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A Simple Formula for Comb1n1Qa:ztor Estimates

Donald A.S. Fraser and E-ster-S-a-mﬁe-l—G-ahn

The combining of estimates is a very central activity of statistics: In a typical case many
data elements each measuring some aspect of a context under investigation need to be com-
bined to give estimates of particular characteristics of major interest. Without recourse to
detailed model structure the method of combination is often linear. We give a simple easily
remembered formula for combining two vector estimates of a vector parameter to achieve
minimum variances. The formula takes account of covariances betv#een the estimates and
is easily implemented; Examples are discussed. The theory provides an intuitive basis for

the general classroon discussion of unbiased estimation with minimum variance.
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1. INTRODUCTION

A primary formula for combining independent estimates ¢; and ¢z of a scalar parameter

6 involves weighting by reciprocal variance:
t= (o7 +0;2) o7 M1 + 05 t2); (1.1)

the coefficient in front of the sum produces effective weights that sum to unity. The formula
is useful if the effective coefficients do not depend on @ and the estimates are unbiased for
the parameter 8; in this case it is simple to show that the combined estimate has minimum
variance among linearly combined estimates aty +(1—a)ts, and that the minimum variance.
is (o7 + 05 %), which can be interpreted as adding reciprocal variances to obtain the
reciprocal variance of the combined estimate or as adding precisions to obtain the new
precision.

Samuel-Cahn (1994) discusses an extension of this formula to the case where there is

covariance pojoz between the estimates; the extension uses
a=(1-pN)/(L-20*+X) (1.2)

where A = o1 /02 is the ratio of standard deviations of the initial estimates. In this note
we discuss an alternative expression for this extension which involves weighting by the

reciprocal of the excess of variance over covariance
t={(0? — 021)7 + (0% — 012) M} H{(0F —021) 1 + (03 — 012) 7 t2} (1.3)

where o2 is the covariance of the estimates. The formula is straightforward to compute
and holds as we will see in an obvious way for the combining of vector unbiased estimates
t1,1t; for a vector parameter 6.

Example A. An incomplete block design yields a within block estimate #1 for a treatement
difference with variance 0.1260% and a between block estimate t; with variance 0.276072;

the covariance is —0.100c2. The best linearly combined estimate is

t—1+1_1t1+t2 1.4
~ \0.226 ' 0.376 0.226  0.376 (4
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