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ABSTRACT

Saddlepoint methods, extended to distribution functions, can provide highly accurate tail
probabilities for testing real parameters in exponential models.For extensions, asymptotic con-
nections among various test quantities are needed.For five quantities, the maximum likelihood
departure standardized by observed and expected information, the score function standardized by
observed and expected information, and the signed square root of the likelihood ratio statistic, the
needed connections to third order are recorded.Their use is illustrated by a simple integration
proof of the Lugannani and Rice formula.



1. INTRODUCTION

The saddlepoint method for approximating a probability density function from a corre-

sponding cumulant generating function was introduced to statistics by Daniels (1954) and Bar-

dorff-Nielsen and Cox (1979).A method for approximating the corresponding distribution func-

tion was introduced by Lugannani and Rice (1980) and produces highly accurate tail probabilities

for real canonical parameters in exponential models.Extensions to nuisance parameter and trans-

formation models are available Fraser (1990), DiCiccio, Field, Fraser (1990), Fraser and Reid

(1991).

The use of such tail probability approximations fits well with the view that statistical infer-

ence is the conversion of likelihood to significance.For a recent discussion of this see Fraser

(1991).

The approximation works well when a distribution is approaching normality in the manner

indicated by expansions (1) and (2) below. Expansion (2) indicates the convergence of the cumu-

lant generating function, in the pattern of the usual proof of the Central Limit Theorem.Expan-

sion (2) indicates the convergence of the density function, in the pattern of the proof of asymptotic

normality for conditional inference in the location model (Brenner, Fraser, McDunnough, 1982;

Fraser and McDunnough, 1984).

A density function that is approaching normality in the usual way as an index n, typically

sample size, approaches infinity, can be standardized by a linear transformation to place the maxi-

mum at the origin, and to have unit curvature (on the log scale) at the maximum:
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where b−− (5a2
3 + 3a4)/12n. Similarly, a cumulant generating function that is approaching normal-

ity as n approaches infinity can be standardized by a linear transformation to have mean zero and

standard deviation 1:
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In these formulas� 3, � 4, a3, a4 are O(1).

It can be verified that the density function (1), standardized by a mean� and standard devi-
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has cumulant generating function (2) with� 3
−− a3, � 4

−− a4 + 3a2
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tion (2), after a locationm and scales adjustment
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For derivation and discussion see Fraser and Reid (1991).

For statistical purposes the preceding may be used to construct an exponential model:
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where f(y) and c(� ) are given by (1) and (2) and the linear and quadratic terms in� provide the
� , � adjustments (3).The likelihood function from a data value y is

l( � ; y) −− a + � y − c̃(� ) (6)
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where c̃(� ) is the mean and variance adjusted version of c(� ) as implicitly given in (5).

Note that the mean and variance standardized third and fourth derivatives, � 3/n1/2 and � 4/n

of the cumulant generating function at� −−0 are the negatives of the correspondingly standardized

derivatives of the untilted likelihood (6) at� −−0. Somerelated connections for likelihood and

cumulant generating function are described in Fraser and Reid (1990).

Standard asymptotic calculations lead to the expressions
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where ĵ is the observed information(−∂2/∂� 2)l( � ; y)|ˆ	 . An expression for the standardized maxi-

mum likelihood departure (from� −−0) based on observed information is:
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Also an expression for the signed likelihood ratio quantity is:
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is the scorefunction at

 −−0, standardized with respect to expected information.These expres-

sions were obtained in Fraser and Reid (1991).In Section 2 we record the connection formulas

among five standardized test quantities.All can be obtained by routine algebra from (10), (11),

(12) with (8).

2. THECONNECTION FORMULAS

For a real parameter statistical model five test quantities are frequently invoked to test a

hypothesis concerning the parameter
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ĵ(y) −− −
∂2

∂
 2
log f(y;



)|� −− ˆ� , (14)

i(



) −− − E{
∂2

∂
 2
log f(y;



);



} ,  (15)

be the score function, the observed information, and the expected information.For the exponential

model (5), (14) and (15) arẽc′′(

) evaluated atˆ



and



, respectively.

The maximum likelihood test quantities, standardized by the expected and observed infor-

mation are denoted
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The score test quantities standardized by the expected and observed information are denoted
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The signed likelihood ratio quantity is
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To the first order of asymptotic theory, each of (16), (17), and (18) has a standard normal

distribution. For higher order calculations, it is convenient to have an expression for each of the



quantities in terms of any of the others.Formulas (10), (11), (12) with (8) make this calculation

relatively straightforward. Thecalculations summarized below were carried out for� −−0 in the

exponential model (5) but the formulas are valid for arbitrary � since the results don’t depend on

the value of� ; the a3,a4,
 3,
 4 are standardized derivatives at the value of� in the test quantities.
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These formulas are accurate to O(n−3/2) in the asymptotic context for the exponential model (5).

The equations can be expressed in terms of� ’s by the substitution

a3
−− � 3 , a4

−− � 4 − 3� 2
3 .

3. AN EXAMPLE

As noted in the introduction, the Lugannani and Rice (1980) formula provides highly accu-

rate approximation to the distribution function of a one dimensional exponential model.The sad-

dlepoint methods from applied mathematics had been used in statistics before that time to obtain

approximations to the density function (Daniels 1954, Barndorff-Nielsen and Cox 1979).

The usual statistical version approximates the density (5) from the likelihood function

l( � ; y). For this it should be noted that a likelihood function can often be available and yet the

marginal density for the minimal sufficient statistic is inaccessible due to the need for integration

from some original sample space.The saddlepoint density approximation is
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and is accurate toO(n−3/2) on renormalization. Thenormalizing constant isexp(−� /2) where
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We now use formulas from the preceding section to derive the Lugannani and Rice formula

from (24), assuming that a renormalizing constant increases the accuracy to O(n−3/2) but without

assuming knowledge of its value.
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where
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(r) is the standard normal density. Because r−− q to first order, we take Φ(r) asthe first

approximation, whereΦ(r) is the standard normal distribution function. From (25):
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The asymptotic form of the differential is easily obtained using (19)
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Since the term in
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which is the Lugannani and Rice formula.



Various generalizations of the Lugannani and Rice formula have recently been developed.

A parametrization-invariant version is proposed in Barndorff-Nielsen (1988) and further discussed

in Barndorff-Nielsen (1990) and Fraser (1990).That version reduces to (28) in the case of a

canonical exponential model and to a similar version, using the score statistic in place of q, in the

case of a location model.Univariate and multivariate location model formulas are discussed in

DiCiccio, Field and Fraser (1990).We hav efound the asymptotic relations derived in Section 2 to

be very useful for deriving further approximations in the multiparameter setting (Cheah, Fraser

and Reid, 1992).
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