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ABSTRACT

Saddlepoint methodsxtended to distribtion functions, can pxade highly accurate tail
probabilities for testing real parameters kpenential models.For extensions, asymptotic con-
nections amongarious test quantities are needdetr five quantities, the maximum lédihood
departure standardized by obshand epected information, the score function standardized by
obsened and gpected information, and the signed square root of tlediHikod ratio statistic, the
needed connections to third order are recordHtkir use is illustrated by a simple igtation
proof of the Lugnnani and Rice formula.



1. INTRODUCTION

The saddlepoint method for approximating a probability density function from a corre-
sponding cumulant generating functiomsvintroduced to statistics by Daniels (1954) and Bar
dorff-Nielsen and Cox (1979)A method for approximating the corresponding disttitn func-
tion was introduced by Liwannani and Rice (1980) and produces highly accurate tail probabilities
for real canonical parameters ixpenential models Extensions to nuisance parameter and trans-
formation models arevailable Fraser (1990), DiCiccio, Field, Fraser (1990), Fraser and Reid
(1991).

The use of such tail probability approximations fits well with thev\tleat statistical infer
ence is the comrsion of likelihood to significanceFor a recent discussion of this see Fraser
(1991).

The approximation wks well when a distriltion is approaching normality in the manner
indicated by gpansions (1) and (2) belo Expansion (2) indicates the cmngence of the cumu-
lant generating function, in the pattern of the usual proof of the Central Limit The&hgpan-
sion (2) indicates the cuergence of the density function, in the pattern of the proof of asymptotic
normality for conditional inference in the location model (Brepnfeaser McDunnough, 1982;
Fraser and McDunnough, 1984).

A density function that is approaching normality in the usua} @&s an inde n, typically
sample size, approaches infinicgn be standardized by a linear transformation to place the maxi-
mum at the origin, and to & wit cunature (on the log scale) at the maximum:
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where b= (58 +3a,)/12n. Similarly a awmulant generating function that is approaching normal-

ity as n gpproaches infinity can be standardized by a linear transformationeaean zero and
standard daation 1:
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In these formulasxs, a4, &, &, are O(1).
It can be erified that the density function (1), standardized by a meamnd standard ¢de

ation o adjustment,
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has cumulant generating function (2) withh = a;, a4 = &, + 3&. The cumulant generating func-

tion (2), after a locatiorm and scales ajustment
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has density function (1) witteg = a3, a, = a4 — 3. All expressions are recordei O(ri®?).
For derivation and discussion see Fraser and Reid (1991).
For statistical purposes the preceding may be used to construgpanential model:
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where f(y) and &) are given by (1) and (2) and the linear and quadratic terms iprovide the
u, o adjustments (3)The likelihood function from a datealue y is

I(6;y) = a+ 6y - () (6)
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where €(8) is the mean andariance adjustedevsion of c(8) as implicitly given in (5).

1/2

Note that the mean an@nance standardized third and fourth daives, a3/n™ and a,/n

of the cumulant generating function&t0 are the ngatives o the correspondingly standardized
derivatives o the untilted lilelihood (6) ate—0. Somerelated connections for ihood and

cumulant generating function are described in Fraser and Reid (1990).

Standard asymptotic calculations lead to tkgressions
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Wheref is the obsered information (-0%/062)I(8;y)|;. An expression for the standardized maxi-

mum likelihood departure (from®-0) based on obsed information is:
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Also an epression for the signed Bkhood ratio quantity is:
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is the scorefunction até—0, standardized with respect tapected information.These gpres-

sions were obtained in Fraser and Reid (1994)Section 2 we record the connection formulas
among five gandardized test quantitie®\ll can be obtained by routine algebra from (10), (11),
(12) with (8).

2. THECONNECTION FORMULAS

For a real parameter statistical modelditest quantities are frequentlyvoked to test a
hypothesis concerning the parameter Let
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be the score function, the obsedvinformation, and thexpected informationFor the exponential
model (5), (14) and (15) ar&'(¢) evaluated a® and 6, respectiely.

The maximum likelihood test quantities, standardized by thpeeted and obsesd infor
mation are denoted

6 =0 6-0) ad q=]")6-0). (16)
The score test quantities standardized by xipe&ed and obsexd information are denoted

z = i2e)sy;0)  and  t= | Py)s(y:e). 17)
The signed liklihood ratio quantity is

r = sgn@ -6) [02{I(6;y) - I(6; )1 . (18)

To the first order of asymptotic thepmach of (16), (17), and (18) has a standard normal
distribution. For higher order calculations, it is a@mient to hae an expression for each of the



guantities in terms of gnof the others.Faormulas (10), (11), (12) with (8) makhis calculation

relatively straightforvard. Thecalculations summarized b&lovere carried out fore—0 in the

exponential model (5) Wt the formulas arealid for arbitrary  since the results dandepend on
the \alue ofg; the g a, o3 o4 are standardized deatives & the \alue ofe in the test quantities.
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These formulas are accurate to Gf) in the asymptotic conte for the eponential model (5).
The equations can bemessed in terms of’s by the substitution

& - o3, a4:a4—3a§.

3. ANEXAMPLE

As noted in the introduction, the Laignani and Rice (1980) formula pides highly accu-
rate approximation to the disttition function of a one dimensionatponential model.The sad-
dlepoint methods from applied mathematics had been used in statistics before that time to obtain
approximations to the density function (Daniels 1954, Barfitlbefisen and Cox 1979).

The usual statistical ersion approximates the density (5) from theellikood function
I(6;y). For this it should be noted that adikhood function can often bevalable and yet the
mauginal density for the minimal sfidient statistic is inaccessible due to the need fogmaten
from some original sample spac€he saddlepoint density approximation is
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and is accurate t@(n%?) on renormalization. Theormalizing constant isexp(-5§/2) where
5 = (5a3 - 3a,)/(12n) = (-4& - 3a,)/(12n) The &pression (24) including the normalizing con-
stant can beerified directly by substituting thexeressions forr? and fto obtain (1).

We row use formulas from the preceding section todetie Lugnnani and Rice formula
from (24), assuming that a renormalizing constant increases the actur@n=>?) but without
assuming kneledge of its alue.

From 2/2 = dy - &(@) with 6=0 we dbtain rdr = édy andthus | “’dy = (r/g)dr. Thus
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where ¢(r) is the standard normal densitBecause £ g to first ordey we take ®(r) asthe first

approximation, wher@(r) isthe standard normal disttition function. From (25):
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The asymptotic form of the diérential is easily obtained using (19)
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Since the term im(r) is O(rT*?), and both F4; 8) and ®(r) corverge to 1 & r — oo, it follows that
5oy — 10 _3/2
F@;0) = &) + ¢(r)Dr q D+ o(n™"), (28)

which is the Lugnnani and Rice formula.



Various generalizations of the Lagnani and Rice formula v&a recently been deloped.
A parametrization-imariant version is proposed in BarndbMielsen (1988) and further discussed
in Barndorf-Nielsen (1990) and Fraser (1990jhat \ersion reduces to (28) in the case of a
canonical gponential model and to a similaension, using the score statistic in place of g, in the
case of a location modelnivariate and multiariate location model formulas are discussed in
DiCiccio, Field and Fraser (1990yVe havefound the asymptotic relations dexdl in Section 2 to
be \ery useful for deviing further approximations in the multiparameter setting (Cheah, Fraser
and Reid, 1992).
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