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Summary

For composite testing of several canonical components in an exponential model, a
conical or directional test provides a one-dimensional measure of departure. We approxi-
mate the distribution of this test statistic to third order by numerical inversion of a profile
likelihood. The method extends the Lugannani and Rice type formula to kernels other
than the normal.
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1. Introduction

Consider an exponential family model with p dimensional parameter ¢,

exp{¢'y — c(p) }h(w) (1.1)

where y is a p dimensional statistic and the density is for a variable w on some original
sample space of dimension n. The log-likelihood function is I(¢;y) = ¢’y — c¢(¢). The
saddlepoint approximation to the marginal density of y (Daniels, 1954; Barndorff-Nielsen

& Cox, 1979) is given by

§ 1\ .
) = ()P exp (—5 = ) 71+ 007} (1.2
where
/2 =r%(@;9)/2=U¢5y) - Upsy), (1.3)
7 = —lye (p;y) is the observed information matrix, and § is a constant of order O(n~')
involving standardized third and fourth derivatives of ¢(¢). For the p = 1 case an

approximation to the distribution function that is accurate to O(n~2) was derived by
Lugannani and Rice (1980). We develop a related result for the multidimensional case.
Now suppose that ¢’ = (0',x') and y' = (y},y5) with 8 and y; of dimension
k. The conditional distribution of %; given y; is an exponential family with canonical
parameter 6 and is the natural distribution for inference concerning 6 as it is free of the

nuisance parameter . Then taking the quotient of (1.2) for (y1,y2) and for y, gives

§—682(0) T2\ 0.8
F(3nlyo:0) = (2m) ™ exp {—T” - 5} ol {%} (1.4



to order O(n~%) where jp is the nominal observed information obtained from the profile
log-likelihood 1,(0) = (6, kg), ke is the restricted maximum likelihood estimate of
for fixed 0, r2/2 = lp(é) — 1,(0) is the corresponding log-likelihood ratio, and j, is
the nuisance parameter submatrix of the information matrix from the full log-likelihood

1(0, k). As this conditional model is exponential family it follows easily that

1p(0;y1,92) = 0" (y1 — ¥?) + 1,(0; 42, y2), (1.5)

where the observed data point yol is partitioned as (y?l, ygl) .

Approximation (1.4) is the same as (3.15) in Barndorff-Nielsen and Cox (1979), but is
expressed here entirely in terms of the log-likelihood function. The likelihood formulation
has been very fruitful as a method for generating new approximations, in some of the recent
literature. See for example Barndorff-Nielsen and Cox (1989, Ch. 7), Barndorff-Nielsen
(1990, 1991), Fraser (1990) and references therein. By examining general asymptotic
expansions, Fraser and Reid (1993) show that 65(6) in (1.4) is constant to order O(n™%)
and thus that the conditional log-likelihood for the density in (1.4) can be approximated
by

1 . .
Lp(0) + 5 108 | (0; o). (1.6)

Saddlepoint inversion of this conditional log-likelihood gives density and distribution func-
tion approximations to order O(n_%) . The same reference can also be used to show that

the inversion of the profile log-likelihood [,(€) defines a nominal profile density to order

O(n=%):

o |§3m

f(y]_,0|lp) = ﬁexp (— ) ‘3p|—1/2_ (17)
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The numerical implementation of these inversions as a filter transforming likelihood to

density and significance is discussed in Fraser, Reid, and Wong (1991) and Fraser (1991).

2. Multiparameter significance for exponential models
2.1 Preliminaries

We assume that we have a sample of size n from the initial exponential family model.
We investigate the hypothesis 8 = 6, where 6 is of dimension k, using the conditional
model (1.4) for y; given s ; the corresponding log-likelihood to order O(n~2) is given
by (1.6). Since the nuisance parameter is eliminated in the conditional density, we now
take the effective model to be (1.4) with log-likelihood (1.6), and we will use the notation
f(y;0) and 1(f;y) where y now is the original y; of dimension % .

The usual likelihood based test statistics for testing 6 = 6y are the log-likelihood

2

ratio statistic r° and the maximum likelihood and score statistics

@ =0-00)700—00), t*=s0;9)7 5(00;) , (2.1)

where s(6;y) is the score vector (0/00)l(0;y) . Significance probabilities for testing 6y can
be assessed , on the basis of first order asymptotic theory, by referring 2, ¢?, or t2 to a
X,% distribution. The accuracy of the approximation to the significance probability is likely
to be better for 2 than for ¢? or t2, if indications from the one-dimensional case hold
(for example, Cox, 1988; Fraser, 1991). In the multiparameter setting the three statistics
can be measuring quite different versions of departure, thus raising a deeper issue separate
from the computation of the tail probability. The differences between the statistics largely
disappear, however, when considered from the conditional viewpoint discussed next.
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Let yo be defined by 6(yg) = 6. Fraser and Massam (1985) proposed a condi-
tional assessment of the magnitude of departure |y — yo| given the direction of departure
(y —v0)/|ly — yo| - The test was called a conical test, although the more descriptive term
directional test used in Skovgaard (1987, 1988) seems more appropriate. Directional tests
can be defined for a continuous statistical model f(y;6) with variable and parameter of
dimension k£ and are particularly appropriate when the variable y has some natural vec-
tor space properties, as is the case with the exponential family model. Directional tests
for the score space of a general model were proposed in Fraser (1987). An example of the
use of directional tests in the multivariate linear model is given in Fraser, Guttman and
Srivastava (1991). For an exponential family model Skovgaard (1988) proposed a direc-
tional test based on the saddlepoint inversion (1.4), and derived a significance probability

function with accuracy O(n=!).

2.2 The conditional directional distribution for the exponential model

Now consider the derived exponential family model f(y;0) given by (1.4) with log-
likelihood 1(f;y) given by (1.6). We derive a directional test for testing 6 = 6 in
the model f(y;0) given by (1.4) and log-likelihood (1.6). The test depends only on the
observed log-likelihood and values for an appropriately defined score variable.

For the hypothesized 6, with data y° we will condition on the direction defined by

d = d°, where

— 0 _
— y yO ’ dO — yO yO ’ (22)
'y — Yol 1y° — ol
and yo is the data point with maximum likelihood value 0. Let u = d°- (y — yo) be

the signed departure along the line L through yo and y° and ¢ =d°-0 =3 d%0; be a
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corresponding parameter. Let A = (d°: A;) be a k x k orthogonal matrix and consider

the change of variable and parameter

(Z) = Ay —yo) (f) = A'9. (2.3)

The underlying distribution along the line L can again be approximated by the
saddlepoint method, as at (1.4), (1.5), and (1.7). Write I*(¢,\) = [(f) for the log-
likelihood function in the new parameterization. The profile log-likelihood for ¢, [,(¢) =
*(¢, 5\¢) , satisfies

() = (u—u’)yp + I (5 u’) (2.4)
where u% =d° - (y° — yo) = |y° — yo| . The approximation to the conditional density of u

along the line is thus

. —1/2
ull) = —C  exp(—r2/9)5-1/2 a(¥, A
T = Gy 22/ 20 {ww,w} .

where the constant ¢ differs from 1 by O(n~') and r2/2 is obtained from the tilted
profile (2.4). The right hand side of (2.5) is the inversion of the profile log-likelihood times

an information adjustment, and in the notation of (1.7) can be expressed as

(9, 3] }/ 26

cf(us|lp)y ———
Sy ){m(w,w

The conditional distribution of u given the radial direction d® of departure is ob-
tained by multiplying the approximate density in (2.5) by the conical expansion factor u*~1

which provides the Jacobian effect of the transformation to radial coordinates (Fraser &

Massam, 1985):

a1 7
— ‘@ <p(—r2/9)7i=1/2 MY, k—1 .
J A D) = Gy a2y {m(w,w} e B
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where c¢; is a normalizing constant to be determined.

2.3 The significance function

The conditional significance is then given by one dimensional integration of (2.7):

00 _Tf,/zﬁ—l/z{ EXCRS] }‘1/2 k-1
Jur €0 IRCIEYS] ut du

5 iy )12
o _r2/2 -—1/2{ A (,3)] } Y2 ok
L U N TS W] urdu

p(fo) = pr(u>u®|d%6) = (2.8)

where rz gives log-likelihood ratio relative to 1y and the related information expressions
are calculated along the line L with positive values for .
For the approximation, we choose a chi distribution with k£ degrees of freedom as the

reference distribution for the calculations. The survivor and density functions are

[1]

k(r) = /ooXk(T)dT, xk(r) = aprFle "/ (2.9)

where ap = 1/{2(*/2-11'(k/2)} ; we also need the residual life function for = :

_ Jr Br(m)dr [ Ex(r)dr
Ap(r) = e - yr— (2.10)

Calculation of the integral is simplified by replacing w by the standardized score

z=u (1 e ag) . This is a linear transformation of u and has the same first derivative
as r at r = 0. The coefficients a3 and o4 are the standardized third and fourth
order coefficients in the expansion of the negative of the profile I,(¢). The score z is
standardized by expected information so that it is just a rescaling of w ; thus the constant
factor divides out in (2.8) and so z can directly replace u in that expression.

For the integration in (2.8) we let ar be an approximation to the norming constant

and obtain the correct constant a later; thus

R ~1/2
a _ * r lix (¥, )| r(z k=1 r n=3/2
) = [ ){mwo,xm} (7)) arromn
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where 7 = r, is the log-likelihood ratio for vy obtained from the profile log-likelihood
(2.4), ¢ = ¢, is the maximum likelihood departure from 1, standardized by observed
information from I,(¢;u°) , and j, V2 gy = (r/q)dr is obtained by differentiating r2/2.

We then integrate by parts the discrepancy from the reference distribution

o o k-1 .0 —1/2
z s A 1 1
ap(fy) = / Xk (r)dr +/ r (—) {—,U)‘(d) - ) } — — —| xg(r)dr
r r r |JA(¢07)\¢0)‘ ¢ T
+0(n=37?)
(2.11)
o
= Eg(r) +/ ag(r)Xke1(r)dr + O(n_3/2)
= 20)+ @Bk + [ B ()dan(r) + O )
where ay(r) is a discrepancy function,
k—1 L as —1/2
A 1 1
Ok+1 | \T 132 (%05 Ago) | ¢ T
and the unexpected sign is due to the use of the survivor function. Then using
oan(r) = ben Y2 + eprn™ + 0(n73/?) (2.13)
which is derived in Section 2.4 we obtain
p(00) = Ex(r){1 —bg/n'/? — cx Agy1/n + b7 /n}
(2.14)

+ B (r)ak (r){1 = b /n?} + Agyr (r) Agrace /n + O(n™3/?)
where a =14 ag(0) + cxAk+1/n is expanded on the right-hand side.

Wood, Booth and Butler (1993) develop a Lugannani and Rice type approximation
with a chi kernel from a different point of view. Their approximation adjusts the values
of r and ¢, rather than adjusting the integrand using ag(r). They also mention the
possibility of using the approximate conditional likelihood in their procedure.
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The integration by parts in (2.13) is the same as that used to derive the Lugannani
and Rice formula in the one dimensional case; see e.g. Barndorff-Nielsen and Cox (1989,
Ch.4) and DiCiccio, Field and Fraser (1990). The normal kernel has the special feature
that the first and third terms in (2.11) can be combined, making the resulting expression

much simpler.

2.4 The adjustment constants

1 are the limiting value and first derivative of the ad-

The constants bgn~/2 and cpn™
justment factor ag(r) in (2.12)at r = 0. Let asn~2 and ayn~' be the third and fourth
standardized derivatives of the negative profile log-likelihood ,,(¢) at the tested value %y .
Also let bn~1/2 and cn~! be the first and second derivatives of [5x (1), A)|/|ja (1, Ay)| at

%o . Then applying the information expansions given in Fraser & Reid (1993) to the profile

log-likelihood, we obtain

N (- o _ c
ia (%, Ay Tz (% = %o) + 5 - (¥ = %) +m T o,

with B = b and C = ¢ — 2bas/3. The intercept bgn~/2 and slope cyn~! for the

1/2 1

expansion ag(r) = bgn~'/? + cxrn~' are then given respectively by

(ar/ar+1){(k — 2)as — 3B} /6n*/?,
(ar/ars1)[{1503 — 9ay + (k — 1)(3ay — 7a3) + (k — 1)%a3
—6(k — 2)azB + (27B* — 18C)]/72n.
Unless 1*(¢, \) happens to be rather simple, the various quantities required for cal-
culating p(fp) in (2.14) have to be determined numerically. We used a Newton-Raphson
algorithm to find Ay , which in turn gives I,(1)) and |jx (1, Ay)|. The derivatives of I,(¢))
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and | j)\(lp,j\w)| at 9 and 1, needed for computing the adjustment factor ax(r) can be
obtained numerically by smoothing, or the intercept and slope of ag(r) at r =0 can be
approximated from a chord at r-values greater than zero. The approximation is harder
to calculate when there are many nuisance parameters to be eliminated in the original
model, as (1.6) cannot usually be obtained explicitly. Skovgaard’s approximation is easier
to obtain, as all computations are at the null value 6, , and a likelihood function for 6 is
not needed. His method seems to break down in the extreme case of Example 3.1 below,
but the extra order of accuracy provided by our method is not practically important in

Example 3.2.

3. Examples
3.1 Blend of long and short tails
Consider a two dimensional exponential model with very short tails on one axis and

very long tails on the other: f(y1,y2;601,02) = f1(y1;01)f2(ys2;62) where

fi(y;0) = (1/2) exp{yt — c1(0)} , c1(0) = log (Sinh 0)

is an exponential tilt of the uniform distribution on (—1,+1), and

foy;0) = (2m) 2y P exp{yd — c2(0) — (y — 1)*/(2y)},  c2(0) = 1—(1—20)"/?

is an exponential tilt of the inverse gaussian distribution on (0,00). We test the hypothesis
(01,02) = (0,0) , which corresponds to the uniform for y; and the inverse gaussian for ys ;
the point yo = (0,1) has maximum likelihood estimate equal to the hypothesized value
(0,0).
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We examine significance approximations for data points in various directions from the
null point yo = (0,1): 0°,22.5°,45° 67.5°,90° with 0° corresponding to the uniform
direction, i.e. the y; axis, and 90° corresponding to the inverse gaussian direction, i.e.
the yy axis. In the five directions we choose observed data points having the same value,

9.97 for the log-likelihood ratio r2: the values of the three standard statistics are given

in Table 1.
Table 1. Values for the test statistics in five directions
Direction 0° 22.5° 45° 67.5° 90°
12 39090.0 34610.0 23740.0 7176.0 0.0706
e 1.00 1.17 2.11 9.09  413.87
r? 9.97 9.97 9.97 9.97 9.97

In Table 2 we record the significance probability for the 5 points by the first order
chi-squared approximations for t2, ¢, r%, together with the exact marginal probability
for 72, the second order approximation of Skovgaard (1988), the third order chi-based
approximation (2.14), and the exact probability obtained by numerical integration. We
also examine the particular intermediate direction (45°) where there is a nuisance pa-
rameter effect, and record the approximations and exact values at five points at various
distances from the null point in Table 3. In this direction, an improvement in the use
of the approximation (2.14) for significance levels above 20% was obtained by using the

asymptotic version (2.13) in place of the exact formula (2.12) for the discrepancy function

ag(r) .
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Table 2. Tail probability approximations in several directions

Direction 0° 22.5° 45° 67.5° 90°
x? approx. for t2 0.0 0.0 0.0 0.0 0.9653
x? approx. for ¢> 0.6065 0.5557 0.3482 0.0106 0.0
x? approx. for 72 0.0068 0.0068 0.0068 0.0068 0.0068

Marginal 72 0.0144 0.0144 0.0144 0.0144 0.0144
Skovgaard 0.0122 0.0127 0.0185 0.0111 0.0034
Third order 0.0116 0.0090 0.0085 0.0089 0.0042

Conditional exact ~ 0.0100 0.0088 0.0083 0.0087 0.0041

Table 3. Tail probabilities along the 45° line

2 1.508 3.502 8.196 10.977 12.761
Marginal 72 0.5693 0.2543 0.0324 0.0091 0.0039
Skovgaard 0.8314 0.3981 0.0443 0.0112 0.0046
Third order 0.4096 0.1871 0.0204 0.0051 0.0021

Conditional exact 0.5005 0.1998 0.0200 0.0050 0.0020

The first order approximations give nominal marginal probabilities and are thus
strongly influenced by the different kinds of departure being measured. The second and
third order approximations give conditional probabilities and are independent of the kind
of departure measure. The third order approximation does not seem to have the extreme
accuracy usually found with the Lugannani and Rice type approximation; this may be due

to the increased weight on the tail of the distribution given by the Jacobian factor u*—1.

3.2 Equality of exponential rates

In this example we consider comparing three exponential rates to a common known
value. We use the data on three of the aircraft from Example T in Cox & Snell (1981),
and compare their rates to the value Ay = 199/18084 , which is the maximum likelihood
estimate based on the data from all ten aircraft. The aircraft we chose were numbers 1, 3
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and 7, with 23, 15 and 24 observations respectively. The observed values of the statistics
r, g and z needed for evaluation of «ai(r) are 2.011527, 1.874821, and 1.954995,
respectively. The coefficient by and ¢, were obtained from a chord passing through points
at 71 = 0.09 and 7o =1.58 of ay(r), which is quite linear up to r = 2. The significance
probabilities for the first order normal theory method, Skovgaard’s second order method,
and our third order method from (2.14) are compared to the exact conditional p-value in
Table 4. The exact value was obtained by numerical integration of the exact conditional

density, given in Fraser and Massam (1985).

Table 4. Tail probabilities for testing equality of exponential rates

X3 forr? 0.2565
Skovgaard 0.2393
Third order 0.2405

Conditional exact 0.2407

A more practical treatment of this example would test equality of rates treating the
common value as a nuisance parameter. In principle this poses no further difficulty, nor
indeed does extension to a gamma model with common shape parameter, but expression
(1.6) is only available indirectly. The restricted maximum likelihood estimate, &g in the
notation of Section 2, is a solution of a cubic equation, or in the case of comparing d
rates, is a root of a polynomial equation of degree d. We would expect that the linear
approximation to ag(r) would break down with increasing dimension of the parameter of
interest, although numerical integration also becomes more difficult in this case. A reliable
and robust computational procedure for problems with large dimension would require more

attention to numerical details than we have provided here.
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