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Abstract: We describe a conditional p-value approximation for inference about
a vector parameter §, This measures the magnitude of the departure from an -
hypothesized value 6y, conditional on the direction of departure. The form of the

- approximation is similar to the Lugannani and Rice approximation to p-values for
scalar parameters, and closely related to Skovgaard’s (2001) version of w”.
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"
1 Introduction -
The assessment of a vector parameter is central to statistical theory. The analysis of
variance with tests and confidence regions for treatment effects is well established and
the related distribution theory is conveniently quite strﬂéhtfoiward, particularly in
the normal error case. In more general contexts such as gene:él»i%ed linear models, the
assessment is usually based on the likelihood ratio or ma;drﬁ(ilmzlikelihood departure
measures and the related distribution theory is first order. As such, and confirmed
by experience, both the type of departure and the distributional accuracy can be
strongly misleading.

Some improvements in the departure measure and the distributional accuracy have
been obtained with directional tests (Fraser & Massam, 1985; S-kovgaard,'1988; Cheah
et al., 1994) but these typically require an exponential model.

For greater generality we now examine a continuous statistical model with para-
meter § of dimension p and interest parameter ¥(8) of dimension d. We examine an
observed data point y° recorded on a score variable space which has suitable linearity,’" '
and we consider the directed departure of the data point from expectation under a
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hypothesized value 9 for ¥(#). The directed p-value is obtained as the observed con-
ditional distribution function for the distance of the score variable from its expected
value, given the direction of the depe.rture. We view this as arguably the appropri-
ate statistical assessment of the data point with respect to the parameter value ; for
some background see Fraser & Massam (1985). '

This distribution function value can be approximated by

P(¥) = Ga(X") +ba {Gar1(x°) — Ga(x®) } 6(x°) (1
where Gd(x) 1s the ordinary chi distribution function ‘
. X
. Ga(x) = / cat® e~ 124t (1.2)
L 0

with norming constant ¢y = 1/I'(d/2)2%4/2~1, and x° is the observed value obtained
from the score-based departure measure described in §3. The constant by = CdfCit1 =
2121 {(d +1)/2} /I‘ (d/2) is the ratio of norming constants from adjacent x density
functions. The adJustment factor 6(x), obtained from (3.4) and (3.5), provides a
measure of how much the underlying distribution differs from normality.

The preceding prva.lue has second order accuracy, by which we mean the error of
the approximation to the exact distribution is O(n~!). The usual chi-squared approx-
imations have relative error O(n~1/2). The approximation is derived in §3 after a
brief summary of needed likelihood results in §2; it has second order accuracy and has
components that are accessible and easily interpreted. By comparison, the Skovgaard
(1988) directional test is also accurate to second order but requires full exponential
form and cumulant type calculations, and the Cheah et al. (1994) directional test
is third order but also requires full exponential model form and more detailed model
characteristics. The proposed test combines the likelihood ratio and score test sta-
tistics in a manner not unrelated to that found with the Lugannani & Rice (1980)
approximation formula. Examples are discussed in §4.

The Bartlett (1955) correction of the likelihood ratio test can also be used for
assessing vector parameters. This has the attractive property that the distribution
ascribed to the related pivot has O(n~2) distributional accuracy and the procedure
can then be described as accurate to fourth order. Our viewpoint is that the assessment
should take account of where the data point is relative to a parameter value, in much
the same way as recent third order p-values do for a scalar parameter of interest, by
recording the percentile position of the data point relative to this parameter. From
this viewpoint we argue in §5 that the Bartlett corrected likelihood ratio assessment
is misleading if viewed as being of other than first order. Skovgaard (2001) derives an
adjustment to the likelihood ratio statistic somewhat analogous to that derived here,
although from a different point of view.. The relatlonsth between the two approaches
deserves further study.

&



Donald A. S. Fraser and Nancy Reid 249

Likelihood Background

e we have a statistical model with density f(y;6), where y = (y1,...,¥n)’ and
imensional. Recent third order theory for assessing scalar or vector parameters
based on just two ingredients, £(6) and ¢(6), where £(f) = log f&@°%0) is
erved log-likelihood function and ¢(6) = (d/dV')£(8;y)|ye is the observed log-
od gradient, calculated in directions (vy,...,%) = V tangent to an exact or
mate ancillary. The parameter () is for convenience written as a row vector,
rre explicitly we have

o(6) = {3%5(9; %) 5;5(9;1/")}

d d 0
= {Ee(e Yy +t’l)1) —o 1ot —d—te(e)y +tvp) t=0}

he n x 1 vectors v; make up the columns of the n X p matrix V.
h an appropriate n-dimensional p1vota.l quantity z(y,#) we can obtain V from

ression

| V=282 0%0), |

he subscripts denote partial differentiation with respect to the row vectors y’

The use of the gradient implements conditioning on an approximate ancil-
tistic (Fraser & Reid, 2001), and several examples of pivotal quantities z are-
;ed in Fraser, Reid & Wu (1999), Fraser, Wong & Wu (1999) and Reid (2003).
d order p-values for a scalar parameter 1(f) can be obtained from just
(6)} using the likelihood ratio r and a special maximum likelihood 'depar-
see, for example, equations (1.5) and (2.11) in Fraser, Reid & Wu, or equations
ind (3.16) in Reid (2003).
two ingredients £(6) and (f) also yield an approﬂmg,tion to the original model
yduces equivalently the third order p-values and likelihoods just described. The
mation is obtained as a first derivative calculationvon the sample space, using
vative o(f); the approximating model is exponential and can be written:
f)ds = (2m)~P/2eH™ exp [0(6) - £(8°) + {(6) - sb(é‘?«)} | hsds 5 )

= (2m) P12/ exp [~72 {1p(6), 5} /2] g | /25 |

is a nominal score variable to present the model, Wlth % =0, —r%(p,s)/ 2

>g likelihood ratio £{8(¢)} — £{B()} + (¢ — ¢)s from the exponential model,
®(s) is the maximum likelihood value from s in that exponential model. The

mate model is called the tangent exponential model and provides a full second
yproximation to the original model in the moderate deviation range and a third
sproximation to first derivative at the data point. It implements conditioning
pproximate ancillary which corresponds to the vectors V.
3 we will derive a p-value for testing the full p-dimensional parameter vector
esting a sub-parameter ¥ of length d, we can apply the same approximation, .
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for a scalar or vector parameter 1(f) can also be obtained from £(6) and ¢(f) and
has the form ‘

o () = 5 (9) + 5 8 i By (22)

where ) is a complementing nuisance parameter, 9,,, = (¢, :\¢) is the constrained
_ maximum likelihood value given ¥(6) = ¥, bp(y) = 2(By) = 8(1h, hy) is the profile
log-likelihood, and _ : .

_ T (By)l =172 Bp)ll05 (B9 op? (Bu)l (23)
is the nuisance information determinant.calculated relative to a symmetrized version
"~ of A. Use of this log—lilgelihood to construct a conditional p-value’ is illustrated in the
second. example in §4.

¥

3 A conditional P-value for inference about 6

We follow the approach dé"géibped in Fraser & Massam (1985), Skovgaard (1988) and
Cheah et al.. (1994), which considers the magnitude of the departure from a fixed
value 6, conditional on the direction of the departure. One approach for example
might be to use the distribution of |§ — o] conditional on (6 - 6o)/ |6 — o], but this.
is not parameterization invariant. In Cheah et al.. (1994), where the model is a full
- exponential farnily in the canonical parametrization, the departure from 6y is measured
by the score variable or sufficient statistic s, and an approximation is derived for the
distribution of |s— so|, given (s—s0)/|s— so|, where s is the value of the score variable
with maximum likelihood value fp; it is parametrization invariant. _

Here we work directly with the tangent exponential model approximation (2.1).
We denote by x? the score based messure of departure from @ using the tangent
exponential model: A

. % = x*(0;8) = (s — so)’j;‘;(Ho)(s —80), . (3.1)
where s is the model variable with observed value s =0, and 50 = £¢(90;y°) is
the expectation parameter value corresponding to . Note that x is proportional to .
|s — so| for directional departure. The tangent exponential model (2.1), with 8 = 6o
can be expressed in terms of x* as |

- 2 .
Fesu)ds = (2r) 2 cxp {5 | Al (000120

where 5
| ki 2 2 .
Als) = /™ exp {’&‘ B L} {ML)I}
2 2 il
and 72 is the likelihood ratio statistic for testing 6 = 6o:

= r2(60;5) = 2 [£(B) — (60) + {(8) - w(60)} 5] (3.2)
When 72 is evaluated at the observed data point %, it coincides with the likelihood

ratio statistic from the original model £(6;3°). Both r? and x? have a limiting X2
_ distribution under the model f(y;#fo), and both are parametrization invariant.
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We use the density approximation to compute the directional test of #y conditioning
on the score direction e = (s?—s0)/]s° — so| = —s0/|s0|, where s° = 0 by the definition
of the maximum likelihood estimate. The density of s is essentially a multivariate
normal with an adjustment factor. Using this to compute the conditional distribution
introduces a Jacobian effect s»~! which combines with the normal kernel to give a chi
density. The p—value based on this conditional test has the form

(90) / 9a(x)—— (X) dx

where c is the norming constant, ga() is the chi den51ty used in (1.2), and
a(x) = A(fo + xe) (3.3)
gives the adjustment factor along the line in the direction e.
It is shown in the Appendix that for functions a(x) having an asymptotic ex-
pansion in ¥, this p-value can be approximated to O(n™') by (1.1) where §(x) =
x~!{a(x)/a(0)} — x~! which in this case is

00 =x"" [xp {£-7} (et} 1J 6.9

Formula (3.4) has third order accuracy but its use in (1.1) yields just second order
accuracy. The calculations in Andrews-et al. (2005) indicate that third order accuracy
for the directional p-value is not available from the usual asymptotic information
{£(6),(8)} and thus is not available without additional model information such as
‘exponential or other specified model form (Cheah et al., 1994).

With just second order accuracy available from (1.1), a reasonable option is to
replace (3.4) by a further second order approximation:

5(x) = [x2 g +log {l—j‘i’j—"’—:‘%—)—'}];z 2. | (3.5)

The likelihood and p-value expressions described here are easily seen to be invariant
to the choice of parametrization, and invariant under re—expression of the response
variable. :

When (3.1), (3.2) and (3.5) are used in (1 1), they are ‘evaluated at s =s"

The p-value has been developed in the context of 1nference for the full parameter
vector §. If we are interested in a sub-parameter vector ¥(6). ofidimension d, then the
pair {£(),(6)} is replaced by the adjusted log-likelihood (2. 2) a.nd the corresponding
likelihood gradient (). For scalar 1 this gradient is p(¢) = v(f) - v(By) with v
calculated using a locally orthogonalized version of ¢(9). The p—value for assessing

¥(#) = % depends only on the set Qy = {6;%(6) = ¥} and not on the structure of
the parametrization 1(8) near 1(f) = 1. For vector ¢ the gradient is determined
component by component, using a version of ¥ that has been orthogonalized at the

- observed data point.
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4 Some examples

Example 1. Location normal: - Consider (y1,...,¥p)’ normally distributed with
mesn (41, ...,0p)" and identity covariance matrix, and.suppose the full parameter 0=

(81,...,0p)" is of interest. The log-likelihood for 6 is
{oy) = —%E’l’(yi ~8:)%,

both obviously and by.the third order determination (Fraser, 2003). The related third
order symmetrical canonical parametrization is () = 0; and the related information
is jpe(fo) = 1. The lilhieligood ratio quantity (3.2) for assessing say g 1s
= =28 (si - si0)? = % (v — b10)”
and the score based departure (3.1)

3 = (s—50)T7 (s = s0) = =8 (ys — 0i0)”. '
It follows that A(s) =1 and"6(x) = 0, to second order. Thus from (1.1) we obtain

| L ple) = GolxX)

which is just the ordinaryﬁ}{' departure p-value but derived conditionally.

Example 2. Normal regression: Consider the normal regression model y =
X +-0e where e is-a sample from the standard normal. We assume that [ has
dimension r and thus p = r + 1, and we suppose that the parameter of interest is
B = (By,---»Ba)- The directional results are parametrization and sample space
invariant, so here it suffices to take a canonical design matrix X = (I O)'. Let
2=,y —-0)= T, .1y? be the sum of squared residuals, t = (B(1) — B))/*
be the Student statistic for the parameter of interest, and T2 = |t = T$(y: — B;)*/5°
be the ratio of the usual sums of squares for inference about B(1)- The third order
likelihood Sy, is derived in Fraser (2003),

L(Buy) = (1 + T2~ D72 (4.1)
where f = r —d is the number of nuisance regression coefficients. This corresponds to
the multivariate Student density for the usual multivariate quantity ¢ for assessing B(1)-

Location scale invariance shows (Fraser, 2003) that much of the analysis can with-
out loss of geneérality be developed for a particular data point, with say, ,B 1= 0,82 =
n. A differential change in the data point with respect to the first d coordinates gives
a corresponding translation of the likelihood in terms of the coordinates of f()- From
Cakmak, Fraser, & Reid (1994) we have that the asymptotic model determined at
- and to first derivative at a data point can to second order be approximated by a loca-
tion model, and that the location parameter determination is unique. It follows that
(4.1) tecords the relative density for that model and that the score variable is ¢ and
the score parameter is f(;). For this the directional assessment of By is given by [t]
with a {dF/(n — p)}l/ 2 distribution where F has the F distribution with d and n— f
degrees of freedom. The expression for p(B(y)) from (1.1) then gives a second order
approximation to that directional test.
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5 Discussion

We have developed a simple directed departure measure (1.1) with (3.1) and (3.5)
that provides a statistical measure of where the observed data point is relative to a
vector parameter value. The measure combines the familiar likelihood ratio departure
measure and the score departure measure and attains second order accuracy. The
calculations are based on the log-likelihood and log-likelihood gradient quantities that
are available in wide generality under moderate regularity conditions and a nominal
assumption of asymptotic properties. Higher accuracy than the secord order seems
unavailable without additional information concerning the model, such as say explicit
exponential model form. Some background on related likelihood theory may be found
in §6 of Fraser (2003). :

An alternative approximation for testing a vector parameter can be obtamed by
Bartlett correction of the likelihood ratio quantity (3.2). This is a scale correction,
and the resulting approximate p-value is accurate to O(n~?) (Barndorff-Nielsen &
Hall, 1988). This higher accuracy comes from the restriction to likelihood ratio as the
departure measure and. is attained by sacrificing information specific to the direction
of departure. '

This is most obvious in the case of a scalar parameter of interest, where a Bartlett-
corrected version is inherently two-sided, and when there is an underlying asymmetry
can provide a very poor approximation to the p-value in the direction indicated by
the data. -As a simple scalar case where skewness is involved we take y to have the
extreme value distribution with location parameter 6: y = 6 + z and

f(z)=exp{—2z— e‘z}_ , F(z) = exp"{—e"} )
The distribution is quite asymmetric; it has mode at 0 but the median is 0.366. The
likelihood ratio quantity is . %,, _
r2=2 {e(é.) - e(e)} =2z+e = —1) (5.1)
which has mean value 27, where y = 0.5772... is Euler’s cbnstant. Bartlett correction
of the likelihood ratio leads to the confidence interval (y° — 3.175, y%+1.565); the exact
confidence in the left tail is 0.85%, and in the right is 4. 15%. The interval with exact
- confidence 2.5% in each tail is (y° — 3.676,y° + 1.305). Bothirtervals are asymmetnc
around the point ¥°, but the equi-tailed interval seems more appropna.te as a summary
of the data. The approximation ®(r*) where r* = r + (1/r) log(gq/7), T is defined in
(5.1), and ¢ = 1 — exp(—2) provides very accurate inference iri"each tail, leading in
this example to the third order 95% confidence interval (y° — 3.699,y° + 1.309), with

exact confidence 2.46% in the left tail and 2.44% in the right tail.

The anomaly is likely to be more pronounced in the case of vector parameters. As
an illustration suppose y; and yo are independént observations from the extreme value
distribution with location parameters §; and 8, respectively. The log-likelihood is

U8;y) = —y1 + 63 — yp + O — e®170) — glva=Fa)
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and 4
@'(8) = {€4,(6:9°), £ (69"} = {—-1 +e@mvd) 14 e(ez-yg)}
giving
£,(6:9%) = {1 -1 - e-08-0))
and thus '

x%(60,5%), = {e(e“”y?) - 1}2 + {e(gm—yg) - 1}2
r?(60,9°) =.2 {—2 +10 — 610+ 48 — 00 + eWi—010) 4 e(yg—em)} :
Figure 1 shows the conpougs in the parameter space using the first order xZ approxima-
tion to the distribution of r2 and the first order X2 approximation to the distribution
of x2, the Bartlett corrected version of 72, and the second order approximation using
(1.1) and (3.5), all at the observed data point (v9,v3) = (0,0).

The Bartlett adjustments a uniform rescaling of the likelihood ratio in all regions
of the parameter space, whereas the adjustment to the score statistic is conditional on
the direction. The second-grder approximation here uses the standardized score func-
tion as the primary measure of departure, with an adjustment that is a function of the
difference between that and the likelihood ratio. It should also be possible to start with
the likelihood ratio and adj‘ust it-by some function related to the difference from the
score. This is the approach taken in Skovgaard (2001), although Skovgaard approx-

- imates the needed sample space derivatives by expected values of various likelihood
‘quantities; we compute the sample space derivatives using the tangent exponential
model. Work on comparing the two methods in more complex examples is in progress.

6 Appendix

‘We want to evaluate

0
p(fo) = /Ox gd(x)i'(gx—)dx
where ¢ is the norming constant, ga(X) is the chi density used in (1.2), and
a(x)/a(0) = 1+ ayx/nt’? + azx?/2n + O(n=%/%).
Using ¢ = a(0) as a temporary norm to give say 7(80), separating off the chi density

and rewriting the discrepancy as

N 1800
6(x) =x 2(0) ,

we obtain
XD
5(80) = Ga(x") + / bagar+1(X)6(X)dx,
0

where by is the ratio of y norming constants recorded after (1.2). Since 6(x) is constant
to O(n~1) we obtain '
B(60) = Ga(xX) + baGar1 (x°)6(x")
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(a) (b)

(c) {d)

& %
Figure 1. Parameter space contours for the bivariate extreme value distribution dis-

cussed in §5. These are based on: (a), the first order x3 approi'cimation' to the likeli-
hood ratio statistic; (b), the first order x3 approximation to the score statistic; (c), the
Bartlett-corrected likelihood ratio statistic; and (d), the second order approximation
given by (1.1) using § computed from (3.5). The observed data point is (0,0).
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by integration by parts. Then adjusting for the temporary norm we obtain the second

order p-value (1.1).
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