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ABSTRACT

The chi-square approximation for élkhood drop is widely usedubmay be inaccurate for
small or medium sized samples; mean aadawice corrections may hel@:he Lugnnani and
Rice tail probability formula prades high accurgcbased on a cumulant generating function,
which is readily gsailable for exponential &mily models. This paper sumys extensions of this
formula to more general comxts and describes a simple numerical procedure for testing real
parameters inxponential linear models.

1. INTRODUCTION

The saddlepoint method (Daniels [5]; Barn@idtfelsen and Cox, [4]) ges acurate
approximations to a density function based on the corresponding cumulant generating function.
For statistical contgts the cumulant generating function is typicaNgikable for an &ponential
family model. With such a model the approximate density of the minimékgarit statistic can

be epressed in terms of ktihood,
f(t; ) = (27)™2j(O) ™ exp{ - w(8; 6)/2} (1.1)
where wé:; 6) = 2{l(4:1) —1(8; 1)} is the likelihood ratio statisticj(6) is the obsered informa-

tion for the canonical parametend k isthe dimension.

For the real wariable case, Lumnnani and Rice [16] and Daniels [6lgia sddlepoint

approximation for the distriion function,
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F(t;0) Z F(@©;0) = ®(r) + ¢(r)[|F -—0 (1.2)
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where ® and ¢ are the standard normal distrtton and density functionst is the signed

square-root of the Idihood ratio statistic
r = sgn@ - 6){w(é; 6)}¥?, (1.3)
and g ishe standardized maximum dikhood estimate of the canonical parameter
q = (6-9)li@)N". (1.4)

For a sample of size n the approximation is accurate to &jnon an O(n"™¥?) regon of the
sample gerage about the mearin the typical statistical cortewith a one parametexpgonen-

tial linear model this gies an obsened level of significance for testing the parametalwe 6.

In Section 2 we describe a simpleotywass numerical procedure that for the real parameter
case produces approximate density and digidh functions using only an obsed likelihood
function. Theprocedure xtends to inference for a canonical parameter or ratio of canonical

parameters in &-dimensional gponential model.

In Section 3 we discuss a parametrizatioraiiant version of the Lugnnani and Rice fer
mula that gtends in more general models toeggproximate obseerd levels of significance for
testing real parametersThe method is based on tangempa@nential models and uses an

obsenred likelihood and a sample space dative d that obsered likelihood function.

In Section 4 we discuss briefly the close connections between density functielits)dié
functions, and cumulant generating functions and indicate some fuxteesiens of the proce-

dure to calculate tail probabilities.

2. THENUMERICAL SADDLEPOINT

Consider anxponential model with a k-dimensional canonical paranmgeter

exp {6°t(y) - K(e)h(y) .

A general lilelihood function can be calculated from an obsdrikelihood function
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I(6;t) = 6'(t—1°) +1°6) , (2.1)
and the corresponding ékhood drop can be written as
I(6;t) = 1(6;t) = 1°8) = 1°(6) — (6 — 6) S°(6) ; (2.2)
for this the general scor§(;1) = (t —t°) + S%(6) gives t—t° = - %(9).
As a numerical procedure on an obselikelihood function in the real parameter case, let
1,(6) Z{1°%(6 +8) = 1°(6)} 7%, 1,(8) = {1 (6 +5) — 1,(6)}57* (2.3)

based on a fine grid talation with step sizes. Then the density (1.1) and distuition function

(1.2) approximations in Section 1 angiéable with

w(8; 6)12 = 1°8) - 1°(6) - (6 - 6)1,(6) (2.4)

and j@) = -1,(6 —5). An obsened level of significance is gien by F(éo; #) and a confidence
internval (8.,6) by solving
~0 - ~0 —
F@;0) Z 1-al2, FE;6) = al2.

For details and numericakamples see Frasdeid, and Véng [14].

Now consider a real parameter in an exponential linear model

exp{yt+ At — K(Z,y)}h(y) .

The obsergd likelihood function from the conditional distution of t given t; has as its saddle-

point approximation
0 - ;0 oy 1 ; AU
) = v, 2,:¥) + 5 10g (v, 4,y (2.5)

where /fs, Is the obserd maximum lilkelihood estimate of2 for given y and j,, is the
obsened information for 2 again for gven y. This extended approximation is also accurate to

O(n%?), Fraser and Reid [12].



-4 -

The numerical procedure applied i(y) then gies tests and confidence inteis for .
This is called a sequential saddlepoint in FraRBeid, and Véng [14] as opposed to the double

saddlepoint procedure discussed irvidan [7].

As a further gtension consider a parameter that is the ratio of tew canonical parame-

ters:

exp{y At + At —K(4,y )h(y1,Y2) ; (2.6)

additional nuisance parameters are possible by combining the discussion here with the condi-

tional analysis just describedor testing a @lue v, the model can bexpressed in the form
exp {7t + Aty + yot) = K(v, (Y1, y2) (2.7)
where y Z A(y — wp); theconditional distrilntion of t given t; + yt can then bexamined for a

null hypothesis test ofy Z w, or y Z0. Thenumerical procedure directly\gs the obsergd

level of significance, and is also accurate to Of) . For further details see Fras&eid and

Wong [13], where confidence intext¢ are obtained for theamima mean; also see Jensen [15].

3. GENERALIZED RIL PROBABILITY FORMULAS
Barndorf-Nielsen’s [1] approximation to the density of the maximunelikood estimator
6 for a k-dimensional parameter has the form

L(6;6,d)

Ala- N o~ -k/2
h@laie)dd = 2)*? £ =

lié, a)|"*dé (3.1)

where a issome gact or approximate ancillaryThis can be vieed (Fraser[9]) as a saddle-

point approximation to a tangentpmnential model.

For a real parametew the Lugannani and Rice formula can be applied (Frd4€4) to the

tangent gponential model ging

. h 10
F©:0) = &N +oMO0- ~ O (3.2)
o" 4g
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where r adefore is the signed square root of thellitkood ratio statistic,
r = sgné - 6) 02{I(8;y) - I(6; )N Y2, (3-3)
g is a $andardized estimate of a linearized parameter
q = {I,(6;y) - (e HI(O)"*k(y) (3.4)

with 1,(6;y) = (0/ay)l(6;y), k(y)= (0%1060y)I(;y)|;. For the case of aector \ariable y the

derivative 0/dy needs to be interpreted as a directionalvdgrie gven the exact or approximate
ancillary a. r the likelihood functionl(6;y) it suffices to use anfixed representate sich as
In {f(y; 6)/f(y; 60)} or In{f(y; 6)/f(y; 6)}.

For exponential models the formula coincides with the &mgani and Rice formulaub
does not requirgg to be the canonical parameter; thus it is a parametrizatranant version of
that formula, and is accurate to O{f). An approximation reported in Barndbiielson [2,4]

as O(*) for exponential &milies is similar to the present approximation in certain etsite
To examine the accurgof the approximation more generallgcation models were chosen
as being in some sense orthogonal to #p@eential model For a nodel f(x—8) we have
r = sgn(x- 8){2[Inf(0) — Inf(x - 8)]} 2

(3.5)
q = { - (x - e)f(x - a)}j(0)| ™

where it is assumed thdthas been centred at the origiRor a sample of size n from such mod-

els the formula has been shoto be accurate to O{¥f) in DiCiccio, Field and Fraser [8]Of

various numerical eamples considered, the Caychas the mostxreme and for testingg—0

gave the \alues E in Table 1, &pressed in percent.
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TABLE 1. Caucly distribution approximations, in percent.

0 -30 -10 -2

FLr(8;6) 0l 12 364
For(6;6) .07 54 881
F.(6: 6) 94 281 13.30
F.(6: 6) 1.06 3.17 14.76

The usual asymptotic approximation Bg(6;8) = ®(r); the corrected lilelihood ratio alue

(Barndorf-Nielsen, [1]) is recorded a&. r(6; 6); theexact \alue is recorded af,(8;6). For
continuous unimodal distntions the approximation ag quite generally goodit should be

noted that the numericak@mple corresponds to the= 1 case.

Somevhat more generallyconsider the rgression modely Z X + ce where e hasome

nonnormal densityf(e) on R and X isfull rank nxr. Sandard conditional methods of analy-

sis lead to tha + 1 dimensional conditional density

g(t, v|d) = cf{(Xt +d)e’}e™ (3.6)

where t= (3 - B)I&, vZlog(Glo), andd = (y—Xp)/&. Mild assumptions onf show that

Ing(t,v) is Q,(n). For testing a real parameter component gay- 0 or ¢ = o, the marginal
density of the corresponding or v isneeded from the conditional distiifoon (3.6). Two
recent approaches lead to tail probability approximations and elolskevels of significance.

In FraserLee and Reid [11] the needed giaal densityfor say {, obtained by intgrating
out the remaining components in (3.6) is approximated by a constructed conditionaltaistrib
adapted to mimic the behaur of J'g(t, v|d)d{ - - -dt_;dv near its maximum.The resulting
approximation is a one-dimensional densiétyd two options are wailable: to numerically inte-

grate the one dimensional distrttbn; or to apply the tail probability approximations (3.2) with

(3.5). For the numericalxamples considered, thedvepproximations wereery close, although
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the numerical intgration was slightly better The approximating density ag also used to
develop a Monte Carlo importance sampling estimate of the needeginalaobsered level of
significance and this as used to confirm the accuwyaaf the two goproximate conditional meth-

ods.

In DiCiccio, Field, Fraser [8] a detailed asymptotic analysisvengfor a density of the
form (3.6). This leads directly to a tail probability approximation for thegmal distritution of
the component, or v which is accurate to 51)1‘3’2) as n - oo. The result coincides with that
mentioned abee based on the adjusted conditional disttion. For quite general continuous
statistical models, the tail probability formula (3.2) with (3.5) isnshn Fraser and Reid [12] to

be accurate to O(H).

4. FURTHER GENERALIZATIONS

Close connectionest between densityikelihood and cumulant generating functions; par
ticularly in the eponential model conk. Let f(y;8) be the exponential &ension off(y) with
cumulant generating functioiK(t), andlet c(t;¢) be the corresponding cumulant generating

function. Then
fly; 8) = exp{e’y - K(6)}H(y) (4.1)
and
c(t;9) = K(t+6) —K(8) = AK(O) . @4.2)
The likelihood function from aalue y is

I(6;y) = 67y —K(8) . (4.3)

The cumulant generating function for@ distribution can be obtained from that foréa

distribution:

C(t;6,) = c(t+6,—6,;601) — C(6, — 64; 61)
(4.4)

Ac(6, — 64, 61)
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The y likelihood function can be obtained fromya likelihood function:
1(6;y2) = 6°(y2=y1) +1(6;y1) (4.5)
We an mwe from a 8, generating function to a ylikelihood function
1(6;y1) = (6—61)y,—c(6—64;6,) . (4.6)

The return from liklihood to generating function is more complicat€édom (4.1) we see that

1(6(y,); y1) = I(t+6(y1);y1) is the cumulant generating function of-y, with parameter

6 Z 6(y,). It follows that the cumulant generating functionyofis

c{t; 6(y1)} = tys+1(8(ys);ys) = I(t+8(ys); 1)

for 6 Z 6(y;), andin general is

Ac{6 — 8(y1); 6(y.)}

t'y; +1(6;y1) — It +6; Y1)

c(t;9)

These close connections all@n asymptotic analysis of densjtgumulant generating func-
tions and lilkelihood functions and lead to generalizations of the tail probability formulas in
FraserLee, Reid [11] and DiCiccio, Field, Fraser [8]he details will be reported in Fraser and

Reid [12].
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