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ABSTRACT

Unbiased estimation methods that are in some way local on the parameter space have been
initiated by Barankin (1948) and Fraser (1964). The later methods involving local unbiasedness
are extended to higher (derivative or difference) order at a parameter value (8p) and provide a
basis for a computer algebra implementation concerning the improvement of unbiased estimates.

1. INTRODUCTION

Unbiased estimation has a substantial place in contemporary slatistical inference, although
recent directions emphasize distributional methods; for a recent review, see Fraser (1991).

Most theory of unbiased estimation requires global unbiasedness and targets on uniform
minimum variance. Barankin (1949) retained global unbiasedness and targeted on minimum vari-
ance at a parameter value of interest. Fraser (1964) following patterns in Fisher (1956) defined
first order (derivative) unbiasedness at a parameter value 6, and explored minimum variance at
8, for such estimates. A byproduct of this was an interprtetation of the Cramér-Rao inequality
with the minimum of assumptions needed for its basic derivation (Fraser, 1976).
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In this paper we define p™ order local(6) unbiasedness and describe the procedure for cal-
culating the corresponding minimum variance estimate. For other than very simple problems,
computer algebra (for example, Maple, Mathematica or Maxcyma) would be needed, but within
such a context we would have a simple procedure for developing progressively improved esti-

males,

The theory is presented in Section 2, some aspects of implementation discussed in Section 3

and an example given in Section 4,

2. LOCAL UNBIASEDNESS OF ORDER p

An estimate 1(y) for a scalar 6 was defined (Fraser, 1964) to be locally unbiased at 8y if its

mean value coincided with 0 10 the first order at 8=8 :

E{t(y): 80} =8

" . (1)
— 2 =1
m E{t(y): 8]s,
We generalize as follows:
Definition 1: An estimate K(y) is locally unbiased of order p for a scalar 3(8) at 8, if :
E{u(y): 8o} = B(B0) @
GE(Uy): 0] =B i=l,....p 3
where B; = d;3(8) and
d; is the ith derivative at 6,
3;h(6) = -Qi.*h(e) le, @
26"
or the ith divided difference with respect to some sequence 84,6, . .. .8, typically local to 8.
With most inference theory we commonly use the scores
Si(y)=9;In {(y; ). (3
For the theory here the related estimarion scores are more appropriate:
1
Ui(y)=———-0;f(y; 6). ©

f(y: ©)
With the differentiation definition, the usual regularity conditions are needed for differentiation
under the sample space integration sign. With the divided difference definition, less regularity is
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needed, specifically differencing through the sign of integration is immediate; for some back-
ground for this case, see Chapman and Robbins (1951) and Fraser and Gultman (1952).

The following lemma holds under the usual regularity conditions for the differentiation and
differencing cases.

Lemma 1: If t(y) is locally unbiased of order p for f(8) at 8 , then

cov (1(y), U(y); 80)=B ()]

where U= (U (y), ..., Upy(y)) and P = Brr-o-Be)
Proof: The result follows from

AE(t(y); 8) = E{u(y) Ui(y)0)

. (8)
E{Ui(y); 80} =0 i=1,...,p.

The locally unbiased estimates of order p for B(6) at 8, satisfy a Cramér-Rao lower bound:

Lemma 2: The variance 62 of an estimale (y) that is locally unbiased of order p for B(8) at 8
satisfies

c?:=pT!B. )

where I is the variance matrix of U at 8=8,. Proof: The varance matrix for

(Uy), Uy(y), - . - . Up(y) ) has the following form:

012 Bl LIt Bp

By G11 v.-vy Opp o} ﬂ'

- CElp oz (10)
ﬁp Tp1 ,....O'p.p

where a;; = cov[U;(y),U;(y) ; 8o ). The linear regression residual of t regressed on Uy, ..., Uy is
1-B’Z'U and has variance

o - BT'p. an

In particular, if I(y) is globally unbiased for B(6) , then it is locally unbiased of order p at 6o
and satisfies (9) where the left and right sides are calculated for any 8, value of interest; these
would then be the ordinary Cramér-Rao and Bhattacharyya bounds. We fecl however that the
considerations in terms of p® order unbiasedness focuses on the essentials of the inequality for the
bounds on variance. The following results support this view.

As a method of constructing p™ order locally unbiased estimates we consider a linear com-
bination of the functions Uy, Uy, ..., U, treating these estimation score functions as basic build-
ing blocks for estimation:






