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ABSTRACT

Sufficiency has long been regarded as the primary reduction procedure to simplify a
statistical model. And the assessment of the procedure involves an implicit global repeated
sampling principle. By contrast conditional procedures are almost as old and yet appear
only occasionally in the central statistical literature. Recent likelihood theory examines the
form of a general large sample statistical model and finds that certain natural conditional
procedures provide in wide generality the definitive reduction from the initial variable to a
variable of the same dimension as the parameter, a variable that can be viewed as directly
measuring the parameter. We begin with a discussion of two intriguing examples from the
literature (Welch, 1939; Cox, 1958) that compare conditional and global inference methods
and come quite extraordinarily to opposite assessments concerning the appropriatenss and
validity of the two approaches. We then take two simple normal examples, with and with-
out known scaling, and progressively replace the restrictive normal location assumption
by more general distributional assumptions. We find that sufficiency typically becomes
inapplicable and that conditional procedures from large sample likelihood theory produce
the definitive reduction for the analysis. We then examine the vector parameter case and
find that the elimination of nuisance parameters requires a marginalization step, not the
commonly proferred conditional calculation that is based on exponential model structure.
Some general conditioning and modelling criteria are then introduced. This is followed
by a survey of common ancillary examples which are then assessed for conformity to the
criteria. In turn this leads to a discussion of the place for the global repeated sampling
principle in statistical inference. It is argued that the principle in conjunction with various
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optimality criteria has been a primary factor in the longstanding attachment to the suffi-
ciency approach and in the related neglect of the conditioning procedures based directly
on available evidence.

1. INTRODUCTION

Sufficiency has a long and firmly established presence in statistical inference; it pro-
vides a major simplification for many familiar statistical models and often gives a variable
with a simple relationship to the parameter. The assessment of this reduction of the statis-
tical problem is done implicitly in terms of repeated performances of the full investigation

under study; call this the global repeated sampling principle.

Certain conditional methods have almost as long a history in statistical theory but
rather strangely are discussed and used extremely rarely. In Section 2 we examine two
important early papers (Welch, 1939; Cox, 1958) that discuss conditional inference and
quite extraordinarily come to opposite views on the merits for conditioning. It can be noted
however that the two papers differ in their orientation towards statistics, the first being
decision theoretic and the second being inferential. The conditional approach examined
in the second paper does violate however the global repeated sampling principle, as the
model used for statistical inference refers just to repeated performances of the measurement

instrument that actually gave the observed data.

In Sections 3 and 4 we examine two simple normal measurement contexts and find
of course that sufficiency produces the essential variables for forming tests and confidence
procedures. In each of these Sections we then progressively replace the normality and loca-
tion relationship by alternative conditions concerning the distribution form and continuity
in the parameter-variable relationship. We find that sufficiency is no longer available and
that definitive conditioning procedures from recent likelihood theory give the appropriate
variable with simple relationship to the parameter. We also find that if these procedures
are applied to the initial location normal cases, they duplicate the results from sufficiency.

We are thus led to the view that sufficiency and the global repeated sampling principle
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have together been a major delaying factor to the recognition of the conditional approach.
These two sections also include an overview of the methods provided by recent likelihood
theory; these methods in wide generality produce highly accurate p-values and highly accu-
rate likelihoods for component parameters of interest. The methods are assessed in terms
of just the measurement processes that gave the actual data; accordingly the methods do
not conform to the global repeated sampling principle.

In Section 5 we examine criteria for the use of conditioning and for the construction
of statistical models for purposes of statistical inference. In Section 6 we survey some
traditional ancillary examples and how these relate to the criteria in Section 5. Then
in Section 7 we consider the role of global repeated sampling assessments and how these

assessments interact with familiar optimization criteria.

2. TWO MEASUREMENT INSTRUMENTS

As part of a general discussion of statistical inference, Cox (1958) considers two mea-
surement instruments, both unbiased and normal but with different variances; the context
includes an equally-likely random choice of which instrument to use to make a single mea-
surement on a parameter . The example is discussed in Cox & Hinkley (1974, p.96) and
Casella & Berger (2002), but despite its importance seems not to appear in most texts on
statistics. A somewhat related example had been considered earlier by Welch (1939).

Cox initially considers the appropriate sample space for statistical inference but then
develops this in terms of conditioning on an ancillary statistic (Fisher, 1925, 1934, 1935). A
statistic is ancillary if it has a fixed distribution, if its distribution is free of the parameter
in the problem. A related notion of reference set was introduced in Fisher(1961).

Cox notes that the indicator variable say a for the choice of measurement instrument
has a fixed distribution with probability 1/2 at @ = 1 or 2 according as the first or second
instrument is used; a is thus ancillary. The Fisher conditionality approach is to condition

on the observed value of the ancillary a and thus to use the normal model corresponding
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to the instrument that actually made the measurement. From a practical perspective this
seems very natural and some related theory is developed in Section 5.

Cox (1958) and Cox & Hinkley (1974) consider the two measurment instruments
example numerically in terms of the testing of a point null hypothesis. We recast this in
terms of confidence intervals.

Ezample 2.1. For the two measurement instruments we assume that the standard
deviations are 1000 and og, respectively. A 95% confidence interval based on the mea-

surement instrument actually used has the form

(y £ 1960y) if a=1,

(y£1.960¢) if a=2. (2.1)

Suppose now that we consider the problem in terms of ordinary confidence methods and
then invoke some optimality criterion such as minimizing the average length of the confi-

dence interval. We might then prefer the following 95% confidence interval:

(y£1640p) if a=1

(y + 500) if a=2. (2.2)

We can see that this has 90% conditional confidence if @ = 1 and has almost certain con-
ditional confidence if a = 2; and we then see that this averages and does give the desired
95% overall confidence. The first interval (2.1) has average length 197.960¢ and the sec-
ond interval (2.2) has a substantially shorter average length 1690,. The second interval
(2.2) acquires this shorter average length within the overall 95% confidence by presenting
a slightly longer interval in the precise measurement case a = 2 and a very much shorter
interval in the imprecise measurement case a = 1. A similar argument in the hypothesis
testing context shows that the overall power of a size a test analogous to (2.1) can be
increased by allowing a slight decrease in power in the precise measurement case with a
large increase in power in the imprecise case. The raw message for applications from this
optimality approach is: Get your minimum length or maximum power where it is cheap

in terms of contribution to confidence level or test size. Here, we are viewing this in terms
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of a random choice of measurement instrument. But we could also view it in a larger
context, say that of a major consultant that advertised that his 95% intervals are shorter
on average. His policy might be: give the clients with more accurate measuring instru-
ments longer intervals and give the clients with less precise instruments shorter intervals.
He thus maintains the overall confidence level at 95% but is able to provide shorter con-
fidence intervals on average than some other confidence interval provider who might feel
constrained to restrict the coverage probability at 95% for each instrument used. This
would perhaps not be done overtly but is presented here because of its patent violation
of good sense and because the phenomenon as just described is intrinsically embedded in
almost all applications when an optimality approach is used. The next example will clearly
display this strange trade off.

Let us consider now the two measurement instruments example in Welch (1939). For
this we have two measurements y1, yo of # with independent errors that are uniform
(—1/2,1/2); there is nothing special in the choice of a uniform distribution other than
simplicity and its clear departure from normality in the form of very short tails.

Ezample 2.2. The variable (y1,y2) has a uniform density equal to 1 on the unit
square (6 —1/2,0+1/2) x (0 —1/2,0 +1/2). If we take z; =7 and 29 = (y2 — y1)/2 we

see easily that z; has the triangular density
p(z2) = 2(1 = 2[2])

on the interval (—1/2,4+1/2) and that z;|z2 has the uniform density
p(zilz2) = (1= R)™

on the interval {#+(1—R)/2}, where R = 2|z5| is the sample range for (y1, y2). Obviously 2,
is ancillary. And clearly it is describing the physical nature of the sample, the within-sample
characteristic as typically presented by residuals. Its analog in more general contexts is

called a configuration statistic. A [ level confidence interval conditional on the ancillary
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R is then given as
{v£8(1-R)/2} ; (2.3)
the 8 = 75% acceptance region for testing a value 6 corresponding to (2.3) is recorded in
Figure 1la.
A likelihood ratio argument can be used to obtain the most powerful (often called,

rather inappropriately, most accurate) unbiased or symmetric S—level interval:

1 — 1— 1/2
{yiTR} if R><T'B) ,

L J1+RrR [1-p8\"? , 1-8\"?
y:l:{ 5 —( 5 ) }] if Rg(T) .

This interval gives the full range of possible 6 values for large R. The 8 = 75% acceptance

(2.4)

region for testing a value 6 corresponding to (2.4) is recorded in Figure 1b. Similarly a
length-to-density ratio argument can be used to obtain the shortest on average symmetric

B = 75% confidence interval, it has the form
1—-R
(1+157) it R>0-VA),
P if R<(1-+/B).

This confidence interval is either the full range of possible # values or the empty set; the

(2.5)

acceptance region corresponding to this confidence interval (2.5) is recorded in Figure lc.
Again we see that we can reduce average length or gain power by removing the requirement
that the confidence level be controlled conditionally. Also we note that the two optimality
criteria lead to quite different confidence intervals, both with rather extreme properties. In
particular, the most powerful 75% interval is the full range of possible values some of the
time (and then always covers 6), the minimum average length 75% interval is the empty
set 25% of the time (and then never covers ). These are certainly extraordinary and
unpleasant properties that hopefully would not easily be explained away to a client.

Cox (1958) offers general support for the conditionality approach from Fisher (1961).
Welch (1959) invokes optimality conditions and argues against conditionality using a sim-

ilar example. Similar opposite viewpoints may be found in Fraser & McDunnough (1980)
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and Brown (1990). The viewpoint from Fisher and Cox and supported here is that anoma-
lies such as these argue in fact against the appropriateness of the optimality approach
applied on a global or repeated sampling basis. Indeed optimality criteria and global prob-
ability assessments lead generally to analyses that do not acknowledge clear and evident

characteristics in particular circumstances.

3. SCALAR PARAMETER MEASUREMENT EXAMPLES

3.1. Measurement with known normal error. Consider a very simple example
with known normal measurement error: let y be normal (6,02) with observed data y°.
The observed likelihood function is available immediately,

Lﬂ(e):cexp{—i(yo—w} _ <y0_9>, (3.1)

2
20

where ¢ is the standard normal density. It has maximum value at °, has normal shape,
and is scaled by og; and it displays how much probability sits at the data point under
various possible 6 values. The observed p-value function is

p°(0) = @ <y0_0>, (3.2)

00

where @ is the standard normal cumulative distribution function. This records the left tail
probability at the data point y° when the parameter has the value 6; it can be viewed as
presenting the percentile position of the data y° relative to the distribution for y that is
indexed by 6. In more general contexts we can typically interpret ”left” in the sense of
smaller maximum likelihood value.

An end user might be interested in a right tail or a two tailed p-value, but we take
the left p-value as in (3.2) as the elemental or primitive inference summary from which the
others can be derived; this is in accord with the conventional definition for a distribution
function. The p-value records the percentile position of the data point relative to the

distribution indexed by 6.



Suppose now that we are in the sampling context with data (39, ...,32); the familiar
sufficiency argument then gives a reduction to the sample average 7. The observed like-
lihood and observed p-value p°(f) are then available as L°(#) in (3.1) and p°(f) in (3.2),
but with 3° replaced by 7° and o replaced by oq/+/n. The likelihood function and the

p-value function give two complementing assessments of the unknown 6.

3.2. Measurement with known nonnormal error. Suppose now that we know the
shape and scaling of the error distribution, say the logistic or even the Student distribution
with 7 degrees of freedom often cited as having an appropriate thickness in the tails. Let
f(e) be the error density and suppose for convenience that f(e) has been centered at e = 0;
for an asymmetric distribution there would be arbitrariness in the centering choice, but this
has no effect of substance on the considerations here. We thus consider the measurement
y with model f(y — ) together with observed data value 3°.

For some of the discussion we can be even more general and consider y with model
f(y;0) together with observed data y°. Then, as in Subsection 3.1, we have that the

observed likelihood function is
L2(0) = cf (4°,0) (3.3)

and the observed p-value function is

p°(0) = F(y°;0) (3.4)

where F'is the cumulative distribution function corresponding to f. Confidence intervals
are available immediately by the standard inversion of (3.4); for example, the central 95%

interval (A1, 0y) is obtained by solving

A~

p°(0r) = 975,  p°(fy) = .025,

where we are assuming for convenience that the distribution shifts to the right with in-

creasing 6. For the moment we are examining just the case with a single measurement

Y.



A primary theme in this paper is that observed likelihood and observed p-value func-
tions are primary inference elements and are available in wide generality and with little
computational difficulty. Towards this a natural next step is to consider a sampling sit-
uation, or more generally a multiple response situation. With nonnormal f(y;6) or with
varying f;(y;, 0) the simple reduction by sufficiency is almost never available. We will see
however that definitive conditioning is readily available, and for this we first examine the

case with direct location modelling.

3.3. Multiple measurements with location parameter. Consider a sample (y1,- .-, Yn)
from a distribution f(y — #). The residual vector a(y) = (y1 — 7, ..,Yn — J)' is describing
the pattern within the sample and is easily seen to have a fixed parameter-free distribution.
To make this transparent we write y; = 0 +e; where (e, ..., e,) is a sample from the error
distribution f(e). Then a(y) = (y1 — ¥,---,yn — J)' = (e1 — €,...,e, — €)' = a(e); this
clearly shows that the distribution for a(y) depends only on the error sample (e, ..., e,)
and is thus free of the parameter 6. The residual vector is sometimes called a configuration
statistic; it is ancillary and in addition is directly presenting key observable characteristics
of the underlying or latent errors; recall the discussion in Example 2.2.

Now consider observed data (y?,...,42). From this we know that the ancillary a(y)
has observed value a® = a(y°) and then in accord with the conditionality approach we work
with the conditional model given the observed configuration a(y®) = a®. This conditional

model can be derived in various ways and can be expressed as a density for say ¥ given a°:

9@ a%0) =kfG+al—0)-- fy+a) —0),

where k is the norming constant and in most applications would be obtained by numerical
integration at the same time as a probability of interest was calculated by the appropriate
numerical integration.

The usual derivation of a conditional model requires the calculation of a Jacobian to

new variables, here 7 and a(y). The derivation can be presented quite simply by noting
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that the new variables are both linear and in fact are orthogonal: ¥ records position in the
direction of the one-vector, and a(y) records position in the directions of the orthogonal
complement £1(1) of the one-vector. In effect we are finding the distribution of one
coordinate given the remaining coordinates, all after an orthogonal transformation. The
Jacobian is thus constant and the conditional density up to a norming constant is available
as just the full density reexpressed in terms of the new variables.

For an alternative expression for the conditional distribution we note that the observed

likelihood is

L%(0) = cf(yy — 0) - f(yn — 0) (3.5)

and we can thus write

9@ a®%0)=L°0-5+7°) (3.6)

where the proportionality constant ¢ in (3.5) is taken equal to the appropriate norming
constant k£ described above.

The observed p-value is then obtained as the integral of the conditional model:

—0 -0

P°(6) = / " @] a%0)dy = / D L0y = / T@ds. (37

—o00 —00 6

Note that this has been expressed as an integral of observed likelihood and in fact happens
to be the Bayesian survival probability derived from the flat or uniform prior 7(0) = k.
Also note that for the special case with normal error density we have that (3.5) and (3.7)
duplicate the results (3.1) and (3.2) for the normal case. We thus see that sufficiency works
essentially just for the simple normal model but that conditioning works in the general
case and in doing so reproduces the special earlier result for the normal case.

When we examine a still more general case in the next subsection we will see that for
implementation we do not need to know the full ancillary or full configuration statistic. It
suffices to know just the nature of the conditioning at the observed data point. In fact we

will see that highly accurate p-values are available quite generally using just the observed
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likelihood L°(0) and the gradient of the log-likelihood 1(#; %) calculated at the data point in
what we will call a senstivity direction, a direction say v in which the ancillary is constant
in value. At this stage, it is easy and also of interest to see what such a vector would be
like. If a(y) = a° then a point y has projection (y1 —7,...,yn —7) = (a?,...,ad) on the
orthogonal complement £1(1) of the one-vector; the points with such fixed projection lie
on the line a® + £(1) and a tangent to the line is of course just in the direction of the one
vector; thus v = 1 or some multiple of it. This vector tells us what the ancillary looks
like near the observed data point; it just happens here in this location model case that
the tangent vector is the same vector at all the possible data points. More generally for

accurate inference, we do not need the appropriate ancillary explicitly, it suffices to have

just its tangent vector at the data point, and we will see that this is easily obtained.

3.4. Multiple measurements with scalar parameter. With a location model f(y —
) we see that a change in the parameter 6 causes a shift of the distribution by a cor-
responding amount. And we can refer to this as y-change caused by #-change and write
dy/df which for this simple location model has the value 1; for this we should understand
clearly that the derivative is taken for fixed value of the error quantity e = y — 0. For a
more general case with distribution function F'(y;6) we note that a small increment say ¢
of the parameter from a value 6 causes a shift of the distribution by an amount vé at a

point y where
OF (y;0)/00
~OF(y:0)/9y’
For this we take the probability position of the point y to be given by its p-value F(y;6);
and we hold this mathematically fixed as we examine how # change causes y change using
the total differential of F. Correspondingly we call v = v(f) the sensitivity of y relative
to 6. Indeed this agrees with the sensitivity as mentioned for the location case in the

preceding subsection.

When we speak of the probability position or the p—value of a point y we are presenting
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the same information as the traffic monitor when he asserts that you are driving at the
99.5 percentile; the statistical position relative to other cars would be clearly understood.

Now consider independent measurements yi, ..., y, where y; has model f;(y;; 0) with
distribution function Fj;(y;;0). A change § in 6 causes in the manner just described a

change v;0 in the coordinate y;; this gives the sensitivity

_ OFi(y;;0)/00
O0F;(yi; 0)/0y;

for the ith coordinate. With a data point (¢?,...,4%) we could then reasonably be inter-

vi(0) = (3.8)

ested in the sensitivity vector

v ={v1(6°,...,0,(8°)} (3.9)

at the observed data y° corresponding to change in § at the maximum likelihood value
0 =6°.

As a simple example consider the regression model with independent coordinates and
y; = Px; + e; where the errors have a known distribution and the covariate values z; are
known. The effect of change in 8 on the response vector is then given as v = x which is
the very simple design matrix. A second example is given at the end of this subsection.

In any case, likelihood theory establishes v as the tangent vector to an approximate
ancillary suitable for highly accurate likelihood inference. Whether the physical suggestion
of sensitivity under parameter change has persuasive value, it does provide the basis for
the arguments that lead to the ancillary property (Fraser & Reid, 1995, 2001).

Recent likelihood inference theory focuses on the likelihood function and in wide gen-
erality produces results that have high accuracy as opposed to the first-order accuracy
when standard normality normality is ascribed to the score or maximum likelihood de-
parture measures. By high accuracy we mean that the approximation errors are of order
O(n~3/2) where n is the sample size or some equivalent indicator of data dimension; and
being based on likelihood the approximations can have extraordinary accuracy even with

very small samples.
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For these recent likelihood approximations we need two special first order departure
measures. Let L(f) be the observed likelihood and £(f) be the observed log likelihood. If

we then write

L(QA) = exp {£(0) — £(0)} = e/ (810)

L(0)

and solve for r with an appropriate sign we obtain

r = sgn(f — 0)[2{¢(6) — £(6)}]" (3.11)

called the signed likelihood root. The second departure measure is a standardized maxi-

mum likelihood departure

g = sgu(0 - 0)|0(0) — 0(0)1; (3.12)

where j,, = —(0%/0¢2)£(0;9°) |4_go is the corresponding observed information. This has
certain rather special features that turn out to be very important: the standardization
is with respect to observed and not the usual expected information; and the departure is
calculated in terms of a special reparameterization ¢(6). The use of the special parame-
terization ¢(0) is essential: it needs to be obtained as the gradient

0(6) = - 0(0:9) ly=y (313)

of likelihood at the data point and calculated in the sensitivity direction v discussed above.

For (3.13) a directional derivative d/dv is defined by
(d/dv)h(y) = (d/dx)h(y + 2v) |z=0 -

Certainly we would expect likelihood at and near a data point to be important and the
use of the sensitivity direction as being a plausible way to examine likelihood near the
data point; but for some background motivation and details see Fraser & Reid (1993,

1995, 2001). We do note that ¢(f) can be replaced by any increasing affine equivalent
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ap(f) + b without altering ¢; but any further modification of the reparameterization can
destroy the high accuracy. The special reparameterization will be called the exponential
reparameterization as it takes the role of a canonical parameter of a closely approximating
exponential model (Fraser & Reid, 1993).

The observed p-value p°(f) for testing 0 with observed data y° is then given by

0 _ 0 i o l ,,,,O
$°0) =267 + (5 - ) o) (3.14)
p(0) = {1 — (1/r°)log(r"/4")} (3.15)

where 70 and ¢° refer to the observed values obtained from (3.11) and (3.12). These
formulas (3.14) and (3.15) for combining the likelihood ratio and maximum likelihood
departure measures are due to Lugannani & Rice (1980) and Barndorff-Nielsen (1986)
as derived in particular contexts; the p-value has third order accuracy and conforms to
appropriate ancillary conditioning (Fraser & Reid, 2001).

In the special normal case described in Subsection 3.1, the quantities  and ¢ are both
equal to (y — 0)/(0o/+/n). The formulas (3.14) and (3.15) do have numerical difficulties
near 0 = 6° where both r and q are equal to zero. Of course, we are usually not interested
in p-values near the maximum likelihood value, but simple bridging formulas are available
(Fraser, Reid, Li, Wong, 2003).

In the location model context in Subsection 3.2, the reparameterization ¢(0) becomes

the familiar score parameter
p(0) = 2 £0;9°) = ~L(0;9°)
00 "’ ’

where the subscript 6 denotes differentiation with respect to 6; formulas (3.14) and (3.15)
then give third order approximations to (3.7).
Now to illustrate the accuracy of the approximations (3.14) and (3.15), consider a

sample from the density function 6 exp{—6y} on the positive axis. For a coordinate y; we
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obtain the log likelihood £;(0) = log # — Ay; and the log-likelihood gradient is ¢;(6) = —6.

From this we obtain the overall log likelihood

£0) =nlogh— 0 y;.

A natural pivotal for the ith coordinate is fy;; this has a fixed distribution of course

with distribution function F;(y;;0) = 1 — exp(—0y;). For the vector case this gives the n

dimensional pivotal (y10,...,y,0). From this we obtain the sensitivity vector
Y1 Yn !
v(y,0) = (——,...,——) .
(y,0) 7 7

If we examine this at (y°, éo) we obtain the related sensitivity vector
0 0\’

— oy 00y = [ YL _Yn
v(y)—v(y,é’)—( éoa'“a éo) ’

and the related reparameterization

Because the model is exponential, this ¢(0) is, of course, just the exponential parameter of
the initial model; and the sensitivity vector in this case where a full sufficiency reduction is
available has no effect on the calculation as all the possible directions yield the same repa-
rameterization. For a numerical illustration, consider the extreme case of a sample of n =1
from this very nonnormal distribution and examine the data point y = 1 relative to the
extreme parameter value # = 10. The familiar signed likelihood ratio r has value -3.6599;
with the common normal approximation this gives the p-value .000126. Alternatively the
maximum likelihood departure ¢ which has value —9; with a normal approximation this
clearly gives an unrealistic approximation. If however we use r and ¢ in (3.14) we obtain
the p-value .000046 which agrees very closely with the exact p-value .000045. As the model
here is a location model in mild disguise, the calculations also provide an approximation

to (3.7). The present type of calculation using (3.14) or (3.15) can be surprisingly accurate
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even for extremely small samples and extremely nonnormal distributions; for a range of

numerical examples see Fraser, Wong & Wu (1999).

3.6. Conditon to separate main effects. Our examples in this section were concerned
with a scalar parameter 6, and we began with the case of normal error with known scaling.
Sufficiency provided the reduction to the sample average and we obtained likelihood and
p-values directly. We then considered nonnormal location models, followed by general
models describing independent coordinates of a vector response. We found that conditional
methods produced accurate p-values while sufficiency methods were typically not available.
We also saw that when sufficiency was available the conditional methods reproduced the
same result as sufficiency. In Appendix A we show this holds quite generally: That if
sufficiency is available to simplify a problem, then in wide generality conditioning produces
the same result. Thus we hardly need sufficiency; it can be replaced by conditioning.
Indeed historically the extreme focus on sufficiency has distracted appropriate attention

from the serious consideration of conditional methods.

4. VECTOR PARAMETER MEASUREMENT EXAMPLES

4.1. Measurements with normal error. Consider the case of a sample (y1,...,¥yn)
from the normal (u,o?) distribution and let (y?,...,4°) be the observed data. The ob-

served likelihood function is

L, 0) = co ™ exp {— (;Z_); - "@;0__2”’)2 } (4.1)

where s> = ¥(y; — ¥)2. We could be interested in various parameter components, but we
choose just the simple location parameter u. From a general viewpoint we might want a
likelihood for u; there are recent developments for this (for example, Fraser 2003), but to
address them here would take us from the main theme of this paper. A p-value however is

directly available and widely accepted:
=0
0 - H y —H 4.2
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where H is the Student(n — 1) distribution function. This can be argued in various ways.
The statistic (7, s) is minimal sufficient and is the sole data ingredient needed for the likeli-

V25— 1)/ sy has uniqueness properties as a

hood L(p,05y1,-.-,Yn); and for fixed pu, t =n
continuous function of (7, s) with distribution free of the nuisance parameter . Whatever

the basis, we take the ¢ quantity as the appropriate quantity for determining the p-value.

4.2. Measurements with known error shape. Consider ¥4, ..., ¥y, where y; = u+oe;
and the e; form a sample from some known error distribution f(e). In order to have a
sensible definition of p and ¢ we require that f(e) be appropriately centered and scaled.
The standardized residuals d; = (y; —y)/s describe simple characteristics of a sample
(Yy1,---,Yn) free of location and scale. It is straightforward to see that d = (dy,...,d,)’
has a fixed distribution, free of u and o. Accordingly it is ancillary in the conventional

0 records the realized underlying

sense. But we can also note that d(y°) = d(e%), where e
errors; thus the underlying standardized errors are directly observable; accordingly d(y)
can be viewed as the appropriate configuration statistic.

The observed likelihood function is

Lo(p,0) = co [ [ F{o™ (i = m)}- (4.3)

The conditional distribution of the response vector given the standardized residuals can

be obtained by change of variable; it has probability element

- dyds
- —1— 0
co "1_[1f{0 (y + sd; — ,u)}sn 3
1=
which can be rewritten as
dyd
LY@ + 5 (u=7)/s,5°0/5) - =, (4.4)

where the constant in the likelihood LY is taken to be the appropriate norming constant.
We thus see that any probability for (7, s) can be presented as an appropriate integral of
observed likelihood.
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Also in the particular case that f(e) is the standard normal ¢(e) as in Subsection
4.1, we have that (4.4) reproduces the normal distribution for § and the scaled chi square
distribution for s2.

For testing a value of y free of the nuisance parameter o the statistic t = n/2(5—pu)/ Sy
has uniqueness properties as a continuous function with distribution free of the nuisance

parameter o. The corresponding p-value is

P = [ 15 s )5 (45)

which is readily evaluated by numerical integration. We also see that (4.5) can be rewritten

P (1) = / [ raa™E, (4.6)

':u, =0 o

as

which gives a simple expression for the p-value as a direct integral of likelihood, indeed as
a survival posterior probability using the prior ~!. Highly accurate approximations for

(4.5) or (4.6) are also easily available; see Subsection 4.4.

4.3. Exponential model and canonical parameters. Consider an exponential model

with natural or canonical parameters (¢, \):

f(s1,82;%, ) = exp {¢81 + Asg — K(9, A)}h(sb s2). (4.7)

This type of model is frequently mentioned when inference for a parameter v in the presence
of a nuisance parameter A is under discussion. If sampling is part of the background, then
the coefficients of ¢ and A in the exponent of (4.7) form the minimal sufficient statistic
or likelihood statistic. We have anticipated this in (4.7) by writing (s, s2) to suggest the
sufficient statistic under sampling. In this sampling case, however, the support density
h(s1,s2) would typically be available only by integration from some original composite
density for the sample; by contrast, the likelihood ingredient x(1), A) is quite typically

available explicitly.
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For testing a value % free of the nuisance parameter A, the conditional distribution of
s1 given the nuisance score ss is often advocated. It is of course free of A but its density
for direct calculation needs the typically unavailable density factor h(s1, s2). However for
discussion here let f(s1|s2;%) designate this conditional density. The p-value for 1 is then

given as
PO(@b):/ " F(s1s%w)dsy. (4.8)

where the lower limit is the lower end of the range of the variable. Some details for such
calculations for the gamma mean problem may be found in Fraser, Reid & Wong (1997).
The p-value in (4.8) is presented as a conditional p-value, conditional on the nuisance
parameter score. It is also, however, a marginal p-value, just a matter of whether it is
being considered from the conditional or the overall marginal viewpoint: if it has a uniform
distribution given any value for the condition then it has that same uniform distribution
marginally.

In wide generality, as will be seen in the next section, p-values free of nuisance pa-
rameters are not available by such conditional calculations, but are obtained free of the
nuisance parameter by a marginalization that eliminates the effect of the nuisance pa-
rameter. They are available by the conditional argument as just indicated only for very
special model types such as the exponential described here; in such cases, the conditional
p-value is also a marginal p-value, so there is no conflict with the marginal approach now
being recommended. Conditioning above is then an alternate route to the same end by a

different argument, but suitable just for certain special cases.

4.4. Location model and canonical parameters. Consider a location model on
the plane and let (yi1,y2) be the variable with location (¢, A\) and error density f(e,es).
We could examine the rather special case with independent normal errors but for interest
assume something more general where say f(e1, e3) is rotationally symmetic as for example

with the Student density 7=1(1 + €2 + e3)~2; a still more general case still would proceed
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in the same manner. Also suppose that we are interested in the component parameter .
For a general context see Fraser (2003).
For a sample of n we can reasonably consider the residual vectors for each coordinate,
di = (Y11=Tq,-- - ¥1n—7;1) and do = (Y21 —Ts, - - -, Y2n—7s)’, as providing the data pattern
free of location characteristics. It follows that di(y1,y2) = di(e1,e2) and da(y1,y2) =
dy(e1, e2), thus showing that the distribution for (dy, ds) is free of (¢, \), and also showing
that the residual characteristics of the underlying errors are directly calculable from the
observed data vectors.
In the presence of observed data {(y?;,y3;)} we have that the conditional distribution
of (¥1,7y) given the observed residuals is available by change of variable:
n
F@ T | dY, 59, 0) = K[ £ + di = 9.7 +d5; = ).
i=1
As the observed likelihood is

n

L(, N) = ][ £y — 0,5 — 0), (4.9)

=1

we find that we can then rewrite the conditional distribution as

f@1,Ys | dY,d9, 9, N) = Loy — 9y + 97, A — U + 79). (4.10)

Again the arbitrary constant in the likelihood would be taken equal to the norming con-

stant. This reduced model is a two dimensional location model with parameter (i, A).
Under a requirement of moderate continuity for the variables under study it is straight-

forward to see that 7, is the essentially unique variable free of \; the corresponding marginal

distribution is
o0

f@ - d?,d8)=/ LO(y — 7, + 75, t)dt,

—0Q0

and the essentially unique p-value for assessing v is

() = /w h /_ L@, N)dgdA, (4.11)
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which, in this pure location case, is equal to the Bayesian survival probability based on the
flat prior in the location parameterization. The p-values for various 1 values can then be
obtained by the numerical integration of the likelihood. Highly accurate approximations
to (4.11) are available and discussed in the next subsection.

For a more general approach to location parameterization see Fraser & Yi (2003).

And for the interplay of frequentist and Bayesian methods see Fraser & Reid (2003).

4.5. Multiple measurements: interest and nuisance parameters. With the lo-
cation model in the preceding section we can see that a change in the parameter (¢, \)
causes a corresponding translation of the distribution f(y; — %, y2 — A) on the plane. For
a sample of n the effect is particularly simple: a change in ¢ causes a shift in the first
coordinate n-vector by the corresponding multiple of the one-vector for that coordinate. A
change in A similarly causes a shift in the second coordinate vector by the corresponding
multiple of the one-vector for that second coordinate. This sensitivity connection between
the parameter and the distribution for the response seems obvious and natural here in the
location context, but for its more general version some discussion is needed.

Suppose that 1 and A\ are scalars and that independent y; have a common distri-
bution with distribution function F'(y;,A) and density function f(y;, ). Then, as in
Subsection 3.4, we examine how a change in (1), A) shifts the distribution. We do this by
examining the p-value F'(y;; 1, \) for the i-th coordinate and seeing how for fixed value of

this pivotal the distribution shifts at a point y;. From the total differential of the p-value

we obtain
(011, 32) = i _ (_ OF (yi;0)/0v¢ - OF (yi; 0)/8)\) .
(¥, A) OF (yi;0)/0y;”  OF (yi;0)/0yi
If we then consider all the coordinates, we obtain an array of two sensitivity vectors
V11 V12
v=| : — (01, 2) (4.12)
Unl  Un2

which describe how (¢, A) affects the distribution. Quite reasonably we are concerned

with this effect for an observed data point y° at the corresponding maximum likelihood
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parameter value 6% let V in (4.12) be evaluated for (y, ) = (y°,8°). As a simple example
consider y = X + oge where the error is a sample from a known distribution and the
design matrix X is given. The sensitivity vector array V would then have a vector for
each parameter coordinate and is easily calculated giving (X, é%) where é° is the fitted
standardized error vector; this leads to accurate inference even with nonnormal error and
extends easily to nonlinear regression; for examples see Fraser, Wong & Wu (1999).

For the two parameter case as indicated by (4.12) general theory (Fraser & Reid,
2001) then shows that there is an approximate ancillary a(y) of dimension n — 2 for which
the tangent vectors V at the data point y° are given by (4.12). This then leads to highly
accurate third-order p—values for scalar components of the parameter 6. The calculations
for the p—values for assessing say v need just the observed log likelihood £°(+, A), and the

observed log likelihood gradient

#(0) = {01(0), 92(0)} = ~L0:9) ly=y (413)

d d
= —é 9 0, — :
{dv1 @;9) |y ,dwf(@,y)}

using directional derivatives as defined after (3.13); we refer to this as the exponential

y=y°

parameterization, being the canonical parameter of some best fitting exponential model
near the data point. For inference concerning 1) we can then calculate a first departure

measure given by the signed likelihood ratio

1) = sen(@ ) - {2[00) - £0,)]} (414)

where é¢ is the maximum likelihood value under the constraint 1 (6) = v; and we can
calculate a second departure measure given as a special standardized maximum likelihood

departure

. 1/2
(%) = sgn(@® — 9)|x(0) — x(6,) {ﬂ} ; (4.15)
J(N) (9¢)

in this x(6) is a rotated coordinate of () that agrees with $(8) at §, and acts as a

surrogate for ¢(0) at éw, and the full and nuisance informations are recalibrated in the ¢
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parameterization, as indicated by the use of parentheses around A)X. Further details are
recorded in Appendix C; also see the regression examples in Fraser, Wong & Wu (1999)
and Fraser, Monette, Ng & Wong (1994). The p-value p°(¢)) is then given by (3.15) in
Section 3.4.

The p-value just discussed corresponds to the use of the special conditional model
given the approximate ancillary with tangent vectors V, followed by a marginalization to
eliminate the nuisance parameter. This two step simplification corresponds closely to that
found for the location model in Subsection 4.4, and the present p-value can provide an
approximation to that given by (4.11). The present p-value also can provide an approxi-
mation to the Student p-value at (4.2), or to the location scale p-value at (4.5), or to the
exponential model p-value at (4.8). We can thus note that the present approach using
sensitivity vectors V' covers the simple cases where sufficiency can be used and covers the

general cases as developed in Subsections 4.3 and 4.4, where sufficiency is not available.

5. SOME CONDITIONING AND MODELLING CRITERIA

5.1. The two measurement instruments example. In Section 2 we discussed two
examples involving measurement instruments, as presented in Cox (1958) and in the earlier
Welch (1939). Our theme, in contrast with Welch, is that conditioning is appropriate and
proper for both examples.

For the earlier example (Welch, 1939) the two instruments were identical and both
were used in a single investigation. The conditioning under discussion used Fisher’s con-
figuration statistic and provides the background for the succession of examples in Sections
3 and 4. We develop further aspects of conditioning on configuration statistics in the next
subsection. For the other example (Cox, 1958), only one of the instruments was actually
used. This raised a serious issue. Should the modelling include probability structure for
measurements that were never taken? Cox comes out quite firmly in support of the use of

the appropriate conditional model, the model for the measurement that was actually made.
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Surprisingly there seems to have been little subsequent support for such an approach. We

develop some further aspects of this modelling in Subsection 5.3.

5.2. Conditioning directions V. The examples in Sections 3 and 4 all involved a
primary role for continuity: how a change in the parameter shifts the response distribution,
in particular how it shifts the distribution in the neighbourhood of the observed data; at the
present time this theory is not directly available for the case of discrete distributions. The
concern with the model in the neighbourhood of the data does seem data dependent. But
at the observed data is where the model form is of particular importance, and in substance
is not dissimilar to the standardization of a maximum likelihood departure 6—0 by an
observed information, information at the data point of interest rather than an expected

information, thus giving ¢ = (é — 9)31/ 2

. Theoretically this type of standardization has
strong support.

The examples in Sections 3 and 4 all consider how a change in the parameter shifts
the response distribution. In the context of independent scalar coordinates. the coordinate
p-values F;(y;; 0) provide the direct continuity link showing how a parameter change affects
a coordinate y; ; see (3.8) and (4.12) for details.

Now, more generally, suppose that the coordinates are vector valued with dimension
say equal to the dimension p of the parameter. A change in the parameter will lead to
an altered distribution but this in itself does not prescribe a point by point movement of
the distribution; something more is needed. For the ith coordinate let z;(y;;6) be some
appropriate pivotal quantity. With p > 1 there may not be an obvious unique choice for
this pivotal. We would then seek one that best describes how the ith variable measures
or relates to the parameter being measured. A basis for this choice will be discussed
elsewhere. Here we assume it is given or has been chosen on a natural or what-if basis.

The pivotal allows us to examine how a 6 change affects or moves the data point y.
For this we let y be the np dimensional vector obtained by stacking the y; and similarly

let z be the np dimensional vector obtained by stacking the z;. Then taking the total
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differential of the pivotal we obtain
V =—21(y%0%2,4(y% 0°) (5.1)

where the Jacobian matrices are respectively np X np and np X p and are evaluated at the
data point y° and the corresponding maximum likelihood value éo; the subscripts indicate
differentiation with repect to the argument before or after the semicolon.

For conditional inference with an approximate ancillary, the measurement vectors V'
represent the directions of change along which the appropriate conditional model is defined.
They give tangent vectors to an approximate second order ancillary (Fraser & Reid, 2001).
General theory (Fraser & Reid, 1993, 1995) shows that a second order ancillary suffices for
third order likelihood inference.

The directional vectors V' lead to an exponential type recalibration of the parameter.
The exponential type parameterization for the ith coordinate model is available as the

gradient of log likelihood

0 = 504 (5.2

which is recorded here as a p-dimensional row vector. For the full model the appropriate
reparameterization is obtained by combining these components using the sensitivity vectors
Vin (5.1):

Z% v (059°) (5.3)

where the V; is the p x p block of the matrix V' that corresponds to the ith observation y;
and the right hand term of (5.3) is an array of p directional derivatives.

For inference concerning a scalar parameter ¢ (0), it then suffices for third order infer-
ence to act as if the model is exponential with observed likelihood £(8; %) = £°(#) and with
canonical parameter () from (5.3). In particular the observed p-value function p®(z)) is
given by (3.14) or (3.15) using the 7(1) and ¢(¢) given by (4.14) and (4.15). For a variety
of examples in a regression context see Fraser, Wong & Wu (1999) and Fraser, Monette,

Ng & Wong (1994).
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5.3. Modelling the actual data production. As mentioned in Subsection 5.1, the
Cox (1958) example recommended that only the measurements that were actually made
should be modelled, or put another way, that the full model should not be describing
measurements that were not made. We now develop this in more detail.

Consider a succession of measurements on a parameter # and suppose that for each
there is a direct measurement relationship to the parameter, as discussed in Sections 3, 4
and Subsection 5.2. For illustrative purposes a succession of three models, say My, M,
M3, will suffice; let y1, y2, ys be the corresponding data. Many issues can be involved in
the modelling of such a context. Here we focus on the goal of statistical inference for the
parameter in question, and propose three modelling criteria:

I: Provide a model for each measurement that has been made.
IT: Do not provide a model for measurements that were not made.
ITI: Do not provide a model otherwise for the process or procedure that led to the choice
of a particular measurement process.
These seem reasonably natural and persuasive but have some rather striking implications.

Ezample 5.1. Consider Example 2.1 concerning the two measurement instruments
and suppose we have data y = y° and a = a® = 2 (the second instrument is chosen). By
criterion III, we do not model the coin toss used to choose the instrument. By criterion II,
we do not model the measurement process for the first instrument. By criterion I, we do
model the measurement process for the second instrument. We then have data y° and a
normal model with mean 6 and standard deviation . A 95% confidence interval is given
as (y° & 1.960y).

Ezxample 5.2. Meta-Analysis. Consider the meta-analysis of three investigations con-
cerning a parameter f. In practice the precise definition of # may vary from investigation
to investigation, and various factors such as reliability of measurements may arise. For our
illustration here we assume that these are not at issue. By criterion III, we do not model

the process by which the particular investigations were selected. For example, the data
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with investigation M; may have suggested some interesting range of values for 6, but was
inconclusive for this, thus leading to the choice of a more comprehensive or demanding
investigation M3. Or the data with M; might have been very strongly conclusive for the
interesting range, leading to no further investigation. Also M3 might only have been per-
formed in the case of conflicting results from M; and M;. By criteria I and II, we model
exclusively the investigations that have actually been made and in doing so make reference
to repeated sampling just for the corresponding measurement models. Accordingly, our
composite model is the product formed from the individual models. In particular, this
would say that the randomness in model M5 is not influenced by the results from the
investigation M;. That is, M; and M, are taken as statistically independent. We note of
course that if M; had produced a different outcome, we might have had a different inves-
tigation in place of M> or indeed have had no second or subsequent investigations. This
is in accord with criterion I: we are concerned with the randomness in the measurement
processes that have been performed, and not with randomness in other possible investiga-
tions that in fact did not take place. The repeated sampling reference is for measurements
that have been made and does not embrace repeated sampling in a global sense that might
embrace many possible other models, none of which have corresponding data values.

In conclusion, we note that the use of the product model for the analysis of M,
Ms, M3 as just described is the common procedure for meta-analysis. We return to this

consideration of meta-analysis in Section 7.

6. SOME FAMILIAR ANCILLARY EXAMPLES

We are concerned with conditional inference theory and how it relates to the ancillarity
principle that specifies the use of the conditional model given the observed value of an
appropriate ancillary statistic. In Sections 3 and 4 we noted that conditional methods
could be used quite generally to replace sufficiency and in addition to provide definitive

inference methodology in a much broader context; as part of this we used continuity and a
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notion of a measurement sensitivity to motivate the related results from recent likelihood
theory. In Section 2 we examined the Cox two measuring instruments example and noted
that there was something stronger than ancillarity involved, that only measurements that
were actual made should be modelled. This led in Section 5 to criteria for models for
inference, in particular criteria for isolating certain components, the components that
corresponded to the measurements that were actually made. This went significantly beyond

just conditioning on an observed ancillary.

In this section we examine some of the commonly cited ancillary examples. A survey
of such ancillary examples may be found in Fraser (1979; pp. 54-68, pp. 76-86) and in
Buehler (1982); see also Reid(1995) for a general discussion of conditional inference. Here
we examine these examples from the viewpoint as to what the proper model for inference
should be in the presence of data and for this use the criteria from Section 5. We also
compare these models for inference with the result of invoking ancillarity within models
that are global (encompassing all possible data that might have been observed), and thus

are violating criteria II and III.

FEzxzample 6.1. Random choice of sample size. Consider the repeated measurement
unit assessment of a parameter 6, and suppose that the number of repetitions n is ran-
dom with known density p(n). In accord with criteria I, II we would model the specific
measurement units that were performed, and in accord with criterion III we would not
model the process leading to the sample size n. This gives the inference model []7 f(yi;6)
plus the corresponding data. From the global repeated sampling viewpoint, however, we
would examine the composite model p(n) [7 f(v:;6) with data (n;3?,...,32). For this
full model, n is an ancillary statistic and the corresponding ancillary reduction gives the
just described inference model. The two viewpoints lead to the same reduced model. More
generally we can consider a distribution p(n;A) for n with dependence on a parameter A

free of 6. The criteria again give the model []} f(y;;0) with data (y9,...,y2).

Ezample 6.2. Sampling from a mixed population. Consider two populations A,
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and As of relative sizes ¢; and g9 that are intermixed and the elements are not easily
distinguishable. A parameter # may have the same value in each population and yet
distributionally express itself differently: fi(y;0) and fa(y;0) in A; and Ay respectively.
We consider a random sample of n from the mixed population yielding observed numbers
ny and ny from the populations A; and As. The inference model would describe the data
(y1,-.-,ys,) and (y3,...,y2.) from the random sampling of n; elements from A; and n,
elements from A, (with n; and n fixed at their observed values). By criterion IIT we would
omit the hypergeometric model yielding (n1,n2). However if we consider the full global
model, we can note that the allocation (n1,ny) has a fixed distribution and is ancillary. The
corresponding conditional model is that just described: n; observations randomly sampled
from A; and ny observations randomly sampled from As. Accordingly the reduced model
conditional on the ancillary coincides with the inference model. Note, that in the full global
model the indicator variables describing which n; elements of A; are chosen, and which ns
elements of Ay are chosen, with given ni, ng, have a fixed distribution with probabilities
1/(Ng;)™)(Ngy)(™2) and are thus also ancillary. Conditioning on this ancillary just gives
the assessment of specified units in each population and thus can be viewed as 100%
sampling of particular subsets of A; and A;. Thus, this use of ancillarity seems to go
too far and eliminates the inference assessment available from finite population sampling
(Fraser, 1979). Some consideration of this issue in terms of labels for sample elements has

been considered by Godambe (1982, 1985).

Example 6.3. Random regression input. Consider a regression model y = X3 + oe
where the rows X; of the n x r design matrix have been generated randomly from some
distribution g(zi,...,z,) for input variables. The inference model again would be for
fixed X even in the context where g depends on a parameter A with range free of 6.
More specifically, the inference model concerning 6 would be the model for the actual
measurements made. From the ancillarity viewpoint we note that for the first case the

variable X has a fixed distribution and is thus ancillary. The corresponding conditional
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model then agrees with the inference model just described.

Ezample 6.4. A 2 x 2 table (Fisher, 1957, p.47). The offspring in a breeding experi-
ment can be classified by phenotype based on two genetic characteristics (A, a) and (B, b)
that show complete dominance. The relative proportions for AB, Ab, aB, ab are 9, 3, 3,
1 if there is no linkage and are 2+ 6,1 —6, 1 — 6, 6 in the presence of a linkage parameter
6, where 6 = 1/4 corresponds to the no linkage case. The proportions for A, a or for B,
b are the standard 3, 1 of dominant to recessive phenotypes. Let ni1, nia, na1, nag be
the data for n offspring in a particular mating with say (ni.,ns.) = (n11 + n12, no1 + n22)
designating row totals and (n.;,n.2) designating column totals.

If the data are assembled in terms of the A phenotype we then have that ny; is binomial
{n1.,(246)/3} and no; is binomial {ns., (1 —0)}. Alternatively, if the data are assembled
in terms of the B phenotype we then have that m; is binomial {n.1, (2 + 6)/3} and ni,
is binomial {n.3, (1 — #)}. We thus obtain two different inference modellings based on two
different classifications of the data, by A phenotype or by B phenotype, each classification
corresponding to a particular viewpoint concerning the context in which the parameter
is being investigated.

From the ancillary viewpoint we can note that the row totals ny., ns. have a binomial
allocation with probabilities in the ratio 3 to 1, and thus are ancillary; this gives a reduced
model that coincides with the inference model based on assembly by A phenotype. Also
we can note that the column totals n.;, n.o have a 3 : 1 binomial allocation and are thus
ancillary; the corresponding reduced model coincides with the inference model based on
assembly by B phenotype. We do note however that the combination of the row totals
and the column totals is not ancillary. Thus the ancillarity approach gives two different
modellings and provides no preference of one over the other.

Ezxample 6.5. Bivariate correlation. A continuous example closely analogous to the
preceding example is provided by data from a bivariate normal distribution for (z,y) with

means 0, variances 1, and correlation p. If we examine the data labelled by the x values,
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we have that the y values are normal with mean pz and variance 1 — p2. Alternatively, if
we examine the data labelled by the y values we have that the z values are normal with
mean py and variance 1 — p2. Accordingly, we obtain two different inference modellings
corresponding to two different assemblies or classifications of the data, by = or by y.
By contrast we can note that with the full model ancillary viewpoint we have that the
Z1,...,%y are ancillary and the corresponding conditional model examines y’s for fixed
x’s and agrees with the first inference model above. In a parallel way we note that the
Y1,---,Yn are ancillary in the full model with conditional model that agrees with the
second inference model above. Again we have conflicting ancillaries and ancillarity alone
does not provide a resolution. Indeed ancillarity itself creates the conflict between the two
conditional resolutions. We could also rotate our coordinates through an angle of 7/2 and
in effect use w; = x; + y;, z; = x; — y;; the independent coordinates w; and z; could then
be examined more transparently using the approximate ancillary approach in Subsection

3.4.

For the first three examples, our model for inference approach and the ancillarity ap-
proach are in agreement. For the final two examples, the model for inference approach
required a particular assembly of the data, by choice of phenotype or by choice of input
variable. Without this choice of how to assemble the data, the ancillarity approach pro-
duces conflicting recommendations. It thus seems that invoking ancillarity also requires

some specification of how the data are to be assembled for analysis.

We do note that the two approaches lead to the same observed likelihood function
even in the context of conflicting ancillaries. If, however, we wish to go beyond just
observed likelihood, we find that different ancillaries can produce different distributions
for possible likelihood functions and can produce different confidence assessments and
different p-values. Accordingly, some additional specification is needed and indeed should
not have been omitted at the initial modelling stage. This leads to the use of measurement

directions as introduced in Subsections 3.4 and 4.5 which use continuity and express how
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parameter change can produce an effect at a data point.

7. ARE GLOBAL REPEATED SAMPLING PROPERTIES WANTED?

We have been considering ancillary statistics and how they lead naturally to condi-
tional inference given an observed value of the ancillary. Our initial examples however
from Cox (1958) and Welch (1939) included some discussion of overall or global sampling
properties, where repetitions of some complete process were being considered. Cox argued
that the conditional approach should take precedence over global properties; and Welch
argued that the global properties invalidated the conditional approach. This leads to the
focal issue: What probabilities are the appropriate probabilities for presenting inference
conclusions from context and data information?

With the modelling criteria in Subsection 5.3, we viewed the individual measurement
probabilities as the primary ingredients, with frequency interpretations based on repeti-
tions of the individual measurement processes. This supports the Cox viewpoint for the
two measurement instrument example. Our earlier discussion in Section 2 viewed the
global probabilities as artificial in that they used probabilities for measurement units that
might have been used but in fact were not.

At the heart of the global approach is the calculation of probabilities for repetitions of
the full process under a fixed value for the parameter; this allows the calculation of global
operating characteristics for the full investigation under consideration. On the surface this
seems hard to argue against, or at least to argue against it is counter to present culture. Of
course it is telling a story, but perhaps not the relevant story for the purposes of statistical
inference.

From the global viewpoint there seems little alternative to that of repetitions under a
fixed parameter value, without say putting weights on the possible parameter values and
using a Bayesian-type argument. Of course this Bayesian approach has given a wealth of

possible answers to wide ranging problems, in contrast to the range of answers from the
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traditional optimality approach. But this same wealth is of course available more directly,
and without pretence, by weighted likelihood and integration; for some recent discussion
see Fraser (1972), Fraser & Reid (2003), and Fraser & Yi (2003).

Here we examine some aspects of global and conditional probabilities without resort
to probabilities or weights on the various values for the parameter.

Ezample 7.1.  Meta Analysis. As part of the discussion of inference modelling in
Subsection 5.3 we considered conditional inference and meta analysis for three investiga-
tions of a scalar parameter 6. For some comparisons with global probabilities we now
examine an even simpler case involving two measurements of the parameter 6: a first mea-
surement y; is unbiased and normal with standard deviation oy say equal to 1; a second
measurement is unbiased and normal with standard deviation g9/100 = .01. We also sup-
pose that some threshold value 6 = 6 is of interest and for simplicity and convenience
take this value here to be zero.

If there had been just the first measurement, say y; = y, the p—value or significance

function for 8 would be
p1(0) = @(y? — 0) (7.1)

and the p-value for the threshold would be p; = ®(3y). However with the two measure-
ments the weighted average y = (y; + 10000y2)/10001 would be the appropriate combined

estimate and the p—value or significance function for # would be

p2(0) = ®{100(y; — )} , (7.2)

where, as a reasonable approximation and simplification we ignore y; because of the very
large weight on yy in the weighted average y; the p-value for the threshold would be
pa = ®(100y9). In summary: with just the first measurement the significance function is
a reverse standard normal distribution function centered on the data y?; while with two
measurements it is a reverse normal distribution function centered at the value 39 but

scaled much more tightly around that value, indeed by a factor of 100 to 1. Also the
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p-value for the threshold § = 0 changes from ®(y?) to ®(100y9) in going from the one to
the two measurement situation.

Now consider an experimental context for these two investigations. The investigator
is particularly interested in the threshold value # = 0. He makes a first measurement of
6§ and obtains a value y? = 1.1 suggesting to him in a very informal way that perhaps
the true value for 6 is above the threshold. As a result he decides to take a second high
precision measurement and obtains y9 = —.1; his new significance function is very tight and
substantially left of the origin. We suggest that both the preliminary and the subsequent
p-values represent appropriate expressions of the information at the respective times; we
also note that these seem in agreement with the meta analysis approach.

Now suppose that if the first measurement had been negative with a p-value less than
one half, then no follow up measurement would have been deemed appropriate. Con-
sider the global probability assessment of this for the null situation § = 0. With the first
measurement the initial p-values are uniform (0, 1); with probability one half the pivotal
p-value is greater than one half leading to the follow up combined p-value which is approx-
imately uniform (0, 1). The global probability distribution for the reported p-value is then
piecewise uniform with density, 3/2 on (0,1/2) and density 1/2 on (1/2,1).

We believe that the individual p-values ®(y?) and ®(100y9) provide the appropriate
inference presentation for the particular cases as they arose in time. And that the non-
uniform global p-value is a consequence of the seemingly inappropriate use of an overall
marginal assessment of the p-values for this two measurement situation; also recall the
earlier Example 2.1.

From a raw global approach we thus note that it is possible to obtain p-values biased
to the left by deliberately taking follow up measurements when an initial p-value is high.
The inappropriateness of the use of global probabilities is again to be emphasized.

Example 7.2. ARI1 models. The typical autoregressive model is used for data that

arrives sequentially in time and as such seems appropriate for consideration here from our
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present conditional viewpoint. For this we examine now a very simple case with just two
measurements that illustrates some of the key issues. Consider normal (0, 03) errors with
an autoregressive parameter § and two observations; thus y; = e, y3 = 0y1 + ez where e;

and ey are normal (0,03). The log likelihood function is

1

£0) = —ﬂ(m —0y1)? ; (7.3)

this has the maximum likelihood value § = y2/y1 which has a standard Cauchy distribution
centered at the point 6.

Now consider the inference modelling viewpoint from Section 5. The first y; does
not measure 6, but it does determine the precision for the second measurement y». By
criterion III, we do not model y;. Then by criterion I we do model y2. And by criterion
II we model y2 only for its particular measurement situation. This gives the model: y5 is
normal (fy;;02). And this produces the same likelihood function (7.3) as does the global
model, and the maximum likelihood value is just the same 0= y2/y1. We observe however
that the maximum likelihood value is now normal (0;02/y?) where the y; value is taken
at its observed value. The issue we have mentioned before becomes more transparent
here. Do we use the actual measurement process model with its normal distribution? Or
do we use some average of possible measurement situations that typically did not occur,
leading to the Cauchy analysis. We know that the normal distribution describes the actual
measurement that was made and leads to a normal analysis. But the persuasive global
approach would want to include modellings for other measurements that were never made
and thus argue for the Cauchy analysis.

From the present viewpoint we prefer the measurement model approach, conditioning
on preceding measurements. Of course there may be cases where the global probabilities
are wanted, but for direct statistical inference with observed data the conditional approach
seems appropriate. Also it avoids the usual and well known singularities that arise with

the marginal approach in the neighbourhood of § = 1. It now seems clear that these
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singularities arise precisely from the inclusion of a wealth of possible models that apply to
measurements that were in fact never made.

The preceding is arguing in support of conditioning in the time series context; this is
of course not a common recommendation, but has been suggested on several occasions by
Professor Jim Durbin. Perhaps the only way to argue against it is to make some preliminary
assumption that only the global repeated sampling principle will be entertained..

Now consider briefly the global repeated sampling approach and how it interacts with
various common optimality criteria. The examples in Section 2 show how a search for
optimality leads to a trade off between different measurement situations. In particular we
saw how a precise measurement instance could be given a longer confidence interval so that
a much shorter interval could be given in a less precise instance. Optimality in the global
framework can lead to results in particular instances that are contrary to the available
evidence. Or by overstating and by understating in particular instances it is possible to
increment towards some optimality goal on the global scale. This clearly argues against
the appropriateness of optimality applied on the global scale; this has been asserted very

gently in Cox (1958).
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APPENDIX A. Conditioning replaces sufficiency to separate main effects.

Consider the case of continuous variables and suppose there is a sufficient statistic s(y)
having the same dimension p as the parameter. Also suppose for ease of argument that
the conditioned variable say t(y) given s(y) has constant dimension which would then be

n — p. It follows from sufficiency that the distribution of ¢(y) given s(y) is parameter free:
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let u(y) be a coordinate by coordinate sequential probability integral transformation of
t(y) as obtained from the conditional distribution given s(y); for example, the probability
integral transformation for the first coordinate, the probability integral transformation of
the second coordinate conditional on the first, and so on. Of course there are many such
transformations obtained even by varying the order of the coordinates. It follows that the
conditional distribution of u(y) given s(y) is uniform on a unit cube and thus does not de-
pend on s(y). And it follows that u and s are independent and thus that f(s;0) = f(s|u; )
showing that a conditional model equivalent to the given model is available. This result
does not depend on the choice of the probability integral transformation. This says that
an analysis using sufficiency can be duplicated by a conditional analysis. For a simple
example consider (yi1,y2) from the normal (f,03). The model for ¥ is normal(f, 03/2);
the conditional model for 3 given the configuration ys — y; is also normal(f,03/2). If,
however, we are without normality then sufficiency is typically not available but the con-
ditional analysis remains available and is routine. Accordingly we support the conditional
approach and suggest that there is little need for sufficiency methods for inference in the
continuous case. Of course they can be convenient in special cases, but they do not provide
the methodological sanction needed for general contexts; they should be viewed as an ex-
pediency for the special cases. For the typical discrete case, sufficiency can be convenient

but some simple invariance notions typically suffice.

APPENDIX B. Marginalization to eliminate parameters

Conditioning is often suggested as a method to eliminate nuisance parameters, but in
general contexts marginalization is the effective method and conditioning can be viewed
as an expediency when special model structure is available. Consider two examples. For a

continuous exponential model

exp{y19 + Y2 A — c(¥, A) }h(y1,¥2), (B.1)

the conditional distribution of y;|ys depends on % only and is thus free of A. For a
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continuous location model

flyr —,92 — A) (B.2)

the marginal distribution of y; depends on % only and is thus free of A\. In each case we
have a special model type with specialized variables and parameters, often referred to as
canonical variables and canonical parameters.

Now consider the first example where conditioning provides the freedom from the
nuisance parameter, and suppose we are testing 1. Let u(y1,y2) be a probability integral
tranformation of y;|y2 obtained from the A-free conditional distribution for testing ¢. Then
for the tested 1), the distribution of u|ys is free of y; thus u is independent of yo; it follows
that the marginal distribution of u is A free and gives p-values that agree with those from
the initial conditional variable.

Recent likelihood asymptotics (for example, Fraser & Reid 1993, Fraser, Reid & Wu,
1999) shows that for a general asymptotic model with continuous variables, the testing
of a parameter value () = v is available only from a marginal distribution obtained
by integrating over a nuisance parameter based conditional distribution, as in the second
example which follows the pattern for the location model discussed in Subsection 4.4.

APPENDIX C. The parameter reexpression

The third order p-values obtained from (3.14) or (3.15) using the signed likelihood
ratio r(¢) in (4.14) and the maximum likelihood departure ¢(%) in (4.15) are based on an
exponential type reparameterization ¢(6) in (3.13), (4.13), or (5.3). The full information

determinant calculated in the new parameterization is available as

9owy| = [766(8)]06(8)] 2

using the Jacobian ¢g(0) = 0¢(0)/06’. The nuisance information determinant in a some-

what similar way takes the form

900 @) = [ By)] - lox (04) 72 = [an(By)] - | X' X]|
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where the right hand determinant uses X = ¢y (t%) which in the regression context records
the volume on the regression surface as a proportion of the corresponding volume for
regression coefficients; in the preceding formula this changes the scaling for the nuisance
parameter to that derived from the ¢ parameterization. The expressions above are for
the case where 6’ is given as (¢, \') with an explicit nuisance parameterization; the more
general version is recorded in Fraser, Reid & Wu (1999). The rotated coordinate x(#) in

the ¢ parameterization is obtained from the gradient vector of ¢(6) at 0A¢ and has the form

%'(éw)
) = —27% 49)
X0 @

where the row vector multiplying ¢(6) is the unit vector corresponding to the gradient

¢fp(é¢) and is obtained from

Yy (0) = 01 (0)/0¢" = (94(0)/00") - (09(0)/00") ™" = e (0) 0" (0);

in this we take v, to be the Jacobian of the column vector i with respect to the row

vector ¢’ and for example would have ()" = 9, for the transpose of the first Jacobian.
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