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SUMMARY

The notion of the curvature of a statistical model was extensively developed by Efron
(1975); this curvature measures departure from some nearest exponential model and can
be viewed as an expectation-type measure of departure. We examine an observed-type
measure of departure which includes a sign not present with the Efron measure. We also
consider curvature with respect to location models; such models exhibit a fundamental
linearity which is quite different from that found with exponential models. The connection

between the location and exponential measures of departure is discussed.
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1. INTRODUCTION

Consider a statistical model f(y;8) with a scalar parameter 6. Efron (1975) investi-

gates the curvature of such a model in relationship to the exponential model form

9(y;8) = exp{w(8)s(y)} h(y)

with a scalar canonical parameter. The curvature ¥(f) at a parameter value 8 is defined

by

2 _ |M(8)] . vo2(0) _ V121(9)
70 =) ‘{z‘2<9) o (L)

where

o= (44 249)

is the covariance matrix of the first £¢(8;y) and second £gg(8;y) score variables; the sub-
script § denotes differentiation with respect to 8, and i(6). = var{le(0;y); 0} = r20(0) is
the expected information.

Hinkley (1980) recorded a modified formula

1,2(9) _ COVz{fee(ei y)': £o(6;y); 6} }

var{£e(6; y); 6} (12

1
20) {va,r{fgg(ﬁ; y); 0} —

from which we note easily that v%(8) is the information standardized variance of the residual
of £g¢ Tegressed in £g; this residual is of course zero for an exponential model.

The present discussion of statistical curvature is based on the sample space from
of asymptotic statistical models. For this consider a model f(y;f) with scalar variable
and scalar parameter, and assume that the model has asymptotic properties as some
characteristic such as sample size becomes large. We expand the log density £(6;y) =
log f(y;8) in a Taylor series about (8%,3°) where y° is a sample point of interest and

60 = é(y“) is the corresponding maximum likelihood value:

£(8;y) = Taij(6 — 6°)'(y — y°) /115!
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where
Piti

aij = WE(H; v) (1.3)

(8°,5°)
It is convenient to examine this expansion by recording just the coefficient matrix (a;; :
i,j = 0,1,...), where we have ajp = 0 because the expansion is about the maximum
likelihood value.

To see the asymptotic form more clearly, we standardize the parameter with respect

to observed information,

(6 —6°)(—az) /%, (1.4)

and we standardize the variable with respect to the (1,1) coefficient in the Taylor array,

(y — y°)agy (—az0)'/? . (1.5)

Then letting 8 and y now designate these new standardized versions we obtain the Taylor

coefficient array
Ago Ao Aoz Aoz Aos

-1 Agj Asgo — = (1.6)
A30 A31 - - -
A - - - -

where missing elements are O(n~%/?) and other elements are O(n*~(+9/%) with
Aij = aij(—an) P 2ar] (L.7)

fori4+37>1.

The location models and the exponential models form two broad classes each with
rather special properties for statistical inference. The exponential models have a linearity
‘that manifests itself in the logarithm of the statistical model and leads to the sufficiency
reduction methods by Fisher (1934). By constrast the location models have a linearity that
relates the variable and the parameter and manifests itself on the sample space, and then

leads to the conditional analysis methods initiated by Fisher (1934). The second type of
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reduction needed as a primary step in the analysis of a general asymptotic model (Fraser
& Reid, 1995). In this general framework the first type of model then represents a singular
case but has importance in providing a patter for obtaining approximate significance levels
for scalar component parameters. From an overall viewpoint it seems that the conditional
reduction of the location models is more important and that the emphasis on sufficiency
has been misleading in the overall development of inference methods.

The general asymptotic model described above can be approximated by an exponential
model or by a location model (Cakmak et al, 1995); this is accomplished by a change of
parameter and a change of variable. Such a change of parameter and change of variable

when reexpressed in terms of the location scale standardized versions take the form

6 + b16%/2n/% + b,6° /6
(1.8)
y + c1y2/2n1/2 + czys/ﬁn

to the order O(n=3%/%).
By appropriate choice of these reexpressions the form (1.6) can be adjusted to almost

exponential model form, giving the Taylor array

+ 3a4—5cx§—12c __ag s a4—2a§~—-5c as a4—3a§—6c
24n 2nl/2 2n nli3 Y
1 0 0 -
=1 0 < —~ - (1.9)
0 - - -
— o . - - -
where a = —(1/2)log(2x). If ¢ = 0, this corresponds to an exponential model; otherwise,

¢/n measures departure of the general model from exponential form. We call it the empir-
ical exponential curvature and show in the Appendix that it is an invariant of the model
at the data point y° or at the maximum likelihood point 6°.

In a parallel manner we can reexpress the variable and parameter by appropriate

choice of (1.8) and obtain almost location form:

(384—583—12C) _ f1_ 5C (—B4—6C)
&t =g 0 {1 2n ne?z e
. -
_1 By (ButO) - (1.10)
_ Bs Bs _ - -
nl/2 n
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If C = 0, this corresponds to a location model; otherwise C'/n measures departure of the
general model from location form. We call C/n the empirical location curvature and show
in the Appendix that it is an invariant of the model at the data point y? or at the maximum
likelihood value 6°.

For assessing closeness to exponential model form we now have the exceptional mea-
sure () developed by Efron and we have the observed measure c(y®)/n discussed above.
In Section 2 we obtain a direct expression for the observed measure and the determine the
connection between the measures. Some Examples are given.

In Section 3 we obtain direct expressions in the location measure C/n and obtain

connections with the exponential measure.
2. DEPARTURE FROM EXPONENTIAL MODEL FORM

Consider an asymptotic model f(y;#) having scalar variable y and scalar parameter 6.
Under appropriate change of variable and change of parameter we obtain the exponential
type array (1.9). If ¢ = 0 the model is exponential to third order. Otherwise, the model has
exponential characteristics at y° and to first derivative about y® and the nonexponential
characteristic ¢/n shows with respect to second derivatives at y0.

The empirical exponential curvature ¢/n can be reexpressed in terms of the initial

Taylor coefficients a;; = (0717 /960y )¢(6; y)l(é ) giving
D’yD
c 1 ay; diz 1 adiz021
i PO = — s . 2l
n ad; |az1 a2 @y (a22 a11 ) (2.1)

We now use the canonical expansion given by (1.9) to determine the connection be-
tween the empirical curvature ¢/n and the expected curvature (), both taken at the

parameter value § = 0 of the centered model. From (1.9) we obtain

lo(Gy) =y

Loo(b;y) = -1+

E’i (2.2)
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Also with the canonical model we have var(y;0) = 1, cov(y,y?;0) = 0 to first order and
thus cov(£g,£ee; @) = 0 to third order. It follows that the residual of £4¢ regressed on £y at
6 =0is
cy? ~5 /4
Res(6;y) = —1+ —= +O(n /3y

with standard deviation

le] 1
SD{Res(6;y);0} = —— .
(Res(89);0} = —~— (2.3)
Thus, in terms of the original model, we obtain
le| 1 —-3/2
2(0) = L 4 o2z . (2.4)

-

It follows that the absolute value of the empirical curvature ¢/n to the third order is
equal to v/2 times the Efron curvature . The sign of the empirical curvature indicates an
essential property of the model as can be seen from the following form for the canonical

model (1.9)

292

F(4:6) = explyh + S0 —4(0)} () (25)

Example 1. Consider a sample (y1,...,Yn) from the model f(y;8) = 0! exp{—y/6}
on (0,00). Then ¢(8;y) = —nlogé — ng/f which depends on the scalar sufficient statistic
y. We easily obtain () = 0 and at any chosen 3° obtain ¢/n = 0. This is of course in
accord with the model being exponential.

Example 2. Consider the statistical model

102 f9N1/2
#036) = L LI expi-1/a0y - 6 + 108w - 07) (2.6

The Taylor series about the (6;y) = (0,0) gives the array

0 0
0 —
- - (2.7)

Q O

o
|

)

.
|

6d—3F — - - -



from which we obtain the empirical curvature ¢/n = d. The first and second score variables

at 8 =0 are g =y, Lo = —1 — d/2 + dy?*/2 with covariance matrix

M(0) = [é dzo/z} , (2.8)

Also we note that positive and negative values for the empirical curvature give quite
different model structure near § = 0.

Example 3. Consider a location model f(y—#6) = exp{g(y—¥0)} and suppose that the
model has been centered so § = y. The empirical exponential curvature is then obtained

as
__ 9900) — {80 /52(0)
PRIOIE

where g(9)(0) is the ith derivative of g(z) at z = 0. For the particular case of the Cauchy

we have g(®(0) = -2, ¢®®)(0) = 0, ¢™(0) = 12 giving the empirical curvature ¢ = 3. With

somewhat more calculation we obtain the Efron curvature v(0) = 3/v/2.
3. DEPARTURE FROM LOCATION MODEL FORM

Consider an asymptotic model f(y;6) with scalar variable y and scalar parameter 6.
Under appropriate change of variable and change of parameter we obtain the location type
array (1.10) in which C/n records departure from the location model structure indicated
by the first two columns.

The empirical exponential curvature can be reexpressed in terms of the coefficients

A;; given in the centered array (1.6)

C 1
o= Agy — A1 Agy + 1/2( A3 — A3)) + Asodar + §(4A31 + Ago) (3.1)

or in terms of the original coefficients by using (1.7)

C  azai11 —aizaz; 1 _ S o
— = 7 o 5{(-6120) a2y — (—az0) tariaz1} + (—az0) 2ai7 asoan
" Fa (3.2)

1 1 — .
+ 5{4(—020) 1611110131 + (—azo) 20!40}
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Example 3 continued Consider a single observation from the centered location
model f(y — @) = exp{g(y — )}. We then obtain using (1.7)
aij = (=1)'¢"*9(6) , 1,520
Aj = (-1 {—gD(0)} DA {—gBN0)} 7o+ (0) , i+ 2 1.

It follows that y
Arz = {—gP(0)}*/2¢13(0) = — A2 = — 450

Agp = {‘“9(2)(0)}-29’(4)(0) = —As1 = Ago
which gives C' = 0. Thus the empirical location curvature of a location model is 0.

From the general expression (3.1) for the empirical location curvature.

C_c.a (3.4)

n n n

where ¢/n is the empirical exponential curvature and
2 _1/2(A2, — A2 .
P [2(A3e — A2;) + Asod21 + 5(4«431 + Aso) (3.5)

measures the change from exponential to location curvature. We note that c2/n involves
only elements in the first two columns of (1.6).

Tangent exponential and tangent location models are obtained by setting ¢/n and C'/n
equal to zero in (1.9) and (1.10). In contrast to the tangent location model the tangent
exponential model at a data point y° has a relatively simple third order expression in terms
of likelihood and likelihood gradient at the data point,

(27:;1/2 exp{€°(6) — £°(6°) + (v — @°)s}Fpu|/%ds ; (3.6)

for this, £°(8) = £(6;y°), is the observed likelihood ¢ = 86(9;y)8y|y0 is likelihood gra-

dient giving a nominal reparameterizations, s = 9¢(6;y)/ &p[é is the corresponding score

variable, and j,,, is the observed information from the tilted likelihood in the exponent.
Now suppose we calculate the exponential to location adjustment (3.4) from an expo-

nential approximation (1.9); we obtain



agreeing with relations obtained in Cakmak et al. (1995).

Example 1 continued. Consider the sample from the simple exponential model
and examine the reduced model for § with likelihood £(8;y) = —nlog8 — ny/6) where
we use y in place of §. We have seen that the empirical curvature ¢c/n = 0. Consider
a value y° with corresponding §° = y°. We then obtain Asp = 4n=12 Ay = —2n"1/2,
Ay = 6n~1, Ay = —18n7! giving cz/n = 0 and then C/n = 0. We thus obtain location
model structure which is of course easily seen directly.

Example 4. Consider the log gamma model I'"?(8) exp(6y — e¥). The log likelihood
is

(6 y) = Oy — ¥ — (6)
where () = logT'(§). The maximum likelihood value is obtained from 6 —¢'(0). At a

point (y°, 6°) we then calculate
Agy = A = A1 = A2 =0

Ago = {P(6°)) 732 {—p®(6°)} , Aao = {p@(8°)} 72 {—yp*(6°)}

and then obtain

C/n = cafn = 343 + 340 = W@} GO - RIGEIC)



APPENDIX

We now verify that the empirical exponential curvature is an invariant of the statistical

model at a point (y°,6°) consider

c(6;y) = -(;T—(::g;—y){a11(9;y)azz(9;y) — a12(6;y)az1(6;y)} (1)

11
where a;j(6;y) is given by (1.3) and ¢/n = c(6(y%y°). Let ¢ = () be monotone twice
differentiable transformation with inverse 8 = 6(); then

a11 = Lyt

a22 = Lopiyy s + LoyyPoo

(2)

a1z = Lgyypo

g, = Etpv;y‘Pg + Lyiypoe
in obvious notation with subscripts denoting differentiation. By substituting (2) in (1)
we see that c(;y) has the same form in terms or the new . In a similar way we have
invariance under changed variable. We now verify that the empirical location curvature is
an invariant of the statistical model. As we have the verification for ¢/n, we not then from

(3.4) that it suffices to do the verification for ¢3/n. Consider functions defined as follows.
Ai(89) = (—a20(89)) ™2 a3{ (6 y)as; (6 ) (3)

let ¢ = p(6) be a any strictly monotone differentiable parameter transformation. Then
with all functions evaluated at (6(y°),y°)) we obtain.
A2y = (—a30)"2ady = (—Lop) 205 operly + 3pppepas)’
= (—Loy) " (Lope + 6opoloppy o0+ 93;’;?99;49059)
Agy = (_GZO)_laﬂzagl
= (_eww)_lf‘;;‘ro;i(gww;yﬁpg + Lgiy006)
= (“eww)_le;;i(ffw;y + iyl 0y o0 + ei;y@§4¢§9)
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AsgAz1 = (—az0) 2aj7 azoan
= (—Ecpga)_ze;;b@;s(‘ewww"g + 3£ww@9¢69)(€w¢;y9"3 . gqa;y%“’ﬂe)
= (_evw)_ze;;t(evvveww;y 3IF Etpvtpgtp;y‘?;z‘i’@e
+ 3o lopiy Py 2000 + 3pployry t Oa)
Asy =1 —az0) taji as
= (—Loo) oy P LoweinP + Hopiypores + Loy poss)
= (—va)_lﬁc;;::;(fmw;y T 3695@;?;99;2%096 + Eso;y‘r”;s‘PBBG)
Ago = (—Gzo)—zam
= (_£<P‘P)-2(£‘P‘P<P‘P <o 63%09399;29’89 ¥ 3£¢w899—49939 +* 4£¢¢‘P;399998)
Let B;; = ("‘bzg)_(i_j)/ 247 7b;; be the expression (3) as determined from the parameteri-
zation . Then substituting from above we obtain

1 1 1
1/2(A2, — A3) + AsoAzr + 5(4A31 + Ag) = §(B§u = B§1) + B39 B2; + 5(4}331 + Bao)

giving the parameterization invariance of ¢z/n and of C/n. In the same pattern we also

obtain invariance under change of variable.
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