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SUMMARY

The common linear model describes responses ¥1,...,y, that are independent and
normally distributed with constant variance and means specified by a linear function of
regression parameters 5. Box & Cox (1964) considered the more general situation where
the initial response y is transformed to y*) = h(v;y) for some ¢ and produces a mod-
ified response y¥) with the preceding linear model. They used likelihood and Bayesian
methods for inference concerning the transformation parameter ¢». We apply recent asymp-
totic theory to obtain higher order significance levels for testing the scalar parameter ;
simulations provide an assessment of the accuracy of the approximate significance level.
Generalizations to transformations of the input variables are discussed.
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1. INTRODUCTION

A familiar problem in science is that of finding an appropriate mode of expression
for a response variable so that its behaviour relative to input variables is simple and
easily understood. Box & Cox (1964) examined transformations of some initial response
to obtain a transformed variable satisfying a linear model with say additive effects for
independent factors, constancy of error variance, and perhaps normality. They gave a
detailed discussion of these issues from a statistical and scientific viewpoint.

Consider some initial response variable y and a transformed response y®) = h(v;y)
that is a monotone increasing function of y. A familiar transformation in applications is
the power transformation y¥ on the positive axis. For negative 9 this becomes monotone

decreasing; accordingly the modification

Y _
h(wiy) = - 7 : v (1.1)

=logy »=0
is frequently used. This modification is monotone and converges to logy as ¥ — 0. Box
& Cox (1964) also considered a change of origin for the initial y. In this paper we restrict
attention to monotone increasing transformations from y to y*) with a scalar 1. The
methods can be extended to vector i by examining one 9 coordinate at a time, and to

nonmonotone transformations.

Consider a vector of observations y = (y1, ..., ¥n) such that the corresponding trans-
formed vector y(¥) = (y%w), ey yr(fp))’ for some particular value of 1) satisfies a linear model

X3+ oe where e is a vector of independent and identically distributed errors and X is an
n X r full column-rank design matrix; thus the full parameter is § = (§', 0,%)’. We focus
on the case with standard normal errors e but the case with other error form, say Student
(6), is also discussed but can be somewhat more difficult computationally.

Box & Cox (1964) develop a profile likelihood analysis and a Bayesian analysis based

on a data dependent prior; the Bayesian analysis corrects what seems to be an anomalous
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degrees-of-freedom that arises in the likelihood analysis. The full log likelihood function is

(0) = LB,09) = a— 5 5 [y~ X~ Dlogo” +log T(sy)  (12)

where J(¢;y) = degw) /dy; is the Jacobian of the transformation to the new response.

The profile likelihood £,(¢) for ¢ is obtained by maximizing over (3, o,

£($) = 60ysy) = By, 54, %) = a — 5 log 5> (1) +log J(1,y) = a — 7 log{6” (45 )} ,
(1.3)
where 62(1; y) = S%(;y)/n with S%(1;y) equal to the sum of squares of residuals for y(*¥)
and 62(¢;2z) = S?(2; z)/n with S2(3; 2) equal to the sum of squares of residuals for the
rescaled response vector

20 = W)/ Y (s g)) (1.4)

The maximum likelihood value for 1) can be obtained by minimizing S2(v; z). The Bayesian
analysis leads to an expression similar to (1.3) but with the usual degrees of freedom n —r
replacing n in the definitions of the variance estimates; the modified expression is called
the Bayesian adjusted profile likelihood.

First order asymptotic theory leads to a chi square (1) distribution for

rd = 2{L,() — £,(1)} (1.5)

or a standard normal distribution for the signed likelihood ratio

ry = sgu(y — ) - [2{6:(9) — L,($)}]'2 . (1.6)

The corresponding first order significance function for assessing 1 is then p1(v) = ®(ry)
where @ is the standard normal distribution function and observed values have been sub-
stituted; this is a p-value recording probability nominally left of the observed 1&0 when the
parameter has the value .

In this paper we use recent asymptotic theory to obtain a third order significance

function p(v) for assessing 1. Section 2 gives a brief outline of the needed third order
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asymptotic theory. Section 3 discusses this for the present formulation of the Box &
Cox problem, and Section 4 discusses two examples, one with real data and one simulated.
Section 5 records a Monte Carlo study to assess the accuracy of the third order significance

levels. Section 6 gives a brief overview and literature review.
2. THIRD ORDER ASYMPTOTIC METHODS

Third order inference for a scalar parameter component 9 = () in a continuous
statistical model f(y;6) was developed by Barndorff-Nielsen (1986) for the case where the
full variable and parameter were of the same dimension say p. The departure measure was
a modified likelihood ratio that was computationally difficult but a more accessible variant
was obtained as a mean and scale corrected likelihood ratio. A modified general version
was obtained in Barndorff-Nielsen (1991).

An alternative third order approach using tangent exponential models (Fraser, 1990)
was developed (Fraser & Reid , 1990, 1993, 1995) for the same dimension case. This used
the ordinary likelihood ratio r and a standardized maximum likelihood departure derived
from the tangent model; these were then combined to give the significance function p(t)

by one or other of the Lugannani & Rice (1980) formula

p() = 2(r) + o(r)(r™ —¢7") (2.1)

or the Barndorff-Nielsen (1991) formula

p(y) = {r —r~tlog(r/q)} ; (2.2)

for this ¢(z), ®(z) are the standard normal density and distribution functions and p(v)
records probability left of the data in the nominal sense 1,5 < 1Z)0 when the parameter
has value 9. Most third order significance formulas can be presented in terms of these

combining formulas with r as the signed likelihood root

r = sgn( — ¢)[2{€(0; y) — £(0y; v)}]*/? (2.3)
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and ¢ given by some expression appropriate to the particular problem; in (2.3), 0 designates
the overall maximum likelihood value and 92,, the constrained maximum likelihood value
given 9(0) = .

For the tangent exponential model approach the ¢ is taken to be a standardized

maximuin likelihood departure

g=(x- fcw)—'ngﬂm . (2.4)
[y (0y) /2
This uses a nominal reparameterization
0 0
0(0) = a—yﬂ(G;y)lyo = Ly(0;9°) (2.5)

based on the tangent exponential model which is then used to construct a replacement

—EV0(6) (2.6)

for 1(0), where the gradient of ¢ (0)

0

e (03) = 35Ol (2.7)

¥

makes x(f) mimic key properties of ¢(0) near éw. Also the information 7y is the full
parameter information recalibrated in terms of ¢ and jyy) (éw) is the nuisance parameter
information recalibrated also in terms of ¢ where the parameter is separated as 6 = (N, ).

A sufficiency reduction as with an exponential model or a conditioning reduction as
with a transformation model may lead to the direct application of the preceding methods.
More generally an approximate conditioning reduction may lead effectively to the same
dimension case. A method for obtaining such a reduction is developed in Fraser & Reid
(1995). For the use of (2.1) or (2.2) with (2.3) and (2.4) only the tangent directions
V = (v1,-..,vp) to the conditioning surface at the observed data point y° are needed.

Tangent location model theory (Fraser, 1964) leads easily (Fraser & Reid, 1995) to such

5



tangent directions. For the case of independent coordinates with distribution function

F;(y;;0), we obtain the n x p array

0F1(y1;0)/00 OFy(yn;0)/00 I
V=|- ey — . (2.8)
o (yl; 9)/8y1 oF, (yn; 9)/ayn (y°,69)
It then suffices to take the nominal reparameterization ¢(6) to be the gradient
(0) = - 00:9)] o = L (6:1) (2.9
(p dV ? y yO ;V b y .

of the log likelihood in the conditioning directions.
3. SIGNIFICANCE FOR THE BOX AND COX PROBLEM

Consider some initial response y and a transformation y(*) = h(¢;y) that is mono-
tone increasing in y for each value of a scalar parameter ¢. We consider a vector y =
(y1,---,Yn) of observations and assume that for some 1 the transformed response vector

y@) = (ygw), ce, ySp)) has a linear model
y(@b) =Xp@+oe (31)

where X is of full column rank r and e is a sample from an error distribution f(e) which
could be say standard normal or rescaled Student (6) or other. We are concerned with

inference for the parameter .

The full log likelihood £(0;y) = Y7 4i(6; ;) is a sum of contributions,
0:(0: vy __11 2 10, _ x. log h o 2
i(0;9:) = =5 log o™ + g{o ™ (y; i)} +1og hy (V5 4) (3.2)

from the component observations where X; is the ith row of X, g(e) = log f(e), and

h.y (¢;y) = Oh(;y)/0y. The score quantities are
1 ¢ 1y —1¢, (%) '
) = —— W) _ x,8)1 X!
bo(03y) = —— El g{o™ (y; AIIX;

n 1

be(Bry)=—= - — > g{o WY - XiB) P - XiB) (3.3)

o o2
Ly(05y) = % S g o Y = XiB)Yhy (Wi ys) + > husy (03 30yt (%3 :)
1 1
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where hy (¢, y) = Oh(;y) /0y and hy., (¥;y) = 0%h(¢);y)/09dy. For the case of normal
error g'(e) = —e, and for the power tranformation case (1.1) h., (¥;y) = y¥ =1, hy(;y) =
»(y¥ logy — h(¥;y)), and hy, (d;y) = logy - y¥ .

The overall maximum likelihood value § = (B’ , 0, lﬁ)’ = é(y) can be obtained by
iteratively solving £y = 0. The constrained maximum likelihood value éw = (,B{b, Gy, ¥) =
é¢ (y) can be obtained by iteratively solving ¢g = 0, ¢, = 0 with ¢ fixed. In the normal
case A

By = (X' X)X "yW)
(3.4)
&i = {y/(w)yw) — y/(w)X(X/X)—lX/y(w)}/n
and the profile likelihood for 9 is then given by (1.3).

The information components can be calculated from the second derivatives of likeli-

hood:
Cop (05y) = % ig”{fl(yz@) —- Xif)} X Xi
lso(0;y) = Zg o7 " - XiB)} X[+ — Zg"{o W™ - X:B X {u" - X8}
loo(B5y) = 55+ leg'{o-l(y?) XD Hy" - X8}
£ 22 D0 O~ X - XY

Loy (05 y) = L S "o 4 — XiB)Y X hy (4; )
1

Loy (03y) = ——Zg"{a-l @) XiB)Hy™® — XiBYhy (5 )
Zg{a_l{y(w) XiB} by (3 i)
éw(e;y):ézg"{o*(yz@ XY I (b 3:) + Zg{o— (7 = Xi) (1)

+Z h’/”/)y biyi)h, Y 1’b yi) Zhwy Y;yi)h ,y2(¢ Yi)
(3.5)



where the subscripts to h(1;y) denote differentiation with respect to ¥ and to y. The

overall information matrix is

A

Joo = —Lgg (05 ) (3.6)

and the constrained information matrix is

A~ A

I(0y) = —Lx (0ys ) (3.7)

where A = (', 0)’.

For the normal case the full information is

6-2X'X 0 572 X by (s 5)
Joog = 0 o262 —2673 Z?{yi(w) — Xi/@}hd) (s i) | (3.8)
- — Jupep

where
n

Jop =672 [0, (i) + {y™) — XiBYhyy (s )]
1
and the nuisance parameter information is

~—2 v/
A anX 0

Jan(0y) = . (3.9)
0 2n&;2

Consider now the nominal reparameterization ¢(6). For this the gradient m;(6;y;) =

dl;(0;y;)/dy; of the ith component of likelihood is

mi(0:y:) = 0~ g'lo T {ylY) = XaBWhiy (5 10) + higy (G50 h (59) . (3.10)

which in the standard normal case with the power transformation y®) = (y¥ — 1)/%
becomes

mi(0; i) = —o "y = XiBh! Ty W 1) (3.11)

The tangent directions can be obtained from the coordinate distribution functions or more

easily from the coordinate pivotal {y@) — X;B}/o. Setting the total differential of the

(3

coordinate pivotal equal to zero,

0y (3 yi)dyi — 0 XydB — 02 {y(") — X;BYdo + o hy (3 yi)dy = 0
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gives

dyi = h3 () Xi dB + o hg (s ya) {u?) — XiBYdo — h (v ya)hey (3 9i)dyy (3.12)

from which we obtain the reparameterization () with coordinates
=Y mi(0;yi)hy (W vi) X]
1
- Zmiw; gy (i) (o) — Xipro™

Zmz (03 i) by (3 i) oy (53 -

For the case of standard normal error and the power transformation y(1;y) =

the reparameterization simplifies to
Zmz 0593y wX'
Zmz 0 90yt {y™ - Xipyo™

p3 = Zmz 0909 P -y log i) .

For the Jacobian of the transformation from 6 to ¢ we first calculate

oy Jomi(Biy)  Oma(B5y:)  Omi(0; i)
Mz(eayz) - { 8,8/ ’ 60' ’ 8¢ } I
where
amg(g'; %) _ —072¢" [0 Yyl — X,BY) Xihyy (v 9i)
om; (0 y:) = —072¢'[o~ 1{y(¢) XY by (Vs vi)
do

— 03¢ oMy — XiBYhy (b3 v) (w? — X5}
om;(0; yi —1
% =0 19 [ 1{y(¢) iﬂ}]hw;y(qp;yi)

+o072%¢" o™ 1{y(#)) XiB}hy (3 yi) by (5 94)

+ gy (0393 hig ' (13 45) — Py (5 y3) By (05 i) hapisyy (45 1)

9

(3.13)

(¥ - 1)/,

(3.14)

(3.15)

(3.16)



The Jacobian ¢y = d¢/060’ is then given by

ST XM (05 ys) Byt (95 s) )
wor(0) = | 37 Mi(O; i)y (i w) {yl” — XiB}o ! (3.17)
— 221 Mi(0;wi)hiyt (5 wi) b (35 i)

The overall information determinant recalculated on the ¢ scale is

ldosy| = lisalle8} (8)|~2 (3.18)

and the nuisance information determinant recalculated on the ¢ scale is

o) 0p)] = 13 (0) |6 By ) (Bp) | (3.19)

where we use the expressions (3.6) and (3.7).

For the scalar parameter x(#) which measures departure from % in the ¢ scaling we
use the row vector 9, (f,) obtained as the final row vector in the inverse 909_,1(@1/,) of the
Jacobian (3.17) evaluated at QAI/,.

The third order significance function p(1)) for testing a 1 value is then obtained from
(2.1) or (2.2) using the signed likelihood ratio r from (2.3) and the standardized maximum

likelihood departure ¢ from (2.4).

4. TWO EXAMPLES

Now consider two examples, one involving real data and one involving simulated data.

Example 1.

The survival times of animals in a 3 x 4 factorial experiment (Box & Cox, 1964) are
recorded in Table 1; the first factor corresponds to three types of poison I, II, IIT and the

second to four types of treatment A, B, C, D.
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Table 1

Survival times of animals

A B C D

I 031 082 0.43 0.45
0.45 1.10 0.45 0.71
0.46 0.88 0.63 0.66
0.43 0.72 0.76 0.62

II 036 092 0.44 0.56
0.29 0.61 035 1.02
0.40 049 031 0.71
0.23 1.24 0.40 0.38

Ir 0.22 030 0.23 0.30
0.21 037 025 0.36
0.18 038 0.25 0.31
0.23 029 0.22 0.33

The model considered is an additive main effects model with normal error applied
to the transformed variable ) = (y¥ — 1)/9. The data yields the maximum likelihood
value 1) = —0.75. The significance function p(t)) is recorded in Figure 1 together with the
95% confidence interval (—1.165,—0.333); this is a standard confidence interval obtained
from a pivotal quantity for i and its third order approximate distribution. The first
order methods (Box & Cox, 1964) are obtained from the profile likelihood (1.3) and the
Bayesian modifications of this. These are recorded in Figure 2; the likelihood 95% intervals
is (—1.13,—0.37) and the Bayesian interval is (—1.18,—0.32). In this example the third
order interval is larger and contains the first order intervals, thus correcting for apparent
over precision in the likelihood methods.

The reciprocal transformation corresponding to ¢¥» = —1 leads to a natural interpreta-
tion as the rate of dying. This value is within the confidence interval (-1.165, -0.333) and

the full analysis of variance using this value for 1 is recorded in Box & Cox (1964).

Example 2.
The power transformations y to y¥ with 1 # 0 form a transformation group on the
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positive real line. Thus, for testing a value ¥ = 1)y with data y1, ..., y, we can equivalently
test a value ¥ = 1 with transformed data yipo, ..., y%o. Accordingly it suffices to examine
the present inference procedure for the case where the true ¢ = 1.

To assess the precision of inference for the parameter 1 in the context of the model
y™¥) = i+ oe with normal error, we consider a sample of 10 from the model with px = 5,
o =1, =1 and standard normal errors; Due to the nature of the modified transformation

(1.1) giving here y() = y — 1, we have that the basic data variable y is normal (6,1). The

data are

5.706884 5.738569 4.615973 4.305724 7.033090
9.797507 6.426300 7.285514 6.174499 5.536358

with maximum likelihood value ¥ = 1.322. The third order 95% confidence interval is
(—2.355, 5.655); by comparison the first order confidence interval from £,,(¢) is (—2.545, 5.425).
With this small sample we note that the intervals are quite wide and that the third order

procedure corrects a downward bias in the first order likelihood procedure from (2.3).
5. MONTE CARLO ASSESSMENT OF THE SIGNIFICANCE

The third order analysis in Section 3 produces a significance function p(¢) using either
formula (2.1) or formula (2.2) calculated with the quantities r and ¢ from (2.3) and (2.4). In
repeated sampling from a model with 1) = 1)y, the values of p(1)y) should be approximately
uniformly distributed and the values of ®~1{p(1)0)} should be approximately standard
normal. To assess the accuracy of these approximations, we consider the simple linear
model y¥) = p + oe with standard normal error. We generate data with n = 10 and
20, 4 = 6, 0 = 1, 9 = 1 and calculate the signficance ®~*{p(1)} using formulas (2.1)
and (2.2). For N = 10,000 repetitions, the simulation results are given in Table 2. The
simulated coverage probabilities using the third order procedure are closer to the nominal
significance levels than those using the first order method when the sample size is small,
i.e. m = 10. As the sample size is increased to n = 20, the difference between the two

procedures is not as significant.
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Table 2.
Estimated distribution function values calculated at familiar
nominal confidence values: using first order p;(1);

using 3rd order p(1))

n =10
For p(¢) 0.0260 0.0506 0.0987 0.1961 0.4967 0.7917 0.8899 0.9418 0.9667
For p;(v) 0.0183 0.0388 0.0894 0.1936 0.5377 0.8539 0.9420 0.9743 0.9891
Nominal 0.025 0.05 0.1 0.2 0.5 0.8 0.9 0.95 0.975

n = 20
For p(¢) 0.0278 0.0504 0.0996 0.1977 0.4959 0.7973 0.8986 0.9467 0.9711
For p1(v) 0.0249 0.0465 0.0975 0.2031 0.5318 0.8417 0.9296 0.9691 0.9869
Nominal 0.025 0.05 0.1 0.2 0.5 0.8 0.9 0.95 0.975

We also present our simulation results as ¢ — ¢ plots in Figure 3 and Figure 4 for
the simple sizes n = 10 and 20 respectively. The horizontal scale records the result of
the approximation using a normal scale and the vertical scale gives the simulation-based
estimate of the exact value again expressed on a normal scale. Throughout most of its
range the third order procedure stays close to the diagonal 45° line and closer for n = 20
than for n = 10. By contrast the likelihood ratio plot departs from zero at the center and
has a systematic departure in slope from the diagonal 45° degree line; for values on the
tails the nominal significance value over states the true significance and seems consistently
non conservative.

For the third order an anomoly arises on the right tail, with actual significance being
higher than the nominal. This anomaly is in a conservative direction and various proce-
dures for correcting for it are being developed. This seems to correspond to data that have
outliers on the left and are compressed on the right thus needing a large estimated v to bal-

ance the tails. A typical data array was extracted and after location scale standardization
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gave

—2.610 -0.717 0.060 0.316 0.329
0.377  0.408 0.522 0.564 0.750°

~

After the ¢y = 12.38 power transformation of the original data the location scale standard-

ized values are

—-1.904 -1.371 -—-0.433 0.104 0.136
0.256 0.335 0.657  0.787 1.432°

It would seem that a power transformation with a small sample does not provide a suitable

rectification with a left tail outlier.

6. DISCUSSION

We have developed likelihood asymptotic methods for the Box & Cox (1964) prob-
lem and obtained a third order significance function for testing a scalar transformation

parameter 1/ in the model

y W) = X6+ oe

where the transformation yz-(w) = h(v;y;) is coordinate by coordinate and is monotone
increasing. As the Box & Cox model is far from having an exponential model parameter-
ization we find as expected that the calculation of the maximum likelihood values 6 and
é¢ are the major computational barriers; but then these are also needed for the first order
methods. These barriesr for a particular data set are not a particular point of difficult but
for simulation studies they do require careful attention.

A rather extensive literature exists for the Box & Cox problem. In their paper (1964),
Box and Cox suggested that after having chosen the transformation parameter, ¢ = 7,5 say,
one can make the estimation and inference under the usual normal theory on the chosen
transformed scale.

Bickel & Doksum (1981) criticized the procedure, arguing that in some cases, for
example when o is small, the asymptotic variances of the estimates of the parameters

in the linear model are much larger when the transformation parameter ¢ is unknown
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than when it is a priori known, thus resulting in excess sensitivity in the approach. In
response, Box and Cox argued that this variance inflation phenomenon is not relevant to
their analysis, because they interprete model effects in terms of a known transformation,
so that the parameter of interest is not the vector 3 related to the unknown % but rather
a vector related to the given value 'gﬁ In order to remove the -dependent scale effect,
Box and Cox rescaled the response to obtain the working variables zi(w). Hinkley and
Runger(1984) gave a detailed analysis along these lines for the two data sets in Box and
(¥) ()

.~ in place of y,

Cox’s paper and found that the new model, using z i

, was stable with
respect to changes in ’l/;

Duan(1993) indicated that the z-transformation would not achieve the best possible
reduction in the sensitivity if the design matrix was not symmetric as is the case with the
textile data in Box and Cox (1964). He proposed a modification ¢ of the z transformation
as his working variable. If the distribution of X is symmetric, the analysis agrees with
that of Box and Cox(1964).

Cox and Reid(1987) looked for a reparameterization of 8 and o to make them orthog-
onal to the transformation parameter 1, so that the maximum likelihood estimate of
does not depend strongly on 1. They obtained results that differ slightly from those in
the original Box & Cox paper.

The third order procedure has accuracy demonstrated by simulation; it thus removes

the distributional uncertainty present with the first order likelihood or Bayesian analyses.
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Figure 1. Third order significance function for the Box & Cox data on survival time,

together with the 95% confidence interval.

Figure 2. First order profile likelihoods for the Box & Cox data on survival time

together with the corresponding 95% ranges.

Figure 3. With N = 10,000, simulation of the z = ®~!(p) values obtained from the

first order and the third order significance procedures: ¢ — ¢ plot with n = 10.

Figure 4. With N = 10,000, simulation of the 2 = ®~!(p) values obtained from the

first order and the third order significance procedures: ¢ — ¢ plot with n = 20.
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