

en
u

sed
to

con
stru

ct
con

fi
d

en
ce

in
tervals

an
d

region
s.

T
h

e
p

roced
u

re
of

u
sin

g
a

p
rior

w
ith

likelih
ood

h
as

n
ow

,
h

ow
ever,

been
w

id
ely

gen
eralized

w
ith

in
varian

ce
bein

g
rep

laced
by

less
restrictive

criteria
su

ch
as

n
on

-in
form

ative,referen
ce,an

d
oth

ers.O
th

er
gen

eralization
s

are
to

allow
th

e
p

rior
to

rep
resen

t
variou

s
form

s
of

backgrou
n

d
in

form
ation

th
at

is
read

ily
available

or
elicited

from
th

ose
fam

iliar
w

ith
th

e
statistical

con
text;

th
ese

can
reason

ably
be

called
su

bjective
p

riors.
Still

fu
rth

er
gen

eralization
s

ad
d

ress
an

an
om

aly
w

h
ere

m
argin

alization
for

a
vector

p
aram

eter
gives

resu
lts

th
atcon

trad
ict

th
e

term
p

robability;
th

ese
are

D
aw

id
,

Ston
e,

Z
id

ek
m

argin
alization

p
arad

oxes;
variou

s
p

riors
for

th
is

are
called

targeted
p

riors.T
h

e
case

w
h

ere
th

e
p

rior
d

escribes
th

e
ran

d
om

sou
rce

of
th

e
p

aram
eter

valu
e

is
ju

st
p

robability
an

alysis
bu

t
is

freq
u

en
tly

treated
as

a
B

ayes
p

roced
u

re.
W

e
su

rvey
th

e
argu

m
en

t
in

su
p

p
ort

of
p

robability
ch

aracteristics
an

d
ou

tlin
e

variou
s

gen
eralization

s
of

th
e

origin
al

B
ayes•

p
rop

osality
.
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B
ayesian

inference
is

a
form

of
statisticalinference

A
Q

2

that
has

evolved
from

a
sem

inalpaper
by

B
ayes. 1

In
that

paper,
B

ayes
considered

a
special

location
type

of
statistical

m
odel:

a
statistical

m
odel

f(y;
θ)

records
possible

density
functions

for
a

response
variable

y
w

ith
uncertainty

given
by

a
param

eter
θ

thatm
anipulates

the
form

ofthe
density

to
presentthe

perceived
possibilities

for
the

response
distribution;

and
the

particular
location

type
of

m
odel

considered
by

B
ayes

had
the

special
form

f(y−
θ),

w
hich

can
be

interpreted
as

a
density

for
a

variable
z

translated
by

an
am

ount
θ

giving
the

response
y

as
the

translation
y=

θ+
z

of
the

initialz.
B

ayes
suggested

that
possible

θ
values

could
be

view
ed

as
com

ing
from

a
prior

density
π

(θ)
that

w
as

constant
in

value,
say

π
(θ)=

c,
thus

reflecting
the

translation
invariance

im
plicit

in
the

location
structure

of
the

m
odel.

A
nd

then,
if

the
prior

distribution
is

taken
to

be
descriptive

of
how

the
actual

θ
value

in
the

application
had

been

∗C
orrespondence

to:
dfraser@

utstat.toronto.edu

D
epartm

ent•
ofStatistics,U

niversity
ofT

oronto,T
oronto,O

ntario,
A

Q
1

C
anada

M
5S

3G
3

D
O

I:10.1002/w
ics.102

generated,
w

e
w

ould
obtain

a
joint

distribution
that

described
the

pair
(θ,y),

and
w

hen
observed

data
y

0
on

the
response

y
becam

e
available

w
hen

standard
conditional

probability
calculus

w
ould

give
the

conditionaldistribution

π
(θ|y

0)=
cπ

(θ)f(y
0;

θ)
(1)

w
here

c
is

now
the

norm
alizing

constant.
T

his
is

called
the

posterior
distribution

for
θ,

and
it

w
ould

give
a

frequency
description

of
possible

values
for

the
θ

am
ong

instances
(θ,y)w

here
the

observed
y

is
equal

to
y

0,provided
the

prior
is

descriptive.
T

he
B

ayes
approach

w
as

prom
inently

endorsed
by

L
aplace

2
and

som
e

other
m

athem
aticians

and
vig-

orously
rejected

by
others,but

it
has

had
a

profound
influence

on
the

developm
ent

of
statistical

inference.
A

lso,
generalizations

of
the

approach
have

becom
e

available
for

arbitrary
statistical

m
odels

f(y;
θ)

using
priors

π
(θ)

of
various

levels
of

appropriateness
and

relevance.A
nd

typically
allare

accom
panied

by
som

e
claim

or
assertion

that
the

resulting
posterior

distri-
bution

π
(θ|y

0)=
cπ

(θ)f(y
0;

θ)
presents

probabilities
that

in
som

e
w

ay
describe

the
unknow

n
θ

in
the

application.

V
olum

e
2,

M
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pril2010
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T
H

E
IN

N
O

V
A

T
IO

N
B

ayes 1
proposal

com
bined

an
observed

statistical
m

odel
f

0(θ)=
f(y

0;
θ)

com
ing

from
data

y
0

w
ith

a
w

eight
function

π
(θ)

that
provided

a
calibration

of
param

eter
values.

T
he

use
of

the
observed

statistical
m

odeldoes
appear

as
an

extraordinarily
relevant

first
step

w
hen

a
data

value
y

0
is

obtained
in

the
presence

of
a

statistical
m

odel
f(y;

θ):
just

exam
ine

the
m

odel
at

the
y

0-section
through

the
m

odel.
A

nd
indeed

B
ayes’proposalm

ade
thatm

odelsection
the

operating
ingredient

for
form

alstatisticalinference
m

ore
than

a
century

and
a

half
before

such
section

w
as

form
ally

conceptualized
and

given
the

nam
e

likelihood
3

and
before

the
section

w
as

recom
m

ended
4

for
direct

plotting
and

view
ing

as
an

explicit
presentation

of
inform

ation
concerning

the•
param

eter.
A

Q
3

T
he

w
eight

function
π

(θ)
provides

a
calibration

of
the

scaling
of

the
param

eter;
and

the
translation

invariance
of

the
special

m
odel

then
leads

to
a

constant
prior

density.
A

nd
then

if
the

prior
density

is
view

ed
as

being
descriptive

or
having

frequency
properties,w

e
w

ould
find

thatconditionalprobability
calculations

are
in

order.
B

ut,
as

proposed,
the

prior
is

just
a

m
athem

atical
object

w
ithout

reference
to

frequencies;accordingly
som

ething
derived

from
it

by
probability

calculus
w

ould
also

be
justa

m
athem

atical
object.

T
hus,

a
claim

of
consequent

probability
status

is
w

ithout
corresponding

basis.
Indeed

there
are

indications 3
that

B
ayes

m
ay

have
been

hesitant
to

directly
publish

the
proposal.

Y
et

curiously
the

posterior
distribution

sort
of

w
orks,

sort
of

gives
reasonable

looking
and

behaving
answ

ers,and
indeed

is
w

idely
prom

oted.•
B

ut
if

it
is

not
probability,

A
Q

4

then
w

hat
properties

underlie
the

frequent
reasonable

behavior
of

the
B

ayes
posteriors?

C
onsider

the
original

case
as

exam
ined

by
B

ayes,
but

in
current

notation.
L

et
y=

θ+
z

w
here

z
has

the
centered

distribution
g(z)

of
the

m
odel;

for
expository

convenience
to

enable
plotting

w
e

use
the

extrem
e

value
distribution

g(z)=
e −

zexp{−
e −

z}
w

hich
is

sim
ple

and
yet

avoids
having

the
specialsym

m
etries

of
the

norm
al;

see
panel

(a)
in

Figure
1.

T
hen

w
ith

data
y

0,
the

calculation
of

the
probability

position
of

the
data

y
0

in
the

m
odelw

ith
param

eter
value

θ
gives

w
hat

can
be

view
ed

as
the

standard
p-value

function
p(θ);it

records
the

probability
position

of
the

data
y

0

in
the

distribution
centered

at
θ

and
is

given
by

the
observed

value
F

0(θ)=
F(y

0−
θ)

of
the

distribution
function.For

the
particular

extrem
e

value
m

odel,this
is

easily
calculated

and
is

given
by

p(θ)=
exp{−

e −
(y

0−
θ)}

(2)

w
hich

is
plotted

in
Figure

2.

F
requentist

θ
y

0

p(θ)

B
ayesian

θ
y

0

s(θ)

(a)

(b
)

FIG
U

R
E

1|The
extrem

e
value

EV(θ,1)m
odel:(a)the

distribution
of

y
given

θ;(b)the
posteriordistribution

of
θ

given
y

0;the
p-value

p(θ)
from

panel(a)is
equalto

the
survivorvalue

s(θ)in
panel(b).

θ

1p(θ)

p–value=
s–value

FIG
U

R
E

2|•.
A

Q
5

If,
how

ever,
w

e
follow

the
B

ayes
proposal

w
e

w
ould

start
w

ith
the

likelihood
function

from
the

data
y

0
and

com
bine

it
w

ith
the

indicated
invariant

B
ayes

prior
π

(θ)=
c;

this
in

turn
w

ould
give

the
B

ayes
posterior

density:
the

result
is

just
the

norm
ed

likelihood
function

plotted
in

panel
(b)

of
Figure

1;
this

is
a

reversed
or

m
irrored

extrem
e

value
shape,

centered
at

the
data

point
y

0.If
w

e
then

calculate
the

right-tailed
distribution

function
or

survivor
function

from
thisposteriordensity,w

e
obtain

directly
the

sam
e

function,
s(θ)=

p(θ),
and

thus
w

ould
have

the
sam

e
reported

inform
ation

concerning
the

param
eter

θ.
T

he
preceding

inform
ation

can
also

be
put

in
another

form
.If

w
e

w
antthe

β
-levellow

er
confidence
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bound
or

the
β

-level
posterior

bound,
w

e
w

ould
calculate

the
θ

value
that

m
akes

p(θ)
or

s(θ)
equal

to
β

;w
e

designate
such

quantile
bound

as
θ̂

β .For
the

exam
ple,w

e
then

obtain

θ̂
β =

y
0+

log(−
log

β
)

(3)

thus
the

posterior
β

low
er

bound
for

B
ayes’

original
location

m
odel

context
is

just
the

Fisher 5
low

er
confidence

solution
as

clarified
by

N
eym

an. 6
A

nd
thus

B
ayes

produced
the

Fisher--N
eym

an
confidence

result
by

a
different

route
but

by,
unfortunately,

a
route

that
seem

s
restricted

to
the

location
m

odel
case.

W
e

view
this

as
the

intrinsic
explanation

for
the

reasonable
looking

and
behaving

results
from

the
B

ayes
procedure:

the
procedure

gives
confidence

w
hen

the
m

odel
has

the
nice

linearity
exem

plified
by

the
location

m
odels.

In
sum

m
ary,

B
ayes

introduced
the

likelihood
function

as
an

essential
ingredient

for
inference

w
ithoutgiving

it
its

subsequentnam
e;and

introduced
confidence

w
ithout

giving
it

its
subsequent

nam
e

and
used

as
a

derivation
route

w
hich

did
not

generalize
beyond

the
sim

ple
location

m
odels.

C
learly,

these
w

ere
m

ajor
innovations

even
if

not
quite

in
the

fully
developed

m
odern

form
now

present
m

ore
than

tw
o

centuries
later.•

Perhaps
the

B
ayes

procedure
can

be
A

Q
6

view
ed

as
an

innovative
m

ethod
to

obtain
sim

ple
approxim

ations
for

confidence.

PR
O

B
A

B
IL

IT
Y

:B
E

L
IE

F
O

R
SU

B
ST

A
N

C
E

T
he

B
ayes

proposal
focused

on
a

prior
probability

density
π

(θ)
to

describe
possible

values
for

an
unknow

n
param

eter
value

θ.
In

w
hat

w
ay

does
it

describe
such

values
for

a
param

eter?
Is

it
asserting

that
the

prior
is

objectively
descriptive,

and
thus

describing
how

the
unknow

n
value

w
as

random
ly

produced?
In

other
w

ords,
are

the
probabilities

in
the

prior
real,

objective
and

not
just

nam
ed

or
just

m
athem

atical
or

just
for

convenience?
If

the
prior

is
objectively

descriptive
then

the
use

of
the

conditional
probability

calculus
w

ould
be

appropriate,
and

the
filtered

pattern
π

(θ|y
0)

w
ould

describe
the

possible
θ

value
am

ong
cases

(θ,y)w
here

the
variable

y
takes

the
observed

value
y

0,to
som

e
reasonable

approxim
ately.

In
other

w
ords,

if
π

(θ)
is

objectively
descriptive

then
π

(θ|y
0)

is
objectively

descriptive.
B

ut
if

π
(θ)

is
just

a
m

athem
atical

object
repre-

senting
judgm

ents
or

personal
view

s
or

opinions
or

other
non-objective

properties
then

correspondingly
the

posterior
π

(θ|y
0)

is
just

a
m

athem
atical

object
at

m
ost

representing
judgm

ents
or

personal
view

s
or

opinions:
the

conditional
calculus

does
not

generate

frequency
properties

from
ingredients

that
do

not

A
Q

7

have
such

properties.
Such

posteriors
can,

how
ever,

be
exam

ined
on

their
ow

n
behavior,to

see
ifthey

give
sensible

results.
A

nd
also

if
a

prior
is

being
proposed

because
of

the
decision-theoretic

argum
ent

that
an

optim
al

procedure
is

obtained
from

som
e

choice
of

prior,
then

again
the

posteriors
can

be
exam

ined
on

their
ow

n
behavior.

N
ow

consider
som

e
distribution

π
(θ|y),perhaps

B
ayesian

or
other,

that
has

been
proposed

for
an

unknow
n

param
eter

value
θ

in
a

context
w

here
the

y
value

com
es

from
a

m
odelf(y;

θ).From
the

proposed
distribution,w

e
can

calculate
the

nom
inalprobability

left
or

right
of

any
value

θ
of

interest,
or

inversely
for

any
nom

inalprobability
level

β
w

e
can

obtain
the

param
eter

value
θ̂

β (y)
having

nom
inal

probability
β

to
say

the
right

of
it.W

e
consider

such
β

-quantiles
as

the
focal

route
for

assessing
a

proposed
distribution

π
(θ|y).In

an
application

there
is

a
true

value
θ

for
the

param
eter

and
there

is
a

consequent
observed

y
value.

A
nd

for
any

chosen
β

level
of

interest,
the

proposed
distribution

based
on

the
y

value
leads

to
the

β
-quantile

point
θ̂

β (y).Is
the

true
param

eter
value

in
the

interval
(θ̂

β (y),∞
)?

E
ither

it
is

or
it

is
not,

from
an

oracle
view

point!
T

hen
for

any
given

true
value

θ,
w

e
can

calculate
the

probability
w

hether
the

dow
nstream

y
value

w
ill

produce
a

true
statem

ent
concerning

the
presence

of
θ

in
the

interval(θ̂
β (y),∞

);
letthis

probability
be

designated
β

(θ).If
the

proposed
data-based

distribution
π

(θ|y)
is

sensible
in

som
e

com
m

unicable
sense

then
one

w
ould

reasonably
hope

that
the

β
(θ)

just
calculated

w
ould

bear
som

e
sensible

relation
to

the
target

value
β

.
C

onsider
further

the
proposed

distribution
π

(θ|y).
If

the
calculated

β
(θ)

is
identically

equal
to

the
value

β
,

then
the

proposed
distribution

has
the

confidence
property

developed
by

Fisher 5
and

N
eym

an; 6
and

otherw
ise

there
w

ould
be

discrepancies
and

the
proposal

w
ould

not
have

the
confidence

property.
Perhaps,

how
ever,

for
som

e
particular

prior
π

∗ (θ),
the

proposal
m

ight
give

an
average

∫
β

(θ)d
π

∗ (θ)
that

is
equal

to
β

;
then

w
ith

that
prior

there
is

an
averaging

of
the

discrepancies
that

w
ould

give
the

target
value

β
.

W
e

give
next

som
e

exam
ples

w
here

such
special

advantageous
priors

cannot
exist,

and
thus

do
not

average
out

discrepant
behavior

that
is

intrinsic
to

a
proposed

posterior.

SO
M

E
E

X
A

M
PL

E
S

W
e

explore
som

e
exam

ples,starting
w

ith
our

original
B

ayes
exam

ple
and

progressing
through

various
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com
plications

that
arise

w
ith

this
extended

B
ayes

approach.
E

xam
ple

1.C
onsider

the
location

m
odelin

Sec-
tion

on
T

he
Innovation

using
the

extrem
e

value
error

distribution;see
Figure

1(a).W
ith

the
flatprior

π
(θ)=

c
recom

m
ended

by
B

ayes,w
e

obtain
the

posterior

π
(θ|y

0)=
g(y

0−
θ)

(4)

w
here

g(z)=
exp{−

z−
e −

z};this
is

graphed
in

Figure
1(b).N

ow
suppose

w
e

are
interested

in,for
exam

ple,
the

90%
quantile

or
90%

low
er

bound
for

θ.
T

he
distribution

function
for

g(z)
is

G
(z)=

exp{−
e −

z}
and

the
quantile

inverse
is

z
β =

−
log(−

log
β

).For
the

level
β

=
90%

,
w

e
then

obtain
z

90%
=

2
.25

w
hich

gives
the

90%
posterior

low
er

bound

θ̂
90%

=
y

0−
2
.25

(5)

See
Figure

2.
T

his
is

also
the

90%
confidence

low
er

bound
as

discussed
in

Section
on

T
he

Innovation.
A

nd
correspondingly

it
has

the
property

that
asserting

that
the

true
θ

in
the

90%
interval

(y−
2
.25,∞

)
w

ill
alw

ays
have

a
track

record
of

being
true

90%
of

the
tim

e;
this

track
record

applies
w

hether
w

e
contem

plate
a

fixed
θ,

or
contem

plate
a

distribution
π

(θ)
as

the
source

of
the

true
θ,

or
exam

ine
any

arbitrary
sequence

of
values

of
θ.

T
he

exam
ple

clarifies
the

original
B

ayes 1
proposal:

that
w

ith
linearity

the
B

ayes
proposal

gives
w

hat
is

now
called

confidence.
E

xam
ple

2.
C

onsider
a

response
y

that
is

N
orm

al(θ,σ
20 )

but
w

ith
a

m
ean

θ
that

is
know

n
to

be
greater

than
or

equalto
a

value
θ

0 .T
his

m
ay

seem
rather

artificial
but

it
represents

the
core

statistical
problem

in
the

analysis
of

data
in

the
H

igh
E

nergy
Physics

com
m

unity;
see,

for
exam

ple,
M

andelkern, 7

Fraser
et

al., 8
and

H
einrich; 9

it
also

has
relevance

for
the

current
analysis

of
data

from
the

L
arge

H
adron

C
ollider

in
G

eneva.For
expository

convenience
here,

w
e

use
θ

0 =
0.

N
ow

for
notation

let
φ

and
�

designate
the

density
and

distribution
functions

for
the

standard
norm

al,
and

let
z
β

be
the

upper
β

-quantile,
that

is,
�

(z
β )=

β
.T

he
observed

likelihood
from

data
y

0
is

L
0(θ)=

cφ
(y

0−
θ)

(6)

for
θ≥

θ
0 =

0;
see

Figure
3(a).

T
he

m
odel

is
translation

invariant
for

all
possible

θ
value

but
does

have
the

restriction
θ≥

0.
W

e
can

reasonably
use

the
B

ayes
flat

prior
on

the
possible

θ.
T

he
resulting

posterior
distribution

is

π
(θ|y

0)=
�

−
1(y

0)φ
(y

0−
θ)

(7)

0

L(θ)

0
y

0
θ

(a)0 1

p(θ)

0
y

0
θ

0
y

0
θ

(b
)0 1

s(θ)
(c)

FIG
U

R
E

3|The
norm

al(θ,1)w
ith

θ≥
θ

0 =
0:(a)the

likelihood
function

L(θ);(b)p-value
function

p(θ)=
�

(y
0−

θ);(c)s-value
function

s(θ)=
�

(y
0−

θ)/
�

(y
0).

for
θ

>
0;the

corresponding
β

-levelposteriorsurvivor
function

is

s(θ)=
�

−
1(y

0)�
(y

0−
θ)

(8)

w
hich

is
plotted

in
Figure

3(c);
and

the
β

-level
posterior

low
er

bound
is

θ̂
β (y

0)=
y

0−
z
β
�

(y
0)

(9)

In
order

to
see

som
e

num
bers,

let
us

assum
e

y
0=

2.
T

hen
if

w
e

are
interested

in
the

90%
-level

posterior
low

er
bound,w

e
obtain

θ̂
90%

(2)=
2−

z
0
.880 =

2−
1
.173=

0
.827

(10)
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0
1

2
3

4
θ

Propn(θ)

0 50 % 1

FIG
U

R
E

4|N
orm

alw
ith

bounded
m

ean:the
actualproportion

for
the

β
=

50%
quantile

is
strictly

less
than

50%
.

thus
w

ith
data

y
0=

2
w

e
obtain

the
90%

posterior
survivor

interval
(0

.827,∞
).

For
com

parison,
w

e
record

the
90%

confidence
low

er
bound

θ̃
90%

(2)=
2−

1
.282=

0
.718

(11)

w
ith

corresponding
interval(0

.718,∞
).

W
e

nextexam
ine

how
the

B
ayes

posteriorbound
behaves.

W
e

are
of

course
concerned

w
ith

true
statem

ents
w

hether
the

actual
θ

is
in

the
posterior

interval
(θ̂

β (y),∞
)

calculated
at

level
β

.
W

e
also

com
m

ent
on

certain
features

associated
w

ith
the

confidence
interval(θ̃

β (y),∞
).

For
a

particular
true

value
θ,

w
e

consider
the

assertion
that

the
true

value
is

in
the

B
ayes

posterior
interval

(θ̂
β (y),∞

),
and

calculate
the

probability
that

the
assertion

is
true;w

e
obtain

Propn(θ)=
Pr{y−

z
β
�

(y)
<

∞
;
θ}=

P{z
<

z
β
�

(θ+
z) }

(12)

w
here

z
is

the
standard

norm
al.T

his
can

be
evaluated

num
erically

for
particular

levels
β

of
interest.

In
Figure

4,
w

e
plot

the
Propn(θ)

for
β

=
50%

and
find

that
the

truth
of

the
B

ayes
statem

ent
is

uniform
ly

less
than

the
nom

inal
value

50%
.

T
hen

in
Figure

5,
w

e
plot

the
Propn(θ)

for
β

=
90

and
10%

;
again

the
truth

of
the

B
ayes

statem
ents

are
uniform

ly
less

than
the

nom
inal

claim
ed

values
β

=
90

and
10%

.
Indeed

this
holds

for
all

β
values;and

the
results

are
reversed

for
upper

bounds.
For

the
confidence

bound
θ̃

β (y),
w

e
have

in
all

cases
that

the
true

values
w

ill
be

in
the

interval
(θ̃

β (y),∞
)

w
ith

probability
β

.
A

s
the

calculations

0
1

2
3

θ

0 110%

4

Propn(θ)

90%

FIG
U

R
E

5|N
orm

alw
ith

bounded
m

ean:the
actualproportions

for
the

β
=

90%
and

for
β

=
10%

are
strictly

less
than

the
alleged.

are
based

on
w

here
the

data
point

is
relative

to
possible

param
eter

values,w
e

do
find

that
confidence

intervals
can

arise
that

go
beyond

the
θ

0 =
0

lim
it.

B
y

attem
pting

to
avoid

this
trivialanom

aly,the
B

ayes
posterior

bound
leads

to
inaccurate

results.
E

xam
ple

3.
C

onsider
(y

1 ,y
2 )

w
ith

a
norm

al
distribution

located
at(θ

1 ,θ
2 )w

ith,for
sim

plicity,the
identity

covariance
m

atrix.
For

B
ayesian

inference,
the

very
naturalinvariant

prior
is

π
(θ

1 ,θ
2 )=

c.T
hen

w
ith

data
y

0=
(y

01 ,y
02 )

the
posterior

distribution
for

θ=
(θ

1 ,θ
2 )

is
norm

al
located

at
(y

01 ,y
02 )

and
w

ith
again

the
identity

covariance.
See

Figure
6

for
som

e
details

concerning
the

sam
pling

distribution
and

the
posterior

distribution.
N

ow
consider

a
linear

param
eter

ψ
(θ)=

a
θ

1 +
b
θ

2 .
T

he
m

arginal
posterior

distribution
is

norm
al

w
ith

m
ean

ay
01 +

by
02

and
variance

a
2+

b
2.

T
he

β
-

level
posterior

bound
is

then
ψ̂

(y
0)=

ay
01 +

by
02 −

z
β (a

2+
b

2) 1
/2.T

his
is

also
a

β
-levelconfidence

bound;
accordingly

if
w

e
consider

the
assertion

that
the

true
θ

is
in

the
interval(ay

01 +
by

02 −
z
β (a

2+
b

2) 1
/2,∞

)
w

e
w

ill
have

that
it

is
true

a
proportion

β
of

the
tim

e,
w

hether
the

repetitions
are

w
ith

a
single

true
θ,

or
w

ith
an

objective
prior

distribution
π

(θ)for
θ,or

w
ith

any
arbitrary

sequence
of

θ
values.•

A
Q

8

N
ow

consider
an

interest
param

eter
ρ

(θ)=
(θ

21 +
θ

22 ) 1
/2

that
is

nonlinear,
for

exam
ple,

quadratic
properties

as
an

easy
choice.

In
parallel,

let
r(y)=

(y
21 +

y
22 ) 1

/2
be

the
natural

sam
ple

space
analog

of
ρ

.
N

on-central
χ

2
distribution

theory
is

im
m

ediately
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θ
θ

(a)
(b

)

N
(q, I): unit S

D
 contour

N
(y

0, I): unit S
D

 contour
p(θ)

p(θ)

r 0
r 0

ρ
ρ

y
0

y
0

y
1

θ
1

y
1

θ
1

θ
2

y
2

θ
2

y
2

s(θ)

s(θ)

FIG
U

R
E

6|(a)The
m

odelis
N

(θ;I);region
forp(θ)calculation

indicated.(b)The
posteriordistribution

for
θ

is
N

(y
0;I);region

fors(θ)
calculation

indicated.

123456789101112131415161718192021222324252627282930313233343536373839404142434445

464748495051525354555657585960616263646566676869707172737475767778798081828384858687888990

applicable.
T

he
posterior

distribution
of

ρ
(θ)

is
non-

central
χ

w
ith

tw
o

degrees
of

freedom
and

non-
centrality

r(y),and
w

e
can

present
this

distribution
as

ρ
(θ)=

{(z
1 +

r) 2+
z

22 } 1
/2

(13)

using
standard

norm
al

generic
variables

z
1 ,z

2 .
In

a
sim

ilar
w

ay,
the

sam
pling

distribution
of

r(y)
is

non-central
χ

w
ith

tw
o

degrees
of

freedom
and

non-
centrality

ρ
(θ).L

etG
(χ;

δ)be
the

distribution
function

of
a

χ
variable

w
ith

tw
o

degrees
of

freedom
and

non-centrality
δ

(see
Figure

6).
From

the
posterior

distribution
of

ρ
(θ),

w
e

obtain
the

β
-levelposterior

low
er

bound

θ̂
β (y)=

χ
1−

β (r)
(14)

w
ith

corresponding
β

-levelinterval{χ
1−

β (r),∞
};here

χ
α (δ)

is
the

solution
of

G
(χ;

δ)=
α

for
χ

.
Sim

ilarly
from

the
sam

pling
distribution

of
r(y),

w
e

obtain
the

β
-levelconfidence

low
er

bound

θ̃
β (y)=

δ
β (r)

(15)

w
ith

corresponding
β

-level
interval{δ

β (r),∞
},

w
here

δ
β (r)

is
the

solution
of

G
(χ;

δ)=
β

for
δ.

N
ow

consider
the

behavior
of

the
intervals

in
a

context
w

here
the

true
value

of
the

full
param

eter
is

(θ
1 ,θ

2 ).
T

he
probability

that
the

true
ρ

(θ)
is

in
(θ̂

β (y),∞
)

is

Propn
B(θ)

=
Pr{θ̂

β (y)
<

ρ
(θ);

θ}
(16)

=
Pr{χ

1−
β {χ

(ρ
)}

<
ρ;

ρ}
=

Pr{1−
β

<
G

(ρ;
χ

(ρ
))}

w
here

χ
(ρ

)
designates

a
generic

variable
having

the
non-central

χ
distribution

w
ith

tw
o

degrees
of

freedom
and

non-centrality
ρ

.
T

his
is

easily
available

by
num

ericalintegration
on

the
real

line
using

R
and

is
plotted

in
Figure

7
for

β
=

50%
and

in
Figure

8
for

5
10

15
20

ψ

Propn(ψ)

0 150%

FIG
U

R
E

7|Actual(ρ
)proportion

w
ith

quantile
level

β
=

50%
.

β
=

90
and

10%
.

In
all

cases,
the

actual
Proportion

of
true

statem
ents

is
uniform

ly
less

than
the

claim
ed

level.In
contrast,ifthe

param
eteriscurved

in
the

other
direction,

the
actual

Proportion
w

ould
be

uniform
ly

greater
than

the
claim

ed.
T

he
behavior

of
the

frequentist
interval

{θ̃
β (y),∞

}
is

m
uch

easier
to

evaluate.T
he

probability
that

the
true

ρ
(θ)

is
in

the
interval{θ̃

β (y),∞
}

is

Propn
f(θ)

=
Pr{θ̂

β (y)
<

ρ
(θ);

θ}
(17)

=
Pr{δ

β {χ
(ρ

)}
<

ρ;
ρ}

=
Pr{G

(χ;
ρ

)
<

β}
=

β

A
nd,of

course,if
θ

cam
e

from
a

random
source

π
(θ)then

the
proportion

ofcases
w

here
the

frequentist
interval{θ̃

β (y),∞
}

includes
the

true
ρ

is
equal

to
β

;
and

for
any

arbitrary
sequence

of
θ

values
the

sam
e

is
true.
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W
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Com
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Bayesian
inference
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10
15

ψ

0 110%

5
20

Propn(ψ)

90%

FIG
U

R
E

8|Actualproportion
for

β
=

90
and

10%
.

T
he

com
plications

w
ith

a
curved

param
eter

representone
aspectofthe

m
arginalization

paradoxes
highlighted

by
D

aw
id

et
al. 10

E
xam

ple
4.

T
he

preceding
exam

ples
addressed

various
departures

from
the

speciallinearity
presentin

B
ayes

original
proposal.W

e
now

exam
ine

the
sim

ple
N

orm
al(θ,1)

exam
ple

but
slightly

m
odified

to
allow

the
variance

to
depend

w
eakly

on
the

m
ean

θ.
L

et
y

be
N

orm
al(θ,σ

2(θ))
w

here
σ

2(θ)=
1+

γ
θ

2
/n

and
n

represents
som

e
antecedentsam

ple
size

thatinfluences
the

current
response

distribution.
T

his
allow

s
us

to
use

asym
ptotic

theory
and

focus
on

the
effects

of
a

sm
allpresence

of
m

odelcurvature.
T

he
β

-quantile
of

the
norm

alvariable
y

is

y
β (θ)=

θ+
σ

(θ)z
β

(18)

in
term

s
of

the
standard

norm
al

β
-quantile

z
β .

T
hen

w
orking

to
order

O
(n −

3
/2)

and
expanding

(1+
γ
θ

2
/n) 1

/2,w
e

obtain

y
β (θ)=

θ+
z
β (

1+
γ
θ

2

4n )
(19)

T
he

usual
confidence

inversion
then

gives
the

interval(θ̃
β (y),∞

)
w

here

θ̃
β (y)=

y−
z
β {

1+
γ

(y−
z
β ) 2

4n

}
(20)

A
prior

exam
ined

in
standardized

coordinates
has

the
asym

ptotic
form

π
(θ)=

cexp {
a
θn

1
/2+

b
θ

2

2n }
(21)

A
coefficient

for
θ

of
order

O
(n −

1
/2)

can
easily

be
seen

to
over

displace
B

ayes
posterior

quantiles.
A

ccordingly,consider
priors

of
the

form

π
(θ)=

exp {
a
θn

+
b
θ

2

2n }
(22)

Straightforw
ard

calculations
then

give

θ̂(y)−
θ̃(y)=

(y−
z
β )

γ
+

c
2n

+
an

+
cy2n

(23)

and
further

calculations
give

Propn(θ)=
β− {

θ
γ2n

+
an

+
c2n

(2
θ+

z
β ) }

φ
(z

β )(24)

A
flat

prior
in

the
neighborhood

of
the

center
of

curvature
θ=

0
of

the
m

odel
w

ould
have

a=
c=

0.
T

he
actualproportion

by
w

hich
the

B
ayes

approach
is

deficientis
then

θ
γ
φ

(z
β )/2n

w
hich

is
linear

and
higher

on
one

side
ofthe

center
ofthe

m
odeland

low
er

on
the

other.In
fact,it

is
not

possible
to

choose
a

prior
that

gives
true

statem
ents,

a
claim

ed
level

β
of

the
tim

e,
unless

the
prior

objectively
describes

the
pattern

in
w

hich
θ

values
w

ould
appear

and
thereby

balance
out

the
positive

and
negative

deficiencies
found

w
ith

the
B

ayes
calculations.For

further
details,see

Fraser. 11

L
indley

12
show

ed
that

a
confidence

distribution
in

the
scalar

case
could

notbe
a

B
ayes

posterior
except

in
the

location
m

odel
case.

T
his

m
eans

that
accuracy

for
intervals

concerning
a

param
eter

cannotin
general

be
obtained

by
a

B
ayes

calculation
from

likelihood.

PR
IO

R
S

FO
R

B
A

Y
E

SIA
N

IN
FE

R
E

N
C

E

Preface
T

he
standard

statistical
context

has
an

observable
variable

y
that

is
know

n
to

be
random

;
the

form
of

the
random

ness
is

given
by

f(y;
θ)

for
som

e
value

of
a

param
eter

θ;
the

true
value

say
θ

�
is

unknow
n;

an
observed

value
y

0
of

the
variable

is
obtained

from
the

context
w

hich
has

of
course

the
true

value
θ

� ;
and

m
odel

inform
ation

is
to

be
used

to
m

ake
statem

ents
concerning

w
hat

the
true

value
of

the
param

eter
is.

A
statem

ent
that

the
true

value
is

in
an

interval
calculated

from
the

observed
y

0
is

either
true

or
false

and
w

e
do

not
know

w
hich.

T
he

confidence
approach

involves
an

interval
obtained

from
a

y
value

by
a

rule
or

form
ula;

and
the

confidence
level

applies
over

repetitions
on

the
y.

If,
how

ever,
the

true
θ

�
is

know
n

to
have

com
e

random
ly

from
som

e
know

n
random

source
π

(θ),

V
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e
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M
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then
a

statem
entthatthe

true
value

θ
�

is
in

an
interval

calculated
from

the
observed

y
0

is
either

true
or

false
and

w
e

do
not

know
w

hich.
T

he
B

ayes
approach

involves
repetitions

on
the

θ
value

and
then

subsequently
on

the
y

value
from

that
θ;

and
the

posterior
level

applies
over

the
subset

of
pairs

(θ,y)
having

y=
y

0.
W

ith
the

first
approach,

the
interpretation

or
m

eaning
is

in
term

s
of

repeats
on

y
and

w
ith

the
second

is
in

term
s

of
repeats

on
θ

and
y

then
filtered

for
y=

y
0.

B
ut

if
there

is
not

a
know

n
source

for
the

true
value,

then
the

use
of

a
proposed

prior
can

only
be

in
term

s
of

its
success

w
ith

individual
θ

values
or

w
ith

various
patterns;

this
w

as
the

approach
w

ith
the

exam
ples

in
the

preceding
sections.

A
ccordingly

w
e

exam
ine

various
types

of
prior

that
can

be
useful

in
term

s
of

producing
confidence

or
approxim

ate
confidence.

W
e

do
not

address
the

subjective
approach,

w
here

π
(θ)

represents
feelings,

intuition,elicitation,or
guessing.

L
ocation-B

ased
Priors

A
s

described
in

preceding
sections,the

originalB
ayes

prior
π

(θ)=
c

w
as

proposed
for

a
location

m
odel

f(y−
θ).

M
ore

general
location

m
odels

can
have

the
form

f(y−
X

β
)

using
linear

m
odelnotation.

A
n

approxim
ation

to
location

properties
for

m
ore

general
m

odels
w

as
proposed

by
Jeffreys 13

and
m

ade
use

of
Fisher

inform
ation

I(θ)
available

for
m

odels
w

ith
m

oderate
regularity:

I(θ)=
E{−

�
θ
θ (θ;y);

θ)}
(25)

w
here

�
θ
θ (θ;y)=

(∂
/
∂
θ)(∂

/
∂
θ ′)logf(y;

θ)
is

the
H

es-
sian

of
the

likelihood
or

log
density.

T
he

original
Jeffreys

prior
is

π
(θ)d

θ=
|I(θ)| 1

/2d
θ

(26)

For
a

scalar
param

eter,
the

use
of

Jefferys
prior

receives
asym

ptotic
support

from
W

elch
and

Peers. 14

For
this,

let
β

(θ)= ∫
θ−∞

I 1
/2(θ)d

θ
be

the
constant

inform
ation

reparam
eterization.T

hen
w

ith
increasing

sam
ple

size,
w

e
have

that
β

(θ̂)−
β

(θ)
has

a
fixed

distribution
to

the
second

order,
and

thus
is

pivotal.
In

effectthis
is

saying
thatthe

m
odelis

asym
ptotically

location
to

the
second

order.
If

a
m

odel
is

a
location

m
odel

w
ith

scalar
or

vector
param

eter,say
f{a(y)−

X
β

(θ)}h(y)dy,then
the

Jeffreys
prior

gives

f{a(y)−
X

β
(θ)}| ∂

β

∂
θ |d

θ=
f{a(y)−

X
β

(θ)}d
β

(θ)
(27)

w
hich

is
effectively

a
flat

prior
in

the
location

param
eterization.

For
the

vector
param

eter
case,

there
are

obvious
advantages

to
having

a
flat

prior
in

the
location

param
eterization,

if
there

is
such

a
param

eterization.
T

his
w

as
illustrated

in
E

xam
ple

3
in

the
preceding

section:
probabilities

for
a

linear
com

ponent
param

eter
had

sensible
properties;

but
probabilities

for
a

curved
com

ponent
could

be
seriously

m
isleading.

T
hus,

som
e

of
the

resulting
probabilities

can
be

acceptable
and

others
can

be
unacceptable.

B
ut

this
happens

w
ith

any
proposed

distribution
for

a
vector

param
eter:

the
distribution

can
only

be
used

sensibly
for

certain
linear

types
of

com
ponent

param
eters:

the
D

aw
id

et
al. 10

m
arginalization

difficulty.

L
ikelihood-Sim

ilar
Priors

T
he

location-based
priors

just
discussed

w
ere

focused
on

correct
statem

ents
in

quite
general

circum
stances.

If
w

e
focus

on
correct

statem
ents

w
hen

there
is

an
acknow

ledged
probability

pattern
for

the
θ

value
that

m
ight

be
present

in
an

application,
then

w
e

m
ight

reasonably
use

just
the

corresponding
posterior

probabilities;
but

even
if

the
probability

pattern
is

acceptable
there

can
be

applications
w

here
legal,

political,
m

oral,
or

ethical
considerations

could
lim

it
the

use
of

the
probability

pattern.
N

ow
suppose

w
e

do
not

have
an

acceptable
probability

pattern
π

(θ),
and

yet
w

ant
to

explore
the

use
of

a
prior

follow
ing

the
approach

proposed
by

B
ayes.W

e
could

seek
som

e
broad

class
of

potential
priors

that
are

easy
to

w
ork

w
ith

and
provide

a
w

ide
range

of
function

π
(θ)

to
calibrate

the
param

eter.
A

conjugate
class

of
priors

P
=

{π
(·)}

consists
of

priors
π

(θ)
that

have
the

sam
e

functional
form

as
a

typical
likelihood

function
and

thus
are

easy
to

use
and

to
com

bine
w

ith
a

likelihood
function.C

onsider
an

exam
ple.

E
xam

ple
1.

Suppose
z

1 ,...,z
n

is
a

sam
ple

from
the

B
ernoulli(p)distribution.T

he
corresponding

likelihood
function

from
data

having ∑
z

i =
y

is

L
(p)=

cp
y(1−

p) n−
p

(28)

A
naturalconjugate

prior
fam

ily
w

ould
have

π
(θ;r,s)=

cp
rq

s
(29)

w
ith

som
e

general
range

for
r

and
s;

these
priors

are
beta

distributions
for

p
on

(0,1).
T

he
corresponding

posterior
is

π
(θ|y)=

cp
y+

r(1−
p) n−

y+
s

is
then

just
a

beta
distribution

w
ith

m
odified

param
eter

values.
A

choice
for

r
and

s
could

be
for

resulting
convenience,or

for
expediency,or

for
reasonableness
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UNCORRECTED PROOFS

W
IREs

Com
putationalStatistics

Bayesian
inference

in
presenting

possibilities
concerning

the
background

of
the

param
eter

value
in

the
context.

Processing
Priors

T
he

location-based
priors

did
not

directly
address

or
focus

on
com

ponent
param

eters
that

had
curvature.

T
he

likelihood-sim
ilar

priors
focused

on
the

conve-
nience

of
com

bining
w

ith
likelihood.

A
nother

type
of

prior
called

a
reference

prior
is

based
on

the
pro-

cessing
of

prior
into

posterior,of
finding

a
prior

that
m

axim
izes

a
K

ullback--L
eibler 15

distance
from

prior
to

posterior
and

w
as

initialized
by

B
ernardo

16;
also

see
B

ernardo
and

Sm
ith. 17

D
ISC

U
SSIO

N
In

the
usualstatisticalcontext

w
ith

an
acceptable

sta-
tistical

m
odel,

there
is

a
true

value
of

the
param

eter
say

θ=
θ

�
and

there
is

a
consequent

observed
value

y=
y

0
of

the
response

variable.
Interest

often
then

centers
on

som
e

com
ponent

param
eter

say
ψ

(θ)
of

particular
interest.

A
nd

one
then

w
ants

to
m

ake
a

statem
ent

or
statem

ents
com

ing
from

y
0

concerning
the

true
value

ψ
(θ

� ),a
statem

entsuch
as

the
true

ψ
(θ

� )
is

in
an

interval(ψ̂
β ,∞

);for
this

β
presents

the
relia-

bility
say

90%
,95%

for
the

assertion;the
calculation

of
the

bound
ψ̂

β
w

ould
be

based
on

the
data

value
y

0,
on

the
statistical

m
odel,

and
perhaps

on
separate

proposals
as

to
w

hat
the

true
value

θ
�

m
ight

be.
T

he
assessm

ent
of

any
such

process
w

ould
cer-

tainly
depends

on
w

hether
the

claim
ed

reliability
related

sensibly
to

the
success

rate
of

the
process

in
m

aking
true

statem
ents

of
the

form
‘ψ

(θ
� )

is
in

(ψ̂
β ,∞

)’,in
particular,is

the
success

rate
equalto

β
.

If
the

success
rate

is
to

be
β

regardless
of

the
value

of
θ

� ,then
the

process
is

producing
a

confidence
statem

ent.
If

the
success

rate
is

allow
ed

to
fluctuate

but
to

have
the

average
value

β
,

w
hen

the
true

value
θ

�
can

be
in

accord
w

ith
a

prior
π

� (θ),then
the

process
is

posterior
w

ith
respect

to
that

prior
pattern.

If
a

posterior
distribution

is
developed

for
a

vec-
tor

param
eter,

then
it

can
have

the
claim

ed
success

rate
at

m
ost

for
certain

linear
com

ponent
param

eters.
A

nd
ifa

posterior
distribution

is
developed

for
a

scalar
fullparam

eter
in

a
m

odelw
ith

curvature,then
itneeds

m
ore

than
likelihood

and
it

cannot
be

B
ayes.A

nd
if

a
posterior

is
developed

for
a

param
eter

based
on

a
par-

ticular
choice

of
prior,then

discrepancies
can

average
out

in
the

presence
of

that
prior

but
the

success
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