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SUMMARY

For a statistical model with data, likelihood for the scalar or vector full pa-
rameter 6, of dimension p say, is typically well defined and easily computed. In
this paper, we investigate likelihood for a component parameter 1(6) of dimension
d < p and make use of the recent likelihood theory that has been successful in
producing highly accurate third-order p-values for scalar parameters of continuous
models. The theory leads under moderate regularity to a definitive third-order de-
termination of likelihood for a component parameter 1 (6) of dimension d, where
1 < d < p. We use the simple location model on the plane with standard nor-
mal errors to motivate the development. The example exhibits most of the key
characteristics of the general case and the recent theory then extends the determi-
nation of likelihood to the general context. For the scalar interest parameter case
with d = 1, the usual determinations are typically of second-order accuracy; the
example indicates how the new determination achieves third-order accuracy. The

implementation is straightforward and uses familiar ingredients to other determina-
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tions, such as the full maximum likelihood value 0 , the constrained value éw given
¥(0) = 1, and the observed information jyx (éw) for a complementing nuisance pa-
rameter A(6). It does however require a special version of the nuisance information
JOw) (éw) , a version calibrated relative to a symmetric choice of the exponential-type
reparameterisation ¢(f) underlying the recent theory, but this is easily computed.

Various examples are given and the motivating example is discussed in detail.

Some key words. Ancillary; Conditional likelihood; Conditioning; Interest pa-

rameter; Likelihood; Marginal likelihood; Modified likelihood; p-value.
1. INTRODUCTION

For the full parameter 6 of a standard statistical model, likelihood is well
defined and describes how probability density at a data point of interest varies
with different values for the parameter. For a component parameter, however,
likelihood may not always be obviously defined, and various determinations for the
scalar component parameter case have been proposed; these are discussed in §2. In
this section we record the new determination (1.2) of likelihood for a component
parameter 1(6) of dimension d and give with some needed background information
on the exponential parameterisation. The determination is derived in §3 using the
simple symmetric normal on the plane as the motivating pattern. It has uniqueness
properties at third-order accuracy, as discussed at point (xi) in §6. And it maintains
this third-order accuracy in general contexts where other determinations drop to
second-order accuracy due to inappropriate target likelihoods: see the final two
paragraphs in §4.

Consider a continous statistical model f(y;6) with p-dimensional full param-
eter and d-dimensional interest parameter ¢ (0); let £(6;y) be the loglikelihood

for the full model. Formulae are simpler if we have available a complementing nui-
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sance parameterisation A(f) so that 6 is one-one equivalent to (i, \). For given
data y let 6 be the overall maximum likelihood value, let 91/, be the constrained
value given 9(0) = 1, and let jxx (éw) be the observed nuisance information ob-
tained by evaluating the matrix —fxx(¢, A;y) = —(9/0A)(0/ON)E(¢, A;y) at the
constrained maximum likelihood value éw = (v, j\d,) . For any likelihood assessment

of a component (#) the profile loglikelihood function,

tp(1) = £(0y) = £, Ay), (1.1)
can be viewed as a necessary first step; it has first-order properties based on asymp-
totic normality of the maximum likelihood estimate.

Recent likelihood theory either explicitly or implicitly makes use of an expo-
nential type reparameterisation ¢(f); some background on this is recorded now
and more in §6. The third-order determination of loglikelihood for (6) is then

given as
* 1 . N
£ (Y) = Lp() + 2 log [j(ax) (0y)],

1 RN
= {p(¥) + 5 log|jaxby| — log[0(N) /05, (1.2)

where the asterisk indicates the third- order property and the parentheses enclosing
A are to indicate that the nuisance parameter has been re-expressed in terms of a
special symmetric choice @(0) = j;,{f ©(0) of exponential parameterisation that has
Jep = I. The reparameterisation affects the nuisance information only through
the derivative 9(\)/0\ at 5\1/, and the effect is available from the p x d Jacobian
X = @y = 0¢(0)/oN = j}p{f&p/ﬁ)\’ of @ with respect to )\ evaluated at the

observed ég The derivative [0()\)/OA

%, s then available as X| = |X'X|V?,
where X'X = ¢/ (04)3p00r (By) , and the re-expressed nuisance information is

given as

1900 09)] = 123 0p) 194 (0p) Jpppxr ()| (1.3)
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For notation we write for example ¢} = (px)’ as the Jacobian of the row vector
¢’ with respect to the column vector .

The recent likelihood theory gives an essentially unique third-order probability
differential for assessing the parameter (). We find however that the probability
differentials for various 1 values come in fact from different distributions. This
is associated with long recognised difficulties and is seen clearly in the example
in §3. Our approach is to show that an appropriate transformation of the initial
variable produces in fact a common reference distribution for the various probability
differentials. This then gives the loglikelihood (1.2) for ¢ . Details are discussed in
§3 and point (x) in §6.

As background we mention that an exponential parameterisation ¢(f) allows
a statistical model to be treated to third order as a full exponential model with
canonical parameter (6). Such models admit a wide range of third-order inference
methods, in particular p-value formulae for scalar parameters (Barndorff-Nielsen,
1986; Fraser, 1990; Fraser & Reid, 1995; Fraser, Reid & Wu, 1999) where the last
reference is specifically organised to present the inference methods in terms of the
related exponential model.

An exponential parameter is obtained as the gradient of loglikelihood,

& 0) = S 0(0:9)] 0 = L (0:°) (1.4

calculated in p linearly independent directions (vy,...,v,) =V tangent to an ap-
proximate or exact ancillary at the observed data y°. The derivative in a direction
v; is given as (d/dvi)é(ﬁ;y)|yo = (d/dx)£(0;y° + xvi)‘mzo and the chain rule can

be used to give

©'(0) = Zg;yj (6; yo) (Ujl ot 'Ujp) = K;y’w; yO)V§ (1.5)



in terms of coordinate by coordinate derivatives of likelihood.
In the presence of an exact or approximate ancillary a(y) Barndorff-Nielsen

(1986) uses in effect

0

00

@' (0) = —£(0;0°,a");=£4,(0;0°,a") (1.6)

as an implicit reparameterisation for the development of p-values.

For any given parameterisation say 6 we have a corresponding change of vari-
able from y to (é, a) and then at any data point y° we can find vectors V tangent
to the ancillary surface that provide a local basis for the coordinates 0. Similarly
for any tangent vectors V at a data point there exists a parameterisation, 6 say,
so that 6 provides coordinates locally with respect to the tangent vectors V . This
gives the equivalence of (1.4) and (1.6), and it follows that they can be used inter-
changeably, provided the V' and the 6 are understood to be in correspondence; in
particular we would then have £y (6;4°) = £,5,(0;y°) . Also if ¢ is rescaled to have

an identity information at the data point we would obtain

X[ = |£,\;é(é¢§yo)| = |l7,\;g:

: (1.7)

where the tilde denotes evaluation at 91,, . As part of this we have that any full affine
function of ¢ is an equivalent exponential parameterisation and can be obtained
by either of the routes (1.4) and (1.6). Details concerning the equivalence of third-
order p-value formulae based on the two parameterisations (1.4) and (1.6) may be
found in §2.3 of Fraser, Reid & Wu (1999), where it is seen that an affine change in
¢ has direct compensatation within the formulae.

Tangent vectors V for an approximate ancillary are available (6.1) in wide
generality. They can be derived from a full-dimensional pivotal quantity and some

details are recorded at point (ii) in §6. For certain specialised models, however,
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such as the location-scale and transformation models, an exact ancillary a(y) of
full dimension n —p may be available and the change of variable from y to (6, a)
may be feasible. In such cases the exponential parameter version (1.6) may be
more convenient but the tangent vectors V are also readily available and thus
permit the alternative use of (1.4); for details concerning the calculation of vectors
V' from an available ancillary see point (ii) in §6. For the general cases, however,
where the change of variable is not easy or feasible or in the typical absence of an
explicit ancillary it is straightforward, see (6.1), to calculate V' and to obtain the

exponential parameter using (1.4).

The new likelihood determination is presented in terms of continuous statistical
models but the results apply equally for full exponential models where () is taken

to be the corresponding canonical parameter.

2. BACKGROUND: LIKELIHOOD FOR A COMPONENT

Consider a parameter component (), where for notational convenience we
assume that 6 = (¢/,\). The maximum likelihood value ¢ can have serious
bias problems when the dimension of the nuisance parameter A is large. This was
made prominent by Neyman & Scott (1948) and in turn points to general difficulties
with the direct use of the profile likelihood (1.1) for inference. Ongoing efforts have
focussed on finding corrections or improvements to profile likelihood, to make it
more nearly a true likelihood in the sense of describing probability at an observed
value.

Transformation methods were used in Fraser (1967, 1968, 1972) to obtain deter-
minations of marginal likelihood for special parameters in transformation models;
properties and comparison of these are discussed in Skovgaard et al. (2001). Fac-

torisation techniques were used in Kalbfleisch & Sprott (1973) to obtain marginal
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likelihoods for parameters. In most cases it is relatively straightforward to obtain a
probability differential involving only the interest parameter but a difficulty arises
in finding an appropriate support differential that is free of the parameter being
tested; the present approach standardises with respect to the corresponding refer-
ence distribution and resolves this difficulty.

Barndorff-Nielsen (1983) used asymptotic properties to obtain determinations
of likelihood for a scalar component (f). The original derivation worked from
the assumed presence of a variable ¢ whose marginal distribution depends only on
1 and is thereby free of the nuisance parameter A. The resulting modified profile
loglikelihood is

1 . R
{eN(¥) = Lp () — 5 log 173 (0y)| + log [ON/ Oy |

1 A A
= Lp(¥) + 5108 (73 (0y )] — log |€55(64)]; (2.1)

where 9\ / 85\1/, is taken for fixed @ and the second expression is obtained by differ-
entiating Z,\(Qp,j\w;qz),j\) = 0 with respect to A holding 1 fixed. Barndorff-Nielsen
(1983, 1985, 1987) subsequently gave various conditional derivations of (2.1). For
cases where an exact or approximate ancillary conditioning is not readily accessible,
various estimation procedures for the last term in (2.1) have been proposed; see for
example §8.3 in Barndorff-Nielsen and Cox (1994).

By contrast, Cox & Reid (1987) worked from the assumed presence of a vari-
able a for which the conditional distribution depends only on 1 ; the conditional

distribution is then used to obtain a conditional loglikelihood for %,

fen(¥) = £(0) — 5 1og i Oy, (22)

where the parameter A is required to be orthogonal to .
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Recent likelihood theory gives third-order p-values for testing scalar interest
parameters ¢(0) = 1. The p-value p(¢) is obtained from the signed likelihood

root
r = sgn(ih — v) [2{4(0) — £(0y)}]) "’ (2:3)

and an appropriate maximum likelihood departure () ; these are combined using

the Lugannani & Rice (1980) formula or the Barndorff-Nielsen (1986) formula

p() = @(r*) = o{r —r~"log(r/Q)} , (2.4)

where @ is the standard normal distribution function. From the latter, Barndorff-

Nielsen (1994) proposed an extended likelihood for v,

tmu(9) = —5(r")* +log 0r° /07, (25

where the partial derivative is taken for fixed ancillary and for fixed 5\¢ ; this treats

,r,*

as a variable with distribution on the contour with 5\,/, fixed.

For these determinations the variables t and a are assumed to be free of 1.
In many applications however the possible candidates for such variables do in fact
depend on 1 ; this difficulty arises even for the N(u,o?) with interest in u , where
the familiar departure measure t involves p . Fraser & Reid (1989) adjusted for
this dependence on the interest parameter by using a constant information metric
as the support for calculating probability density at the observed data. The de-
velopment assumed the initial variable was sufficient and of the same dimension
as the full parameter, and the computations required explicit expressions for the
particular conditioning or marginalising variable. The use here of the exponential
parameterisation by-passes these restrictions.

For the special cases where the appropriate conditioning or marginal variable

does not dependent on the parameter, we have that the determinations (2.1), (2.2)
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and (2.5) are all third-order accurate. More generally however the appropriate
variable does depend on the parameter, the difficulty does arise and the accuracy
typically falls to second order; this is discussed in §4 where examples show how the
new determination (1.2) attains third-order accuracy.

An extensive literature discusses relationships among these likelihood determi-
nations and provides other modifications for likelihood for component parameters;
see for example McCullagh & Tibshirani (1980), Fraser & Reid (1989), Barndorff-
Nielsen & McCullagh (1993), Severini (1998), Skovgaard et al. (2001) and references

therein.
3. MOTIVATING EXAMPLE AND DERIVATION

Consider the normal distribution on the plane for the variable y = (y1,y2)’
with mean 6 = (61,605)" and rotationally symmetric error. For asymptotic proper-
ties we take the variance to be of order O(n™!) or equivalently we take 6 to be at
a distance of order O(nl/ 2) from the origin; however, for simplicity of presentation
here we work with n = 1. We use polar coordinates and write y = (r cosa,rsina)’
and 0 = (pcosa, psina)’, and take « to be the interest parameter and p the nui-
sance parameter; for the case with p as interest parameter the difficulty does not
arise. A hypothesised value for a puts the mean of the distribution on a line L,
through the origin with angle a to the first axis. For coordinates rotated through

the angle a we have (pq,ds), where

Pa = Y1 COS @ + Yo sina = rcos(& — ),

do = —y18ina + ys cosa = rsin(éd — a) (3.1)

are respectively N(p,1) and N(0,1). We see that d, records directed distance

from the hypothesised line and with moderate continuity is essentially the unique

9



variable with distribution free of the nuisance parameter p. The probability element

for d, is (2m)~Y/? exp(—d?/2)dd, which gives the loglikelihood

as the direct assessment of « from data (y1,ys2); see Fieller(1954).

Now suppose we allow a normal error distribution with variance matrix Cn=1!,
and with no loss of generality take |C| =1 and for simplicity again take n = 1.
This can be viewed as a linearly transformed version of the previous symmetric
normal model and the structure of the parameter « is respected. For testing o we
have as before that d, in (3.1) has uniqueness as a variable with distribution free

of p; the probability element for d, is now (2702)~Y/2exp(—d?/202)dd,, where
2 _ .2 - 2
0, = €11 8In° o — 2¢12 SIn @ €OS @ + €22 €OS™ .

We thus see that the distribution for evaluating an observed d, changes when «
changes. In order to assess properly the probability differential for d, we need to
relate it to a distribution that does not change with «. This can be accomplished
by standardising the reference distribution or equivalently by using d,/o, as the

departure measure. This gives the loglikelihood
() = —== (3.3)

for a. This is of course just the appropriately re-expressed version of the likeli-
hood (3.2) as obtained with the initial symmetric version of the problem; in effect
we are acknowledging sample space invariance. Also these loglikelihoods coincide
with the loglikelihood ¢*(a)) given by (1.2), and provide the arguably definitive

determination of likelihood for this normal location context.
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Next suppose that 1) specifies a d-dimensional subspace through the origin.
The preceding arguments for the rotationally symmetric normal remain valid and
dy becomes a vector of p—d independent standard normal departures. This gives
the loglikelihood —%|dy|? with a (p—d)-dimensional standard normal as reference

distribution; this again coincides with the general determination (1.2).

For the general case, we have that the reparameterisation ¢(f) defines the
exponential model that produces general third order inference at the data point.
For assessing 1 (f) = 1 the departure is recorded essentially uniquely on é¢ = ég
which is a d-dimensional plane in terms of canonical coordinates. The observed
log-density is recorded as (6.3) in Fraser & Reid (1995) and it gives the likelihood
Lo (1) + 3 log|jax (8y)| , where here we take the nuisance information to be calibrated
just in terms of the given ¢ . We see, however, that the observed probability dif-
ferentials for different 1) values come typically from differently scaled statistical
models, this being the substance of the difficulty mentioned in §2 and noted for
the skewed normal earlier in this section. If we then replace the initial exponential
parameterisation by the symmetric version @(6), we find that the reference sta-
tistical models are in fact third-order equivalent as expressed in terms of the score
variables; some technical details are discussed in points (iv)-(x) in §6. The observed
likelihood for v is then given by (1.2) using the symmetrised ¢ and is seen to be

coming from a common model to third order as 9 varies.

4. COMPARISON OF LIKELIHOOD DETERMINATIONS

We now compare the likelihood determinations £*(v),#pn and fgr(¢) given
by (1.2), (2.1) and (2.5). Each uses in effect the same third-order calculation of
probability differential at the observed data and each is parameterisation invariant.

The difficulty that we discussed earlier arises in the search for a support differential
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that is appropriately free of the parameter v . The new determination £*(v)) is
obtained by requiring the same reference statistical model for each of the various
probability differentials for testing the 1 values. This was motivated in §2 by
examining the symmetric location normal on the plane and finding that the Fieller
likelihood was the correct likelihood; the equivalent normal skewed model then
demonstrated the need to standardize the likelihood differential against a common
reference model.

For the present comparisons we continue with the rotationally symmetric nor-
mal and then indicate in §6 how the general case after standardisation has the same
rotational symmetry with third-order formulas carrying the minor extension from
rotational normal form to general rotational form. The new determination (1.2)
gives the Fieller loglikelihood £*(a) = —(1/2)d2% /o2 .

The determination (2.1) for testing the angle o has j,,(8,) = 1 and 8p,/0p =

cos(& — av) for given & thus
N = £ (a) — logcos(a — a). (4.1)

The extra term is O(n~') and applies an O(n~') quadratic flattening (& — «)?/2
to the third-order likelihood. This flattening is in sharp disagreement with the
Fieller solution.

The determination (2.5) uses 7*, which for the symmetric normal is just d, =
rsin(&@— ) , in agreement with the Fieller solution. We then have that |0d,/0&| =

r/ cos(& — ) when calculated for fixed rcos(& — «). This gives
L (a) = £* () — log cos(& — a), (4.2)

which has the same O(n~!) quadratic flattening (& — «)?/2 added to the third-

order likelihood. We also see from the extra term in (4.2) that the r* probability

12



element is not being assessed against the appropriate Euclidean element supporting
the standard normal density.

Now consider the comparisons more generally. For this it is convenient to work
with a version of 6’ = (¢/, ')’ that has identity information jgg = I at the data
point and then let ¢(f) be the corresponding exponential parameterisation (1.6);
if follows that 6 and ¢ are equivalent to first derivative at the observed maximum

likelihood value. Simple calculations from (1.2) and (1.7) then give
* 1 A -
() =Lp(y) + 3 log [7ax(0y)] — log £, 4]

1 A 1 ~ -
= Lp() + 5 log [ (0y)] = 5 log [€3 5.8, 5|

1 A 1 = = s
={p(y) + 2 log 73 (0y)| — 2 log |£,\;1ﬁ'£;;¢f + A;i’zi\;f\'|‘
It follows that

Lok
which presents the departure from third order again as — log cos of an angle between
two subspaces coresponding to given 1/3 and given 9 .

For the extended likelihood (2.5) we have in a similar manner

gEL(O,’) = /* (a) + 10g |88(—z)|1[}’ (43)

where the partial derivative is taken for fixed ancillary and for fixed 5\¢ and (v)
is 19 recalibrated for fixed j\w in terms of the special symmetric exponenential
parameterisation. As 6 and the special ¢ coincide to first derivative at the max-
imum likelihood value we have that any second derivative difference provides the
departure of (2.5) from the Fieller solution. Also, by reversing (4.3) we see that

(2.5) can be modified towards (¢) rather than v to give third-order accuracy:
* 1 * * 7
b () = =5 (r")* + log [0r" /0 ()] (4.4)
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Barndorff-Nielsen & Cox (1994, p.267) discuss the modified profile likelihood
(2.1) in relation to three possible factorisations to isolate 1 from the model den-
sity f(zﬁ,j\;w,)\) conditional on an appropriate ancillary: (a) a marginal fac-
torisation f(1;9)g(A|1;10, A) as in the original derivation for (2.1), (b) a condi-
tional factorisation g(j\; P, A f (1&\5\, ¥), (c) a generalised conditional factorisation
g(jxw; v, A f (1&|5\¢, 1), where in each case the f factor is used for the sought-after
likelihood. They note that “... in all three of the above cases the modified profile
likelihood approximates the target likelihood to O(n=3/2) in regions of the form
{4 : |t — 9| < en=/2} 7. The order of the preceding approximations seems not to
be at issue but the appropriate target likelihood is.

For this is suffices to examine the rotationally symmetric normal with the Fieller
(1954) angle «, as this presents all the complications of the general asymptotic
case. The factorisations (a) and (b) are not available for assessing the angle « but
a version of (c¢) is available. The conditional distribution given 5\¢ or specifically
given p, = rcos(@é —a) is N(0,1) in the Euclidean coordinates of the problem.
But the conditional distribution using the indicated & coordinates has probability
element

(27‘(’)_1/26_(1‘2’/27' cos (& — a)da

which gives the target log-likelihood —d? /2—logcos(d¢—a) and coincides with (4.1)
but is not in agreement with Fieller. Thus we see that the target likelihood based

on the factorisation (c) is inappropriate and leads to the O(n~!) discrepancy.
5. SOME EXAMPLES OF COMPONENT LIKELIHOOD

Example 1. Normal location-scale model.  Consider the simple case of
a sample ¥i,...,y, from the N(u,o?) distribution and suppose we are interested

in the likelihood for the component parameter p. Almost any set V = (v1,vq) of
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linearly independent vectors not tangent to the maximum likelihood surface 0 =
60 will extract a version of the exponential parameter, but a familiar version is
available immediately as the model itselfis a (2.2) exponential model with canonical

parameter ¢ = (u/0?,1/0?)" . The profile likelihood is

AN \
Lp(p) = (ﬁ) =(1+T%)7%, (5.1)
where T? is the ratio of the usual sum of squares with s2 = X(y; — #)? and

T = /n(§ — p)/s = (n —1)"Y/?t giving the connection to the usual ¢ quantity.
The quantity 7 is O(n~'/?) but does provide simpler expressions as with (5.1).
We also see that (5.1) is proportional to the usual Student density function when
T is expressed in terms of ¢.

The model has location-scale properties and thus it suffices to use a special
data point having 4§ = 0 and s? = X(y; — 4)? = n and yet obtain general results.
This choice gives 6 =1 and 6, = (1+T?) =1+ p® with p= O(n=1/2) for the

moderate deviations range. The observed information for ¢ is

. _[(n O
J‘W_On/2’

and the observed information for the modified @ = (v/nu/o?,/n/v/202)" is equal
to the identity. The constrained nuisance information is j,242(6,) = n/ 267, and the
recalibrated nuisance information is j(,2,2)(0,) = (1+72)%/(1+2u2) = 1+0(n"2).
This gives £*(u) = ¢p(u) , which is the profile (5.1) and is the very natural ¢(n—1)
density expression that describes the location pu .

The modified profile likelihood (2.1), the approximate conditional likelihood
(2.2) and the extended likelihood (2.5) all lead to (1 + T?)~("=2)/2  which corre-

sponds to a t(n — 3) density for ¢; in a certain technical sense this underestimates

15



the available precision by 2 degrees of freedom and corresponds to the quadratic

flattening mentioned in the paragraphs after (4.1) and (4.2).

Example 5.2. Normal regression model.  Consider the normal regres-
sion model y = X[+ oe, where e is a sample from the N(0,1) distribution, and
suppose that (3; is the parameter of interest. We assume that 2 has dimension r
and thus p =r+1. The details follow closely those for the preceding example and
it suffices to use a canonical version of the design matrix with say X = (I 0)'. Let
s = X(y; — 9:)® = Xy2,,; and let T? = (y; — (1)?/s?, which is the ratio of the
usual sums of squares; then

2 2 g
R S R S o
0'2:— y 0'%1:%(1"‘112) s

A

2
fo—14+T2.

Again because of invariance properties it suffices to take a special point with

2 =1 and 62 = (1+ T?). The profile

y1 = 0 and s> = n, which give & X

likelihood is Lp(f1) = (1 + T?)~%. The nuisance parameter can be taken equal
to X = (Bs,..., B, 0?) with information determinant |J,\>\(9Ag1)\ =n/2(63, )" 1t?
and recalibrated information determinant [7x)(93,)| = (63,) D+ (14267 /n) .
The likelihood for B; is then obtained from (1.2) using (1.3): L*(81) = (1 +
T72)~{r=(r=1}/2 to the third order, where we have again used the simplification
(14+T%H%2(14+27T%) ' =1+ 0(n"2) . The new likelihood corresponds to the seem-
ingly appropriate t(n—r) density. For comparison we note that the modified profile
likelihood (2.1) and the extended likelihood (2.5) correspond to the t(n —r — 2)
density and thus have the familiar O(n~1) quadratic flattening. The avoidance of
the 2-degrees-of-freedom shortfall is due partly to the use of the canonical param-
eterisation and partly to the symmetrisation of the observed information for the
chosen canonical parameterisation.

Now suppose the interest parameter is B1) = (B1,...,04) . Again we let
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52 = Y(yi—3:)? and have T2 = 3"%(y;—3;)?/s? , which is the ratio of the usual sums
of squares for testing the hypothesis concerning the interest parameter. Calculations
as above then lead to the third-order likelihood L*(8(1)) = (1 + T?)~{n=(r=d}/2
This corresponds to the rather natural multivariate Student density with the degrees

of freedom equal to that for the corresponding multivariate ¢-type test statistic.

As noted in §2 the difficulty in determining likelihood for components arises
when the apparent support differential involves the interest parameter as in the
simple normal Example 1, the underlyng structural feature being the rotation of
the line L, with change in the interest parameter «. In an exponential model
context this commonly occurs when the parameter of interest is a ratio of canonical
parameters. A similar phenomenon arises in the general case as indicated in §4 and
point (vi) of §6. Without such rotation of the interest parameter on the canonical

parameter space the difficulties with the various determinations seem not to arise

6. RECENT THEORY AND THE DERIVATION

Recent likelihood theory has worked primarily with continuous statistical mod-
els and has produced highly accurate third-order p-values for scalar parameter

components. We summarise some relevant results from this theory.

(i) Reduction by ancillarity. Asymptotic theory has elicited the patterns in an
asymptotic model and produced a reduction from an initial variable of dimension n
to a conditioned variable of the same dimension p as the parameter; the condition-
ing uses an exact or approximate ancillary, a(y) say, of dimension n—p (Fraser &
Reid, 1995, 2000). In the special cases where a full sufficient statistic is available,

the conditioning duplicates the more familiar sufficiency result (Fraser, 2002).

(ii) Tangents to the ancillary. In the presence of independent scalar coordinates
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or in the presence of independent vector coordinates each with an associated pivotal
quantity, reasonable continuity shows that conditioning is essentially unique for
third-order inference and that only the observed likelihood £°(#) and the observed
likelihood gradient ¢(f) from (1.4) or (1.5) are needed for third-order accuracy. In
the presence of a full n-dimensional pivotal say z(y) the vectors v are available

(Fraser & Reid, 2000) as
V= -z, (y%0%z0 (% 0°). (6.1)

Also in the presence of an exact full ancillary a(y) the vectors V are available as a
basis for the orthogonal complement of the ancillary gradient (9/9y)a’(y) ; this can
be obtained as the last p row vectors of A=, where A = (0/9y){a'(y),%e:(0;y)}
evaluated at (y°,0°).

(iii) Tangent exponential model. Various possible conditional distributions as
discussed in (i) can have the same ingredients £°(0), () and yet differ by O(n™1!)
but still give the same third-order inference. With these various possible models it
is convenient to work with a familiar type, the exponential which can be expressed

explicitly as

f(s;0) = (2m) 2" exp{£°(p) — £2(¢°) + 5" (0 — ")} 35", (6.2)

where k is constant of order O(n~1), £9(f) has been reexpressed as £°{0(y)} in
terms of the canonical ¢, and s is the score variable with s = 0; this is called
the tangent exponential model (Fraser & Reid, 1993, 1995); see also Fraser, Wong
& Wu (1999).

(iv) Marginal model for testing 1 . For testing 9(p) = ¢ of dimension d
and using the exponential model (6.2) we have (Fraser & Reid, 1995) that the

relevant testing distribution is essentially unique as presented on the score plane
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5\¢ = 5\% This plane intersects the contours of the ancillary for that 1 value
and accordingly the probability on the ancillary contours can be projected for fixed
ancillary value and examined on the intersecting score plane. This gives the usual
conditional exponential model referred to now as the profile support combined with
a nuisance information factor obtained by integrating over the contours given the
ancillary (Pierce & Peters, 1992; Fraser & Reid, 1995; Cheah et al, 1995). The
plane passes through s = 0 and is defined (Efron, 1978) by the span of the d
vectors 81/)’(g0)/6<p|¢%.

(v) Simplified notation. Now for ease of presentation we assume that both
and A\ are scalars. Let (f) in (1.4) be the canonical parameter defined at the
data y° and suppose that it has been centred so that ¢° = 0 and scaled so that
]&p = I . For the interest parameter @ suppose that it has been centred so that
¥° =0 and scaled so that 91/dp; =1, OY/0ps =0 at ¢°.

(vi) Nonlinearity of 1(p). We expand ¥ (p) at ¢° =0,

»(p) = o1+ c1193 /20" + o102 /0 + o003 /2012,

1/2

and we reexpress it so that ¢ — c119?/2n becomes just v ; this gives

P(p) = 1 + crap1p2/2n? + ca203 /201 /2. (6.3)

Then, with £°(¢) = —(p? + ¢3)/2 + O(n"2) | we obtain @y = (1, cr29?/n/2)’
and the unit gradient vector to ¥(¢) at @y is uy = —(1,c12%/n'/2)" to order
O(n~1). Tt follows (Fraser & Reid, 1995) that the distribution for assessing 1 is

1/2 {0 the first axis

on the line L(uy) in score space which is at an angle ci2¢/n
sg = 0. The vector u, plays a crucial role in the definition (Fraser & Reid, 1995;
Fraser, Wong & Wu, 1999) of @ for the p-value (2.4), and the squared term with

coefficient coy in (6.3) is intrinsic to the Bayesian-frequentist difference as discussed

in Fraser & Reid (1996, 2002).
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(vii) The profile support. The log density from (6.2) can be expanded (Fraser
& Reid, 1993; Abebe et al., 1995) in terms of re-expressed coordinates § about the
maximum density point, where § = s to order O(n™!). If we examine along the
line £(0,1) = L(u,), the cubic term is a11153/6n'/? | and along the rotated line

L(uy) the cubic term is
(a111 + 3¢} c12a112/n )53 J6n1/2, (6.4)

where we have replaced ¢ by ¢ using (6.3); the quartic term is unaffected to order
O(n=3/?) by the rotation, and also the norming constant analogous to & in (6.2)
is unaffected by the rotation. Of course the primary quadratic term is unaffected
by the rotation because of the initial symmetrisation of the full information.

(viii) The nuisance adjustment. The nuisance effect adjustment comes from
the integration mentioned in (iv) above and appears as the square root of a ratio
of information determinants. At issue is whether or not there is a further factor
derived from the rotation; in (vii) it was shown that the rotation has no effect using
standardised coordinates and thus the information determinants carry the essential
information.

(ix) Rotationally symmetric model at the data point. The rotation discussed in
(vii) adds a ¢; term to the cubic term as seen in (6.4). This added term can be
moved to the tilt term in (6.2) and then §; can be redefined as 35, + c12a11257/n .
This gives a rotationally symmetric density subject to an exponential tilt.

(x) The marginal likelihood. The marginal density for §; at the data value
based on the symmetrised model then gives the likelihood (1.2) using (6.3) in Fraser
& Reid (1995).

(xi) Uniqueness of the third-order marginal likelihood. The derivations in this

paper have used (a) conditioning given an appropriate ancillary, (b) marginalization
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to obtain a probability differential that describes the interest parameter 1 , and (c)
symmetrisation of the canonical parameter to obtain a support differential that is
free of 9. Under moderate regularity the conditioning (a) is unique (Fraser &
Reid, 2000) with independent scalar coordinates or with independent vector coor-
dinates and a pivotal to describe how the coordinates measure the parameter. The
marginalization (b) gives a unique probability differential as described in Fraser &
Reid (1995). The symmetrisation (c) gives a unique target likelihood for the third-
order theory. The complication mentioned in §2 of finding an appropriate support
differential for assessing an interest parameter has thus been linked to the presence
of non-parallel contours for the interest parameter as expressed in the canonical pa-
rameter space; the ratio of canonical parameters in an exponential model provides
the prominent example.

Some additional detail concerning the examples and the derivation is available
from ftp://utstat.toronto.edu/pub/dfraser/219vx.pdf in the form of earlier

versions of this paper where x is a version number.
7. DISCUSSION

Recent likelihood asymptotics has largely resolved the search for p-values for
scalar parameters, at least for continuous statistical models. The search for com-
parable likelihoods for component parameters has however been more elusive and
key contributions have assumed the presence of some single variable that provides
either a marginal or conditional assessment of the interest parameter. In many cases
however the natural variable for this is found to depend on the parameter being
tested as is the case with the ¢-variable for assessing a normal mean.

Our approach here has been to examine the large sample approximate form of

the model that provides the assessment of a value ¢ and to note that this model
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typically depends on . We then standardise the support variable and obtain
a common model form; the probability differential describing ) then gives the
loglikelihood function (1.2) which conforms to third-order calculations. It avoids
some familiar anomalies and leads to the correct degrees of freedom for various

examples where there is a likelihood otherwise viewed as acceptable.
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