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Summary

An approximation (Lugnnani and Rice, 1980) to the disttion function of the
sample gerage obtained by saddlepoint methods is based on the moment or cumulant
generating function; it has been found to be remarkably acclFatexponential models
this has been reformulated (Daniels, 1958) in terms efili&od and prades approxi-
mations for the distriltion function of the score, maximum dilkhood estimate or lgi-
hood ratio statisticln this paper we deré a smple asymptotic correspondence between
the standardizedxpansion of the cumulant generating function and the corresponding
expansion of the standardized log density with the olwecfia general correspondences
between likelihood and distribtion function. The multvariate \ersion although not sim-
ple is also obtainedThis is then used to establish third or@¥n>2)) accuray for vari-
ous distrilution and tail probability approximations: for a general one parameter model
(Frasey 1990); for a scalar canonical parameter in a multiparamapnential model
(Fraser Reid, Wong, 1991); for a scalar parameter in a transformation model (alernati
calculation to DiCiccio, Field, FraseX990). Inparticulay it provides an eplanation for
the numerical accurgdound for the parmeterizationviariant tail probability formula
(Fraser 1990). Theemphasis throughout is on the accuratevemion of likelihood to
significance. The&orrespondence also prdes a basis for more general approximations
and inference methods which will be presented subsequéilyerical comparisons are

given.
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1. Introduction

Various saddlepoint approximations for density and distieim functions of the

sample weragey or sample sun® = Z7y; based on a densitf(y) havebeen obtained

from the corresponding cumulant generating funct. For statistical purposes it is
usually more covenient to &press these in terms of adikhood function for an embed-

ding exponential model
f(y;0) = f(y)exp{e'y-C(6)}, (1.1)

where interest lies ia Z 0; the connection &as suggested by Daniels (1958).

The saddlepoint approximation (Daniels, 1954) for the density of the sampl8 sum

from the model (1.1) is

f(s6) = nf(y;0) = (20)™4j(6)*exp{1(6) - 1(6)} 1.2)
wherek is the dimension of theaviable,l(8) Z1(6; y) is the likelihood function from the
sampley which is6'S—nC(6), 6=6(y) is the maximum liklihood estimate, an{{d) is
the obsered information gien by —0%1(6)/0606' ate = & which isnc(d). It is related to
the eact density byf(S;8) = f(S;6)(1+R,) where R, is O(n™*) and has its leading

term recorded in Daniels (1954) for the scalar case (see (2.1%) lz#id in McCullagh

(1984) for the ector case.As 6 is a one-one function @&=ny with dSZ |j(6)|dd, the

density of the maximum l&dihood estimate is

f(8;0) = @n)™ i@ exp{I(6) ~1(6)} - (1.3)
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For the scalar parameter case the &mgani and Rice (1980) saddlepoint approxi-

mation for the distribtion functionF(S; 6) of SZ ny or of  is given by

F(0:0) = 9) + o) ;= g} +On ™ (1)
whereg and® are the standard normal density and distrdn functions and
r = sgn@ - 6)[2{1(6) - 1(6)}] 2 (1.5)
q=a = (6-6)i"6) (1.6)
are the signed l&dihood ratio quantity = r(#; 6) and the data-standardized maximum

likelihood departurey; = q,{0; (6)}. The computation is easily implemented (Fraser

Reid, Wbong, 1991) or an obsezd likelihood function tablated on a fine grid andvgs

the obsered significance functiop(s) = F(8°; 8) or the distritution functionF (é; 6) for

arbitraryé or values for an of the usual quantities.
A density functionf(y) can also be embedded in a location motigl — 8) with

interest ine — 0. An appropriate distritition for 8 is obtained (Fisherl934) from the

conditional distrilition given the configuration statisti@ = (y; -6, ..., y,—0). The

likelihood functionl(8; y) for the original (or the conditional) model when substituted in
(1.3) gves the act density when renormalized (Barndé\felsen, ???7?)A modifica-
tion of (1.4) with (1.5) suggested by Fraser (1990) uses the data standardized score

al(e;y) jA—l/z

o (1.7)

q = gu{6,(6)} =

in place ofq, in (1.6); the right side of (1.4) then approximakg®|a; 6) and is accurate
to O(n*?) (DiCiccio, Field, Fraser1990).
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The two tail area approximations, (1.4) and (1.5) with (1.6) or (1.7), are special
cases of dferent irvariant wversions of the Lugnnani and Rice formula due to Fraser
(1990), Fraser and Reid (1990) and BarrfeNrélsen (1988, 1990b)Frasers (1990)
invariant \ersion, discussed in Section 3, uses a data dependent paramdéteat is
obtained as the sample space\d#itie d the obsergd likelihood and is gen by (1.4)
and (1.5) with

q 2 as{6, ()} mark={i(8) -1(6)}k™(y)i**(8) (1.8)
= (6 - 9)"%(9)

whereg Z () = al(6; y)/dy, k(y) = i (8; y)/d8|;, and j() = j(0) is the obserd infor

mation for the ne parametew. The dervation was based on using an approximating or
tangent gponential model (Fraset988) and th@®©(n>?) accuray estblished in the tech-
nical report, Fraser and Reid (1990); the proof is recorded in Sectidhe3resulting
approximation seems to be more accurate than asymptoticaliygleqtiapproximations
based on adjusting the mean aradiance of the liklihood ratio statistic.Barndorf-
Nielsens invaiant version replaceg with u defined in Section 3.The relationship

between the tevinvaiant expressions is also discussed in Section 3.

In Section 2 it is shen for a third order asymptotic comtethat the codicients of
the xpansions for log density functions and for cumulant generating functions can be put
into a simple one-to-one correspondenteis then gies a smple means for comparing
approximations based on theawnodel types just discussed, andamining their rela-
tionship to the the appropriate dikhood functions.All the results come from aylor
series gpansions, which prade an easy for handling the asymptotic accuraicthe
density and distrilstion function approximationsSection 3 uses approximatingpenen-
tial models to shw that the parameterizationvariant tail formula is accurate ®(n™>?).

The multvariate \ersion of the log density and cumulant generating function connection
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is examined in Section 4Tail probability formulas in the presence of nuisance parame-

ters are discussed in SectionSome numericab@mples are gen in Section 6

We wse asymptotic methods informallss for example in DiCiccio, Field, Fraser
(1990). Thusmeans, ariances, and moment and cumulant generating functions corre-

sponding to a densitypansion are to be interpreted asymptotically

2. Asymptotic connection: log densities and cumulant generating functions

A lamge part of applied statistical inference is based on the normal diigtrilas an
approximation to the null distnthion of the maximum liglihood estimate, l&lihood
ratio statistic, or score statistid.he discussion in the preceding section suggests that the

approach to normality can be finely calibrated using simpéditi&od properties.

Asymptotic normality holds for the sample mean in bothoaential and location
family models and of course, othersitlthe usual methods of proof arefeiient. Inthe
exponential model case where the sample mean has a cumulant generating function, the
familiar proof of the central limit theorem shis that the cumulant generating function
for the standardized sample mean goes to the quadratictfé2mn In the location model
case, the conditional density of the samplerage y , conditional on the residuals
VYi—V,...,Y,— VY, is dso asymptotically normalut the proof uses Iihood function
results to shw that the log of the conditional density for the standardized samglage
y goes to the quadratic forra — y?/2; this is deeloped in BrennerFraser and McDun-

nough (1982) and Fraser and McDunnough (1984).

Both these asymptoticxpansion limits can be refined to include terms to fourth
order and we naov show that there is a simple one to one correspondence between the
coeficients of these 4th ordexpansions, nglecting terms of ordelO(n?). Simple
proofs of the tail probability formulas (1.4) and (1.5) with (1.6) or (1.7) are tiven g

examples.
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Consider soméDp(n‘l’z) variable whose log relae density is assumed to l6&(n)
at each point and has a unigue maximum; this can arise in conditional analysis of location
or location-scale modelsThen a location-scale standardizatiomegia \ariabley, with
location 0 and scale 1 which @&,(1) asn - co. The log density foly less a norming

constant then has the form

_ 1, az y*  ay' 32
I(y) = Ey +%€+F271+O(n ) (2.1)

whereaz; anda, areO(1) and will be referred to as pseudo-cumulants for a nominél
variable. Notethat the leading term in the approximation xp € (y)} is the normal den-

sity function. For seveal examples, see DiCiccio, Field and Fraser (1990).

The density ¥p {I(y)} can be intgrated to determine the norming constant; see, for
example, Hinklg (1978), DiCiccio, Field and Fraser (1990), or Example 2.3vbelthe

density then is

2 3
— o el P Y, & Y A YD
ty) = @) e 5 -5 "z s " 240 2:2)
where
- 3a, + 5a3 (2.3)
12n '

and terms of orde®(n"%?) are omitted, a pattern to be foled belov.

Similarly, consider some ariable whose cumulant generating functiorOig) at
each point other than zero; this can happen with simphohkdion of independentari-
ables as in the Central Limit Theorem comtelhena mean and ariance standardization

give a @mulant generating function

1 a3 o, t?
t) = Zt2+ = 4+ 22 L0o(n3P 2.4
o) = U+ 5 22 O (2.4)

where 3 and a, are the standardized third and fourth cumulants for a nomindl



variable.

Simple computation described belthen shav that the densityf (y) in (2.2) or log
density in (2.1) has a cumulant generating function which, after a mean and standard

deviation adjustment

_ a3
M= 50n
2n , (2.5)
_ ay +2a3
c -1+ ,
4n
takes the form (2.4) where
a3 - Az, Oy — ady +3a§, (26)

in other words, the cumulant generating function ot (y — u)/o, is c(t); the unad-

justed cumulant generating function is recorded (&sin (2.9) belav. Cornversely, if a
variable z has cumulangenerating functior(t) given by (2.4), then the density after a

location and scale adjustment

- _ O3
2n1/2 !
o — o2 (2.7)
s - 1-% a3
4n
takes the form (2.2) where
a3 — ag, a4 — a4 - 3“32) ; (2.8)

in other words the density of theaviabley Z (z— m)/sis given by (2.2).

The cumulant generating function s&y) of the \ariabley in (2.2) is gven by

e L2 Ty dy

Y, B Y Ay
Y'm o "z T h 24

* b
exp {C(t)} = J’ (27) ™ exp{ - >

A substitution to complete the quadratic produces & heear term from the higher
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power. Repetition of this then leads to the changeasfable

08 ., a, +3a3 o0, 02 2a, +5a3 o0

- t
y X +E12n1’2 6n O [Pn2 ¥ 8n O

which fully recenters thexponent. Thaormalization implicit in (2.2) then leads to

on 02 Tem2t T 2an

22 2
ag t+§l+a4+ a3Dt_+ ag

s (g + 33§)t4
2nl/2 !

&) = (2.9)

a ay +2a5 t*
2nl/2 2n 2

justifying the correspondence from density to cumulant generating function described
abore. The reverse transformation can be dexd in various vays or deduced from the

uniqueness theorem.

As described in the Introduction maapproximations can be more easily described
in terms of a corresponding@onential model.From the standardized density (2.2) with

cumulant generating function (2.9) we obtain tkpomential model

_ 1 O b o
f(%:60) = (G 00 5 +10) + ¥8 - 8O0 (2.10)
O 0

Example 2.1.The asymptotic@onential model (2.10) leads to a simple proof of

the saddlepoint density approximation (1.2) with first correction term, which for the case

6-0is
fiy) = @020 " e {l0;y) - 1(8; Y)}L - 5/2) (2.11)

where § = (5a3 - 3a,)/12n= - (3a, +4a3)/12n, 1(0;y) = I(y) is the likelihood function

from (2.10) and-6/2 is the leading term (Daniels, 1954) of the remairi®ler To verify
(2.11) we needxpansions for thearious components; by straightfawl calculation we

obtain
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A &g O a+afld a , &
b= - - - -2y,
2nt/2 ¥ yEl 2n B 2nl/2 y 6n y’
oA Oag a,+a; a,+a3 LU
j(0) = exp; v+ + y°O (2.12)
n 2n 2n
] ]
) Aoy — o
1(0;y) = 1(6;y) = —5T
-1, & as 5 10af a+af , a ,U
- T2Y T TenrY ThE e T4 Y +24y“g

Substitution of these in (2.11) togetehr with (2.6) theeggihe density (2.2).

Example 2.2.The Lugannani and Rice formula (1.4) with (1.5) and (1.6) can be

obtained by simple inggation of the asymptotic model (2.10); it fscés to calculate for

6 —0 and we use the repressed density (2.11)As primary \ariable we use the signed
likelihood ratior implicit in (2.12):

a; , 3a,+a3 4

r - z-— Z
6nl/2 72n

(2.13)

wherez is the mean andaviance standardizegrecorded after (2.6)As secondary ari-

able we use the data standardized maximueiiikod departure (1.6),

~ 3
_ Arll2 _ A~ Q3 0 6a4—3a§ 0

Z 6 0 — =+ — — 2.14
g J Tz " n 24 ( )

1 r
-0 = 2.15
5 (2.15)

with § defined after (2.11).
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From (2.12) and (2.10) withZ0 we dcbtainr?/2 Z1(8;y) = 8y — c(6) giving rdr = ody

and thenf_llzdy = (r/q)dr where we hee written | = j(8). We can then intgrate (2.11)

obtaining

e"2F(y; 0)

J:o 6(r) % dr

(1+8/2)(r) +¢(r)(r™* —q™)

() +o(r)(r-g7) - I o(d(A* -q™)

(2.16)

where the last step usd¢r ™ —q™) = (-6/2)dr. Formula (1.4) then follas by noting

thatr - g™ Z0O(n"?) and 5§ ZO(n). Thedensity f(y) in (2.2) respressed as (2.11)

can be transformed to the density ofusing (2.13) sheing that it is normal

(—ay/6n*’?, 1-2a, + 13a3/36n) and thats is given by (2.11); these are the Bartlett correc-

tions for the signed lidihood statistic with thex@onential model.

Example 2.3.The location model tail probability formula (1.4) and (1.5) with (1.7)

can also be obtained from the modél — ) based on the densitf/(y) in (2.2). Wth

this different model we hae 4 Zy and j(8) = | = 1. Thesigned lilelihood ratio statistic

r for testingg Z 0 is dotained from

: V¥

— -yt -3 =22
2 W =% "6 hoa

_ az 3a4+a§
r_y_6n1/2y+ 72n Y.

The score statistiq in (1.7) for testing=0 is

a y'

(2.17)
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0 0
qa = Iy=-0)l = —5-1(y) = -I'(y).
06 oy
(2.18)
=V I
- 2nt2 6n°’

It follows thatr™ — g™ = ay/3nY2 - (3a, + 5a3)r/24n and thusd(r ™ - q) = - (b/2)dr.

We @an then intgrate
' r
e”2F(y;0) = r) —dr
(v;0) _L¢()q

following the same steps as in (2.16) and obtain the location tail probability forirhéa.
density f (y) in (2.2) with sayb unknavn can be transformed to the densityrf@iven by
(2.17) shaving thatr is normal &3/3n*% 1+ (9a, + 11a3)/36n) and thatb is as gien in
(2.3); these are the Bartlett corrections for the signesditiod ratio statistic with the

location model.

The distrilution function approximation (1.4) for the null densitgy) in (2.2) can
be obtained from thexponential embedding (Example 2.2) using tkpomential statis-
ticsr, andq, given by (2.13) and (2.14), or from the location embedding (Example 2.3)
using the location statistics andd, given by (2.17) and (2.18); both approximations are
O(n®?). It is appropriate then to consider thefefiénce between twsuch approxima-

tions, sayF; andF,.
Letr, Zr;+6 andq, = g; + € and &pand the seconcdevsion of the formula to sec-

ond denvatives using s=O(n"*?), eZO(n™*?):

F,-F, _ o, 1o 1 o1 rs 1 1
— — = — +g—2+5 ot ot
¢(r1) Dc‘l r1 D ql qul 2q1 2r1 r1D (2 20)
,0-10 . 0Or 0 '
+e +0e - —

OO0 " 00

We then substitute
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§ Z dinY+d,n?, e Z ent2ienT

where thed’s and €'s are functions ofag, a,, and y, and obtain

F,—F, - n‘1’2H1+n‘1H2,
¢(rq)

where theH’s depend orrq, q;,y. In the case of Examples 2.2 and 2.3 substitution pro-

duces 0 to orded(n>?).

In the nat section we will see that the accuras ot restricted to the tavgecial

model types bt is obtained for a general embedding satisfying asymptotic properties.

The asymptotic connections among densitieglikbods, and cumulant generating
functions as deeloped in this section forms a basis for a general asymptotic analysis of

inference to orde®(n%?).

3. Third order asymptotic model and theinvariant

tail probability formula

In this section we deré a gneral third order asymptotic model in atqpenential-
type canonical form (3.11)This then pruides a simple proof of th®(n™>?) accurag of

the invariant tail probability formula (1.4) and (1.5) with (1.8).

The ponential and locationersions of the tail area approximation as mentioned in
section 1, are both special cases of thivariant tail probability formula (Frasef988,
1990) irvolving sample space dérentiation of likelihood. For a modelf (y; 8), where

bothy andé are scalars, thevariant tail area approximation is
- ~0. - 0 0 1 1
PO) = F(e:6) = &) +o(r)(5 -@) (3.1)

wherer? is as usual the signed square root of the Iagilikod ratio statistic,

0

{16%) - 1Ok 1(x9j2(6%)

@-9)i@"

q
(3.2)
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is the standardized maximuméikhood estimate for the constructed parameter

¢ = 1(6;%%, (3.3)

andk(y®) = al (6; y°)/06 0, 6° = 6(y°), and withy® designating the obsesd data mlue:

The second ersion in (3.2) uses the obsedvinformation forg which can be obtained
using the scaleattork™(y,). Theobsered data @lue is emphasized in (3.1) and (3.2)
because the constructed paramegperdepends on it; and it is of course thelue for
which significance and confidence intssare usually required; the formulasmMeaer
apply for arbitraryx®. The tail probability functiorp(#) given by (3.1) is called the sig-

nificance function in Fraser (1991).

As contet for the third order asymptotic model consider some welatensity

f(y; 8) with scalar ariable and parametek\Ve sssume that for eadh the \ariabley is
O,(n"?) about the maximum densityaiue y{6), and thatl(6;y) = log f(y; 6) with
either agument fixed isO(n) and has a unique maximunwWe will derive various canoni-
cal representations for this model in the neighbourhood of a dataydaind the corre-
sponding parameter range of maximuneliikood \alues. Theswill be of further use in

statistical theory lit one of them called the canonicalpenential type approximation

provides a simple erification of the accurgdO(n ) of the invariant tail area formula.

The arious representations are based on fourth ordeaygfTexpansions; thus

0:%) = 5 A0 -80) (y - yo) fil ! (3.4)

ij=1
and we will record just thex% matrix of dervatives

I L
Ay = @a—wl(e,y)kao,yo) (3.5)

with rows for parameter and columns fariable.
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As an initial e&pansion point considem(, y,) where y, = V(Xp) is the maximum

density \alue forg,. We will make successie dhanges of ariable and parametdarget-

ing on an gponential model pattern,ub falling short ones for a single fourth order
derwvative. The composite transformation is complicated and not of interest here, only the
form of the final codicient array For simplicity then we record the successarays

relative o a rominalg and nominaly. The lengtly details will be presented elsbere.

First we standardize theaniable with respect to its second defive & the maxi-

mum gving

(=AY - Yo)

and standardize the parameter with respect to the cross Hessian betmekethe ne y

at the referencealue gving

(—Ag2) V2 A1(6 — 8p) .
The coeficient array for the ne affinely transformed guments is

-1/2 1

Qoo 0 -1 Qp3n apsN-
alo 1 alzn_llz a13n_l -
O ay a21n-1/2 azzn_l - -
-1/2 -1
Lagon aq; N - - -
30 31
O

|:| a4on_1

0
0
0
(3.6)

OoOoooood

For the higher deviative we haveshowvn the dependence anobtained from the asymp-
totic assumptions; the missing terms @@ >?).

Second we transform thawable so the e a;, anda,; are zero as with a canoni-
cal exponential model.The nev variable is

y + apy?2nt? + a;py®/6n,

which gwves a inear and quadratic Jacobiafeet. Thenew matrix array has the form

O ag b,n2  —(1+by/n) aypn? ayn?
B alo 1 O 0 -

O ax a21n-1/2 azzn_l - -
-1/2 -1
Lason aq; N - - -
30 31
O

Qaon™ - - - -

(3.7)

OoOoOooood
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where maw of the entries hae dhanged.

Third, we recenter theaviable so that the null density has maximum at zdiwe

new variable is

y- bl n—l/Z
giving an array; of the follwing form
0 ag 0  —(1+bn) apn™? ayun™O
B ay 1 0 0 - g
[ a0 apn agn™ - - 0 (3.8)
Bason_llz agyn _ _ _ B
Q8™ - - - - O

Fourth, we define a me parameter so that the wea,; and as; are zero as with a

canonical gponential model.The nev parameter is
6 + a,,0°12n'? + ag,6°%/6n

and the resulting array has the form

0 ap 0 —(1+bn™) agn™? ayun™0
B a, 1 0 0 - B
0 8o 0 apn™ - - 0O (3.9)
|:|a.30n_1/2 0 - - - D
o> O
Do ™~ - B -0

Fifth we rescale theariable and parameter so that the null densityature is—1.

The nev variable and parameter are
A+bnH)Y2y, @-bnYe.

There is a constant Jacobiafeet giving the codicient array

O ae, O -1 an? gntO
g a, 1 O 0 - B
_1 _ _
0 ay 0 cn n! (3.10)
Saaon_llz 0 _ _ _ B
Q@on ™t - - - -0
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If ¢ =0 the model is thex@onential model (2.10) and the c&énts in the first

column can be>gressed in terms af; anda,; we usea——(1/2) log(2r) and obtain in
(c=Z0)

0 a-(3a,+5a3)/24n 0 -1 ag/n'? a/n0

—ag/2nt2 1 0 0 - B
+{1+(a,+2a5+c)2n} 0 c/n - -0 (3.11)
N —ag/n*? o - - - U
0 ) 0
0 —(as+3a3+6c)/n - - - -0

The intgyral of a ictor
exp{cy’6%/4n} = 1+cy’6%/4n
with the exponential density needs only t8¢n2) version of the model which is normal
(6; 1); thusE(y?) = 1+ 62 and the intgral is
exp{c(l+6%)6%/4n} = 1+c(1+6°)6%/4n.

This eplains thec terms in the first column of (3.11) which we call te@nonical thid
order asymptotic model.
Without loss of generality we can consider the approximatiédi(@fe), for the data

point y—0 together with some gener@] say 6,; we use the canonical model centered on

the original data point of interesthe model ab — g, coincides with the follwing expo-

nential model with parameteaiedy(1 + co3/4n).

Ca - (3a, + 5a3 + 6¢62)/24n 0 —(1-co3/2n) ayin*? a,/n0O
B —ag/2n12 (1- co2/4n) 0 0 - B
0 —{1+(a,+2a3)/n} 0 0 - - 0(3.12)
i —ag/n*? 0 - - - U
0 X 0
0 —(a, +3a3)/n - - - -0
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which is the density for (1 c65/4n) times the wariable for (2.10).The equialence is eas-

ily checked by substitution.

The tail area can beva@luated by Lugnnani and Rice, say Example 2.2, applied to
the ponential model ahe, giving sayF;(0,6,). It can also bewaluated tentatiely
using the parameterizationvamiant formula (3.1) with (3.2) ging sayF,. These formu-

las hae the diferences

—_ — — _Cao Cgo
SZr,—r; Z—chy/n, S_qz_ql_T_T'

Substitution in (2.20),

Fo-F _ [ 1D+ 0lQ

o)~ foy, 130 “Cego
with ry = g; = - 8, + O(n"*?) gives zero to ordelO(n?), thus \erifying the parameteri-
zation irvariant formula.
If an exponential modelf (y; 8) is not presented in canonical form, the canonical
parameter and ariable, ¢=¢(8)=k ' (Y")I(8;Y°), x=x(y) =0l(8; y)/08], with

c(¢)=-1(6(p)), can be obtained from the dikhood function aty® giving the \ersion

a(x; 9) Zexp{ox —c(9)} 9(x; 0) Fraser (1988).If the original modelf (y; 8) is ot of

exponential &mily form than an obseed likelihood functionl (¢; y°) and its denative
can lead tog as an approximatingxponential model for a neighbourhood of the
obsened data point.This leads to the location modet¢rgion (1.4) and (1.5) with (1.7),

and more generally to the parameterizatioariant version (1.4) and (1.5) with (1.8).

The parameterization variant version is closely related to an approximatiovegi

by Barndorf-Nielsen (1988, 1990b) which uses (1.4) and (1.5) with

0 A 0 A "
U={ 55 1(6:6,2)],.; ~ =5 1(6:6, 3 | (B) > (3.13)
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In the definition ofu, it is assumed that the minimal $gfent statistic has been trans-
formed to the paird, a), whered is the maximum liklihood estimate, analis exactly or
approximately ancillaty The left hand side of (1.4) then approximates the conditional

distribution of 8, given a.

The main diference in the definitions af and q defined in (1.8) or (3.2) is the
choice of ariable for diferentiation on the sample spada.(3.13) it is specified to b,
whereas in (3.2) it can be yapne-dimensional sample spacariable. Thefactor k™|
needed to carert one epression to the other prioles an adjustment and neslq invari-
ant to the choice ofariable for sample space féifentiation. BarndoffNielsen (1991)
indicates that resutls from BarndeNielsen (1986) wuld gve O(n?) accuray

extending theD(n™) accurag in Barndorf-Nielsen (1990b).

4. Multivariate connections. log densities and cumulant generating

functions

The unvariate connection between log density and cumulant generating function in
Section 2 is etended nw to the multvariate case.This provides a basis forarious
inference analyses which we do neamine directly in this paper

Consider a relate density function inp variables, and assume that it(&:‘p(n'l’z)

and that the log density ®(n) at each point; this can arise in both conditional and
maiginal analyses as some sample sizgecomes layer A location scale standardiza-

tion then gves a \ariabley where log density less a norming constant has the form
_ 1 i 1 ijk 1 ijkd -3/2
|(y)—‘§| Yin“‘éA inij’fﬂA YiYiYey + O(n™) 4.1)

where the indices run from 1 wand summation\er repeated indices is impliedl'he

standardized log-density &k its maximum at 0, and has asymptotic information matrix
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such thatl’ = 0(1); thus A% Z O(n"?), and A% = O(n™), as would be the case, for

example, ify were a standardized sum of independent randsetoxs, or the conditioned

variable in a transformation model.

When (4.1) is normed by adtore® to have integral equal to 1, we obtain arpmes-

sion as gien by eq.(8) of DiCiccio, Field and Fraser (1990):

a = (-p/2) log(2r) + (1/2) log |1 | + O(n™Y) , 4.2)
= (-p/2) log(2r) + (1/2) log |1 | - b/2 + O(n"*?)

where withl;; as the imerse of”

O

IknD (4.3)

b Z 1—2 %}A”kl I'J Ikl + 3A|Jk Almnlij Ikl | mn T ZNJk Almnl il | im

and consists of scalar contractions of the arra/6 DA™ and A™ (denoted

Fa43, Fs7. Fegin DiCiccio, Field and Fraser (1990)).

The moment generating functionxpg(&(t)} say, is dotained by intgrating an

expression whose lagithm is
o1 . 1 . 1 .
a+yt - > yiy; + 6 ARYy, Y+ 24 AM Y Yy (4.4)
As a first step in centering this quartic yetC x; + Iijtj , giving

1 , 1 ~: 1 .
a+ Po(t) + Xifl - E (I g DIJ)Xi Xj + 6 AIJkXi Xj Xk + ﬂ. A”kl X Xj XX . (45)

where
1 1 . 1 .
Po(t) —Z E |abtatb + 6 A”k lial jblkctatbtc + ﬂ A”kl Iial jblkcl|dtatbtctd y

1. 1 .
&=3 Apt?t® + & bt 0t
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, , 1 .
DI = - Alt? - 5 Al t3t° (4.6)

~ijkl

Aijk = Ak 4 Ai;jakta ’ AY = pliK ,

Indices for the codiCient arrays are iwered by multiplying by the matrik;; for exam-

pled, Ay, = A%1,1 4, etc.. Alinear term inx is still present, bt can be remeed by the
further recentering; Z z + Dij§‘ , giving
1 o 1 i 1 in
a+ P(t) - E | + DIJ Z; Zj + 6 /A\IJ Z; Zj Z + ﬂ AIJ Z; Zj 4z (47)
where
- 1 %

P(t) = Po(t) + > D;éét

i ) i} 1

D' = DI - AkD &' = DV - > AR AM ]t (4.8)

The moment-generating function is then obtained as

1

i 1 1
exp{é(t)} - exp{a + P(t)} J- exp E_ - DIJ Z Zj + 6 A”k Z Zj Zy + ﬂ. A”kl Z Zj 2 Z gjz .

2
~exp{a+P(t) - A(t)}
where
A(t) = (-p/2) log(27) + (1/2) log Dy | + B(t)/2,

as in (4.2).Note havever that B(t) = b to orderO(n™*?) as a ®nsequence of thadt that

thet-terms in,&ijk are of higher order than the leading tede then obtain
1 i} 1 .
&(t) = P(t) + 5 log |10 - 5 log |11+ D" |

Using the gpansion gren in McCullagh (1987, p.21) for lopgl + X | , we obtain
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1 1 1
E(t) = puat? + > oapt?t? + 5 U apt2tPLC + >4 A apet 2ttt (4.9)
where
_1 i
Ha = 5 Adli (4.10)
_ 1
Oy — Iab + E Aab (411)
Aape = A%l plie (4.12)
Aapeg = AN lial b lkclia + A5 Al (4.13)

— Al i AK i Al
Doy = Agplij + ALAG T L + AT AL L

which is the multrariate \ersion of (2.5).

For the reverse connection, the standardized cumulant generating function

1 1 1
c(t) = > oapt?td + 5 ot 2tPtC + > et 2tPECLE (4.14)

corresponding to aaviablez leads to epression (4.1) foy;Zz, — m;, where

m - _%aiabo'ab (4.15)
1= 6+ %A” (4.16)
Ak = g 00 Poke (4.17)
AM = e to oo - 3l ol o (4.18)
A = Ayolo® (4.19)

cd _ kim k c k ycdyjiag jb
(@cgapl 3o " A apml i + Acallip + Ccar@apl “ )11
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wherec! is the iverse matrix ofo; . In formulas (4.15), (4.17-19%;" can be ta&n to be
equal tol!, snceA? is O(n™).
The multvariate density and corresponding cumulant generating function produce a

canonical ersion of a third order multiparametespenential model:
f(y;6) = exp{l(y) +vi6' - &(6)}

using (4.1) and (4.9).

In the bvariate case, assumirlg, is the identity matrix, and with all indices in (4.8)

running from 1 to 2, and we &

1 1

M1 — 5 (ago+a12) , M = 5 (93 + 1)
1
2 2 2

o — 1+ 5 (840 + Bz + 2850 + 3857 + A7, + A0z + 2830821 + Q12821 + Qo3B30 + Ap3d21)

1

2 2

O1p — 5 (831 + @13 + 283081 + 2891817 + 81803 + 28187 + B30y, + 31 + A, + Bg3dp1)

— 071

ando,, is the same as;; with the subscripts wersed. Thebivariate cumulant generat-

ing function is

E(t) Tty + woty + o1at? + 2005ty + ot +
1
+ 6 %‘30@ + 3a21t%t2 + 36112t1t§ + aostgg

1
Y 83(350 +85;) + At t] + {12(AgpBp1 + B21810) + Az} 3L,

+{6(agpayz + Ax1803) + 12(351 + aiz) + Ay} tft%
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5. Accuratetail probability approximation with nuisance parameters

5.1. Exponentiainodels

For an exponential model with a single scalar parametes Lugannani and Rice
approximation, (1.4) and (1.5) with (1.6)ves O(n>?) accurate probabilitie$ (6°; 6);
often the results are goodea n = 1. Thisof course gies tests of significance and confi-
dence interals immediately We now show that the general case with canonical interest
parameteny and nuisancel can produce a one-dimensionalelikood approximation

that leads by the preceding sersion toO(n %) accurate probabilitie§ (7°; v).

Consider the generakponential model
f(x,y;6) = exp{yy+A'x-k(y,2)+h(x,y)}; (5.1)

the standard inference for is based on the conditional distition of y given x. For

this, the joint log lilelihood for §, y) is exact,
(v, 2;x,y) = a+yy+A'x—k(y, 1),

and is of coursevailable from whatger original variables preceded the 8aient statistic

(x,y). Themaminal log likelihood fromx alone is gailable from (2.11)

I %) = 10 2%,) = 10 Ay %) = 5108 sy, A= 5 506w, 2) (5.2)

and is accurate to ord&(n~*?): also from Section 5.4 we ¥ tat s is constant to the

same orderlt follows that the conditional l&dihood fromy given x is

() = 1w, 4,) + % log [j 1.(w, 4,)| + O(n™?). (5.3)

From the connection established in Section 2 it thenvisllthat the corersion of |,
using (1.4) and (1.5) with (1.6)\g@s a @nditional significance function fay that is

accurate t@(n®?). This verifies the accuracO(n"3?) for the sequential saddlepoint in
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FraserReid, Wong (1991).

As noted abwee, a test of a component canonical parameter is based on the condi-
tional distritution given the score for the nuisance parameter this, Skvgaard (1987)
obtained a Lugnnani and Rice type tail probability approximation using a double saddle-
point approach (Barndd¢Nielsen and Cox, 1979); both the joint density and the
maiginal density are approximated using the saddlepoint formula (2afte); intgrating
the ratio of these tavgpproximate densities, a tail probability formula accurat®(o )
is obtained. Frasey Reid, and Wdng (1991), as part of the \dopment of a computer
program to numerically camrt a likelihood function to a significance function (Fraser
1991) suggested the direct approximation of thelillood for the conditional distni
tion. The method vas called the sequential saddlepoint the asymptotic accunac
(established ab@) was not directly addressed therBurther discussion of the tw
approaches with numericakamples can be found in Butleduzurbazar and Booth

(1991a,b) and Pierce and Peters (1991).

5.2 Transformation models

For a location model with a single scalar parametikee DiCiccio, Field, Fraser
(1990) approximation, (1.4) and (1.5) with (1.7yegi O(n®?) accurate probabilities
F(éo; 8); the results are often good with= 1 (Frasey1990). We now show that the gen-

eral location case with canonical interest parametand nuisancé can produce a one-

dimensional lilelihood approximation that s by the preceding camrsion O(n 3?)
accurate probabilitieB (7°; w).
Consider the location model
fly-y,x=-4) = f(t,u) (5.4)

where x, 4 and u have dmension p —1; this reduced form could & mwme from a
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general location model by the usual conditioning on the configuration stalibgcstan-

dard inference procedureowld use the maginal density fory or fort =y —w.

An approximation to the mginal density oft is avalable from DiCiccio, Field,

Fraser (1990) or from the results in Section 3.4t ((t) be the \alue ofu that maximizes
I(t,u) Zlog f(t,u) for givent, let fuu(t) be the n@aive Hessian of(t, u) with respect to

u for given t at the maximizing poindi(t), and letb = b(t) be the connection term (2.3) or

(4.3) for the conditional density afgivent. The maginal log density fot is then
- A 1 e b -3/2
In(t) = a+I(t,a(t)) = 5 logj,, M1 5 + O(n™); (5.5)

also from Section 5.4 we Ya thatb(t) is constant to the same ordéie then allav the

usual arbitrary addite anstant for log liklihood, and obtain

(W) = 1y, 4,) - % log [j 1.(w, 4,)I + O(n™*?). (5.6)

It then follovs from Section 2 that cearting the approximate ledihood|,, using (1.4)
and (1.5) with (1.7) gies a maminal significance function fop accurate toO(n>/?).
This agrees with DiCiccio, Field, Fraser (ibid)tbs expressed in terms of kdtihood,
thus permitting the direct use of the numericalveosion (FraserReid, WWong, 1991)

mentioned in Section 1.

Many transformation models such as thgression model and not pure location
models and do not immediately lead to an appropriatginarlikelihood. Anexample

however indicates the method.
Example 5.1The regression modey = X 3 + ce wheree has a knan density f (y)

in R" hasr + 1 parameters whereis the column rank oK; the highest order geession

coeficient might be of interestThe standard conditional reduction with 2 say would

give
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Yy - yv+o4
XZ A+02 (5.7)
S- oy

where the density (z;, z,, X) is known; a particular caseauld have z;, z, standard ner
mal andy with a chi distrilution onn — 2 degees of freedomThe original full data lile-

lihood function
l(y,lambdac) = o3 f(c  (y-w), o7 (x-1),071s)

coincides with the conditional kgtihood. Checkindor the normal case, we Ve pofile

likelihood
Ipv) = a- 2 log{s’+ (x-¥)?},

and information matrix

2 oO
0 0
09 2pg

relative © 1 and thdocationversionz Z log o of . The maginal log likelihood is then

In(y) = a-210g{s" + (x= 17} - 5109(6;?)

(5.8)

a—%llog{s%(x—u)z}.

This inverts by the numerical procedure (locatiogrsion) to the Student density on the

appropriate dgrees of freedomn — 2; the general case conforms to the asymptotics of

Section 2 and the preceding theory

The general transformation model with a canonical interest paraméias an ini-
tial conditioning (Fisherl934; Fraserl957, 1968) in which liglihood does not change.

The test fory is then based on the ngamal distritution of the corresponding utal
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quantity DiCiccio, Field, Fraser (1990) used the probability density of thetgdiquan-
tity for the full parameter to obtain a tail probability formula accurat®(iv>?) for a
scalar parameter of interesThe method can be wied as a Laplace irgeation to elim-
inate the nuisance parametefeet followed by an application of the parameterization
invariant tail probability formula (1.4) and (1.5) with (1.8frasey Lee and Reid (1990)
obtained the same formula by a method of adjusted conditional diging; the asymp-
totic accurag was not gamined lot a Monte Carlo procedureas deeloped for directly
assessing accunacln this section we desloped a lilkelihood procedure for the pure loca-

tion case; the more general will beaenined elsehere.

5.3. Discussion

The diference between (5.3) for thepwnential model and (5.6) for the translation
model is partly gplained by the type of nuisance parameterizatitin(5.3) is ree-
pressed in terms of thegectation parameterization whiclould be approximately loca-
tion, then the sign on the lpg term would reverse bringing it into line with (5.6)Of
course the tw likelihoods are carerted to significance functions by using feient
numerical iwversions and dferentq formulas, (1.6) for xponential and (1.7) for loca-

tion.

For the exponential and location models afeca ley ingredient is the use of the eor
responding canonical parametdihis parameter can be determined byedéntiating the
likelihood on the sample space, in an arbitrary direction forxpenential model and
along the ancillary orbit for the location modé&ior more general models d#rent \er-
sions of the canonical parameter are obtained Wgrdiftiating in diferent directions
with different implications for statistical inferenc®ne approach is to try to find the
appropriate direction of dérentiation directlyas in Fraser and Reid (1989), or Fraser
(1991b). Arelated approach is that of finding approximate ancillary statistics on which

to condition, as in BarnddfNielsen (1986).Also for general models Barndbiflielsen
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(1986,19904a,b,1991) hasvdoped a tail probability approximation based on an adjusted
likelihood rootr” which is asymptotically standard normal®¢n=?). Thisgeneral for
mula can be applied to transformation modelg, Wwill give a dfferent approximation
than the DiCiccio, Field and Fraser (1990) approdtme numerical wrk is discussed
in Fraser (1990), Barndd+Nielsen (1991), and DiCiccio and Martin (1991).can also
be applied to component parameters ingoaential model, where it\gs an goproxi-
mation diferent from Skvgaard's a the sequential saddlepoint, although it is asymptoti-
cally equvalent to Slkovgaard's version, as shen in Jensen (1991)A choice among
these approximations needs input from their numerical performance, ease of implementa-
tion, and otherdctors.
Our emphasis in this section has focussed on approximate tail probabilities for test-
ing real parameters, that are obtained by the numerigabian of likelihood, the condi-
tional likelihood (5.3) for thexponential models and the ngaral likelihood (5.6) based
on a location-type parameterization for the transformation moé&easults for more gen-
eral models depend strongly on the results in Sections 3 and 4; these will be discussed

elsavhere.

5.4 Addendum
In this section we prade an intgration result needed in Sections 5.1 and 5.2.

Consider a density model with the asymptotic properties discussed in Sections 3 and
4 9 that the log density lo§(x, y; #) in gandardized coordinates has secondvdivies
O(1), third denvatives O(n"*?), and fourth deviatives O(n™) as for example in (3.6).We

want an approximation for
9(x.0) = [ f(xy.6)dy

wherex, y, 8 can be real orector andy has dimensiomnl, say.
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We @an intgrate directly using (2.2) or the generalization (4.2)
g0x;8) = (27)2 (%, Y(x, 6); 0))I] (X, Y(x, 6); 6] *(1+ b2)(1+ O(n™*?))  (5.9)

where b = b(x, 8) contains fourth devitives o products of third deviatives and is
O(n™). For example wherd = 1, b = (34, + 543)/12n whereagn™?, a,n™* are the stan-
dardized third and fourth destives with respect toy evduated aty(x,8). Thento
obtain dependence anor 8 we can further xand to first devitives in each. These
next derivatives have an additional dctor n™? and thus ared(n">?). It follows that

b(x, #) is cnstant to orde®(n">?) and thus
a(x;8) = cf(x, Y(x,8); O)|] (X, Y(x; 8); 6)[? + O(n™¥?) (5.10)

which is the result needed in Section 5.2.

In a similar manner we can use thegenential intgration pattern (2.11) and note
thats contains fourth devetives o products of third devitives and isO(n™). Expan-
sion then in otherariables or parameters produces oByn>?) terms: Thuss is con-

stant to the orde®(n">?), which is the result needed in (5.1).

6. Numerical Results

To illustrate the parameterizationvaniant version of the tail probability approxima-
tion, we constructed a single parameter model by shifting and tilting a logistic density:

eX—H

f(x;0) = m

e&(x—ﬁ)—c(&) (A)

wherec(¢) Z log {z6/sin z6} is the cumulant generating function for the basic logistic

density Table 1 shws the &act and approximate tail areas #@r0 and selected alues

of X. The approximate alues were computed using (1.5) with (?); the constructed
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parametep is given by 1+ 6 — e* /{1 + e},

The logistic cdf can also be approximated by simply embedding it iRggmential
model, and then the tail area approximation vegby the Lugannani-Rice formula (1.5)
with (1.6). Since the approximationas denved for exponential models, it isxpected to
be more accurate in their settinghe third rav of Table 1 shws the approximate tail

areas obtained thisay.

Table 1. Exact and approximate logistics

X
pr (X>x)\ 1 2 2.5 3 3.5 4 5 6

exact | .2689 .1192 .0759 .0474 .0293 .0180 .0067 .0025
param. inariant | .2786 .1200 .0750 .0462 .0283 .0173 .0065 .0024
Lugannani-Rice| .2669 .1177 0179 .0067 .0025

Although the gample abwe is smavhat artificial, in that thexact distrilution for
a logistic is knavn, it does preide an illustration of the accunacof the tail area approxi-

mation in the entrance caserof 1.

There are seral illustrations in the literature of the sometimes surprising acgurac
of the xponential ersion of the tail area approximatiokVe found it to be accurate to
six decimal places for a sample of size 11 from the standaahential distrilation, for
extreme tail areas, and sowigat less accurate in the center of the distitm. (A large
deviation approximation discussed in Lu, Leu and Peng (1990) is slightly less accurate,
except in the four tailsg < .0004) of the distribtion.) Danielg1987) praides compar
isons of the ¥act and approximate tail area formulas for tkeomential, Poisson, binor

mal, ... for sample sites ???, ??? and ?Qther examples are presented in Barndlorf
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Nielsen and Cox (1989, Ch. ?).

Examples illustrating the accusacf the formulas in the multiparameter setting dis-
cussed in Section 5 also appear inesd papers, including FraseReid and Véng
(1991), Pierce and Peters (1991), Butlduzurbazar and Booth (1991a,b) and Jensen
(1991) for the eponential model ersion, DiCiccio, Field and Fraser (1990), Frakee

and Reid (1990) and ? for the transformation modedion.

In all the pubishedxamples, the tail area approximation is surprisingly accurate.
Butler et al (1991a) and Pierce and Peters (199Migea good discussion of tfent
methods of implementing the approximation for thk@amential case, and Pierce and
Peters (1991) prade a discussion of the role of continuityu corrections for discrete mod-

els.

Table 1. Exact and approximate logistics

y
P, (Y>y)\ [1.650 1.660 1.680 1.690 1.800 1.920 1.960 2.050 2.2960 253389

exact .0282 .0267 .0239 .0226 .0120 .0058 .0046 .0026 .00050 .00010 .000050
Lugannani-Rice .0282 .0267 .0239 .0226 .0120 .0058 .0046 .0026 .00050 .00010 .000050

large-der.|.0228 .0218 .0199 .0190 .0107 .0054 .0043 .0024 .00049 .00098 .000049
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