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ABSTRACT

The chi-square approximation for likelihood drop is widely used but may be inaccurate for
small or medium sized samples; mean and variance corrections may help.The Lugannani and
Rice tail probability formula provides high accuracy based on a cumulant generating function,
which is readily available for exponential family models.This paper surveys extensions of this
formula to more general contexts and describes a simple numerical procedure for testing real
parameters in exponential linear models.

1. INTRODUCTION

The saddlepoint method (Daniels [5]; Barndorff-Nielsen and Cox, [4]) gives accurate

approximations to a density function based on the corresponding cumulant generating function.

For statistical contexts the cumulant generating function is typically available for an exponential

family model. With such a model the approximate density of the minimal sufficient statistic can

be expressed in terms of likelihood,

f(t;
�
) ≈ (2� )−k/2|j( ˆ� )|−1/2 exp { − w( ˆ� ;

�
)/2} (1.1)

where w(̂
�
;
�
) −− 2{l( ˆ� ; t) − l(

�
; t)} is the likelihood ratio statistic,j( ˆ� ) is the observed informa-

tion for the canonical parameter, and k isthe dimension.

For the real variable case, Lugannani and Rice [16] and Daniels [6] give a saddlepoint

approximation for the distribution function,

F(t;
�
) −− F( ˆ� ;

�
) ≈ Φ(r) + � (r)
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where Φ and � are the standard normal distribution and density functions,r is the signed

square-root of the likelihood ratio statistic

r −− sgn(ˆ
� − �

){w( ˆ� ;
�
)} 1/2 , (1.3)

and q isthe standardized maximum likelihood estimate of the canonical parameter,

q −− ( ˆ� − �
)|j( ˆ� )|1/2 . (1.4)

For a sample of size n the approximation is accurate to O(n−3/2) on an O(n−1/2) region of the

sample average about the mean.In the typical statistical context with a one parameter exponen-

tial linear model this gives an observed level of significance for testing the parameter value
�
.

In Section 2 we describe a simple two-pass numerical procedure that for the real parameter

case produces approximate density and distribution functions using only an observed likelihood

function. Theprocedure extends to inference for a canonical parameter or ratio of canonical

parameters in ak-dimensional exponential model.

In Section 3 we discuss a parametrization invariant version of the Lugannani and Rice for-

mula that extends in more general models to give approximate observed levels of significance for

testing real parameters.The method is based on tangent exponential models and uses an

observed likelihood and a sample space derivative of that observed likelihood function.

In Section 4 we discuss briefly the close connections between density functions, likelihood

functions, and cumulant generating functions and indicate some further extensions of the proce-

dure to calculate tail probabilities.

2. THENUMERICAL SADDLEPOINT

Consider an exponential model with a k-dimensional canonical parameter
�
:

exp {
�
´t(y) − K(

�
)}h(y) .

A general likelihood function can be calculated from an observed likelihood function
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l( � ; t) −− � ´(t − t0) + l0( � ) ,  (2.1)

and the corresponding likelihood drop can be written as

l( ˆ� ; t) − l( � ; t) −− l0( ˆ� ) − l0( � ) − ( ˆ� − � )´S0( ˆ� ) ;  (2.2)

for this the general scoreS(� ; t) −− (t − t0) + S0( � ) giv es t− t0 −− − S0( ˆ� ).

As a numerical procedure on an observed likelihood function in the real parameter case, let

l1( � ) −− {l 0( � + � ) − l0( � )} � −1, l2( � ) −− {l 1( � + � ) − l1( � )} � −1 (2.3)

based on a fine grid tabulation with step size� . Then the density (1.1) and distribution function

(1.2) approximations in Section 1 are available with

w( ˆ� ; � )/2 −− l0( ˆ� ) − l0( � ) − ( ˆ� − � )l1( � ) (2.4)

and j(ˆ� ) −− − l2( ˆ� − � ). An observed level of significance is given by F( ˆ� 0
; � ) and a confidence

interval (� L , � U) by solving

F( ˆ� 0
; � ) −− 1 − � /2, F(ˆ� 0

; � ) −− � /2 .

For details and numerical examples see Fraser, Reid, and Wong [14].

Now consider a real parameter� in an exponential linear model

exp { � t + 	 ´t1 − K( 	 , � )}h(y) .

The observed likelihood function from the conditional distribution of t giv en t1 has as its saddle-

point approximation

l0c( � ) −− l( � , ˆ	 0

; y0) +

1

2
log |j��� ( � , ˆ	 0


; y0)| (2.5)

where ˆ	 0

is the observed maximum likelihood estimate of	 for given � and j��� is the

observed information for 	 again for given � . This extended approximation is also accurate to

O(n−3/2), Fraser and Reid [12].
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The numerical procedure applied tol0c( 
 ) then gives tests and confidence intervals for 
 .

This is called a sequential saddlepoint in Fraser, Reid, and Wong [14] as opposed to the double

saddlepoint procedure discussed in Davison [7].

As a further extension consider a parameter
 that is the ratio of two canonical parame-

ters:

exp { 
�� t + � t1 − K( � , 
�� )}h(y1, y2) ;  (2.6)

additional nuisance parameters are possible by combining the discussion here with the condi-

tional analysis just described.For testing a value 
 0 the model can be expressed in the form

exp { � t + � (t1 + 
 0t) − K( � , � )}h(y1, y2) (2.7)

where � −− � ( 
 − 
 0); theconditional distribution of t giv en t1 + 
 0t can then be examined for a

null hypothesis test of
 −− 
 0 or � −− 0. Thenumerical procedure directly gives the observed

level of significance, and is also accurate to O(n−3/2) .  For further details see Fraser, Reid and

Wong [13], where confidence intervals are obtained for the gamma mean; also see Jensen [15].

3. GENERALIZED TAIL PROBABILITY FORMULAS

Barndorff-Nielsen’s [1] approximation to the density of the maximum likelihood estimator

ˆ� for a k-dimensional parameter has the form

h( ˆ� |a;
�
)d ˆ� ≈ (2� )−k/2 L(

�
; ˆ� , a)

L( ˆ� ; ˆ� , a)
|j( ˆ� , a)|1/2dˆ� (3.1)

where a issome exact or approximate ancillary. This can be viewed (Fraser, [9]) as a saddle-

point approximation to a tangent exponential model.

For a real parameter
�

the Lugannani and Rice formula can be applied (Fraser, [10]) to the

tangent exponential model giving

F( ˆ� ;
�
) ≈ Φ(r) + � (r)
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where r asbefore is the signed square root of the likelihood ratio statistic,

r −− sgn(ˆ
� − �

) ⋅ [2{l( ˆ� ; y) − l(
�
; y)}] 1/2 , (3.3)

q is a standardized estimate of a linearized parameter,

q −− {l y( ˆ� ; y) − ly(
�
; y)}|j( ˆ� )|1/2k−1(y) , (3.4)

with ly(
�
; y) −− (∂/∂y)l(

�
; y), k(y) −− (∂2/∂ � ∂y)l(

�
; y)|ˆ� . For the case of a vector variable y the

derivative ∂/∂y needs to be interpreted as a directional derivative giv en the exact or approximate

ancillary a. For the likelihood functionl(
�
; y) it suffices to use any fixed representative such as

ln {f(y;
�
)/f(y;

�
0)} or ln {f(y;

�
)/f(y; ˆ� )}.

For exponential models the formula coincides with the Lugannani and Rice formula but

does not require
�

to be the canonical parameter; thus it is a parametrization invariant version of

that formula, and is accurate to O(n−3/2). An approximation reported in Barndorff-Nielson [2,4]

as O(n−1) for exponential families is similar to the present approximation in certain contexts.

To examine the accuracy of the approximation more generally, location models were chosen

as being in some sense orthogonal to the exponential model.For a model f(x− �
) we hav e

r −− sgn(x− �
){2[ln f(0) − ln f(x − �

)]} 1/2

q −− { − f´(x − �
)/f(x − �

)}|j(0)|−1/2
(3.5)

where it is assumed thatf has been centred at the origin.For a sample of size n from such mod-

els the formula has been shown to be accurate to O(n−3/2) in DiCiccio, Field and Fraser [8].Of

various numerical examples considered, the Cauchy was the most extreme and for testing
� −−0

gave the values Fa in Table 1, expressed in percent.
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TABLE 1. Cauchy distribution approximations, in percent.

ˆ� -30 -10 -2

FLR( ˆ� ;
�
) .01 .12 3.64

FCLR( ˆ� ;
�
) .07 .54 8.81

Fa( ˆ� ;
�
) .94 2.81 13.30

Fe( ˆ� ;
�
) 1.06 3.17 14.76

The usual asymptotic approximation isFLR( ˆ� ;
�
) −− Φ(r); the corrected likelihood ratio value

(Barndorff-Nielsen, [1]) is recorded asFCLR( ˆ� ;
�
); theexact value is recorded asFe( ˆ� ;

�
). For

continuous unimodal distributions the approximation was quite generally good.It should be

noted that the numerical example corresponds to then = 1 case.

Somewhat more generally, consider the regression modely −− X � + � e where e hassome

nonnormal densityf(e) on Rn and X isfull rank n× r. Standard conditional methods of analy-

sis lead to ther + 1 dimensional conditional density

g(t, v|d) −− cf{(Xt + d)ev}env (3.6)

where t−− ( ˆ� − � )/ ̂� , v −− log( ̂� / � ), and d −− (y − X ˆ� )/ ̂� . Mild assumptions onf show that

ln g(t, v) is Op(n). For testing a real parameter component say� r
−− 0 or � −− � 0 themarginal

density of the correspondingtr or v is needed from the conditional distribution (3.6). Tw o

recent approaches lead to tail probability approximations and observed levels of significance.

In Fraser, Lee and Reid [11] the needed marginal density, for say tr, obtained by integrating

out the remaining components in (3.6) is approximated by a constructed conditional distribution,

adapted to mimic the behaviour of ∫ g(t, v|d)dt1 . . .dtr−1dv near its maximum.The resulting

approximation is a one-dimensional density, and two options are available: to numerically inte-

grate the one dimensional distribution; or to apply the tail probability approximations (3.2) with

(3.5). For the numerical examples considered, the two approximations were very close, although
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the numerical integration was slightly better. The approximating density was also used to

develop a Monte Carlo importance sampling estimate of the needed marginal observed level of

significance and this was used to confirm the accuracy of the two approximate conditional meth-

ods.

In DiCiccio, Field, Fraser [8] a detailed asymptotic analysis is given for a density of the

form (3.6). This leads directly to a tail probability approximation for the marginal distribution of

the componenttr or v which is accurate to Op(n
−3/2) as n→ ∞. The result coincides with that

mentioned above based on the adjusted conditional distribution. For quite general continuous

statistical models, the tail probability formula (3.2) with (3.5) is shown in Fraser and Reid [12] to

be accurate to O(n−1).

4. FURTHER GENERALIZATIONS

Close connections exist between density, likelihood and cumulant generating functions, par-

ticularly in the exponential model context. Let f(y; � ) be the exponential extension of f(y) with

cumulant generating functionK(t), and let c(t; � ) be the corresponding cumulant generating

function. Then

f(y; � ) −− exp { � ´y − K( � )}f(y) (4.1)

and

c(t; � ) −− K(t + � ) − K( � ) −− ∆tK( � ) .  (4.2)

The likelihood function from a value y is

l( � ; y) −− � ´y − K( � ) .  (4.3)

The cumulant generating function for a� 2 distribution can be obtained from that for a� 1

distribution:

c(t; � 2) −−

−−

c(t + � 2 − � 1; � 1) − c(� 2 − � 1; � 1)

∆tc(� 2 − � 1; � 1)
(4.4)
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The y2 likelihood function can be obtained from ay1 likelihood function:

l( � ; y2) −− � ´(y2 − y1) + l( � ; y1) (4.5)

We can move from a � 1 generating function to a y1 likelihood function

l( � ; y1) −− ( � − � 1)´y1 − c(� − � 1; � 1) .  (4.6)

The return from likelihood to generating function is more complicated.From (4.1) we see that

l( ˆ� (y1); y1) − l(t + ˆ� (y1); y1) is the cumulant generating function ofy − y1 with parameter

� −− ˆ� (y1). It follows that the cumulant generating function ofy is

c{t; ˆ� (y1)} −− t´y1 + l( ˆ� (y1); y1) − l(t + ˆ� (y1); y1)

for � −− ˆ� (y1), andin general is

c(t; � ) −−

−−

∆tc{ � − ˆ� (y1); ˆ� (y1)}

t´y1 + l( � ; y1) − l(t + � ; y1)

These close connections allow an asymptotic analysis of density, cumulant generating func-

tions and likelihood functions and lead to generalizations of the tail probability formulas in

Fraser, Lee, Reid [11] and DiCiccio, Field, Fraser [8].The details will be reported in Fraser and

Reid [12].
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