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SUMMARY

An exponential model not in standard form is fully characterized by an cabdkeli-
hood function and its first sample space\@#e, up to one-one transformations of the
obsenrable \ariable. Thisproperty is used to modify the Lagnani and Rice (1980) tail
probability approximation to makit parameterization wariant. Then,for general con-
tinuous models aersion of tangentxponential model is defined, and used towdea
general tail probability approximation that uses only the obsklikelihood and its first
sample-space dedtive. The analysis xdends from density functions to distuiion
functions the tangentponential model methods in Fraser (1988)related tail proba-
bility approximation has been reported (Barn@idlielsen, 1988b) in the discussion to

Reid (1988).

Some keywords. Barndorf-Nielsens formula; Conditional inference; Dérential likeli-
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1. Introduction

The saddlepoint method (Daniels, 1954; Barrfeliélsen and Cox, 1979) prmles
extremely accurate approximations to density functions based on corresponding cumulant
generating functions; axtensve review is gven by Reid (1988). For a variable y with

cumulant generating function(t), thefirst order approximation is
f(y) = @r) %) exp{c(9) - ¢y} (1.1)
where ¢ is determined by(¢) = y and ¢ and ¢ denote first devitive vector and sec-

ond dervative matrix. Theusual dewation is asymptotic and pvades an approximate
density for y Z Xy, based on a samplg,(...,y,) from a distrilution with knavn cumu-
lant generating functiorc(t); the cumulant generating function for is then nc(t/n).

Formula (1.1) regpresses the approximation as a direcvemion from cumulant gener

ating function to corresponding density function, in a sensenthe. case.

The original method of proof wolves an imersion of the characteristic function
using a compbeplane path specially chosen in accord with general saddlepoint tech-
niques. Analternatve method uses an Edgerth expansion for a tilted »@onential

model centered on the data point in question.

For statistical contgts the cumulant generating function arises naturally and is
directly available for exponential models.For the k-dimensional case, thepenential

model
f(y;6) = exp(@’y - x(8) + h(y)) (1.2)

has cumulant generating functior(@ +t) — «(8) for the ¢ distribution; the likelihood

function from a data poiny isl(8;y) = 8"y — x(8) plus an arbitrary constant: for con-

venience, we use the termdikhood to refer generally to the lagthmic \version. r the



exponential model (1.2) the saddlepoint approximation can be written
f(y;6) = (22)?[j(O) M exp{1(6; y) - 1(6; )} (1.3)
where 6 Z 6(y), andj(8) = - (0%/0606°)1(8; y)|;. This approximation for the density of

y can be transformed to a corresponding approximatior for

f(6;6) = (27)?1j(O)"* exp{I(6;y) ~1(6; )} - (1.4)
In this latter form, the>gression is imariant under reparameterizatio@. need not be

the canonical parameter

As the likelihood function for a minimal sfi€ient statistic is gien by the likelihood
function of an original data arrajhe approximation has wide utility forxgonential
models. Alsathe approximation has been found to k&emely accurate in the general

contet of such models, and the numerical results in Section 5 support this.

For a general statistical modelf (y; 6) where 6 has dimensionk, Barndorf-
Nielsen (1983) has proposed the use of (1.4) as an approximation for the density of the
maximum likelihood estimate.lf the dimension ofy is greater thank, then f(8;6)
needs to be interpreted as a conditional denéig|a; #) given some eact or approxi-

mate ancillarya(y).

The formula is useful at an obsedvdata pointy’ because the correspondingelik
lihood function is typically geilable. Theusual presentation of the formula,wever,
does not include a general prescription for determining the ancidéyy, andthus it
does not lead directly to a plot of the densityéoffor particular & values, unles® is
minimal suficient or the ancillarya(y) is aherwise mailable. An affine ancillary has
been suggested by BarndeXielsen (1980) on asymptotic ground&.computer imple-
mentable procedure for calculating a preferred ancilk(y) based on dierential likeli-

hood is discussed in Fraser and Reid (1988a).



The original support for Barndd+Nielsens gproximation is that it is»act for
transformation models when renormalized, and it coincides with the saddlepoint approxi-
mation for &ponential models.Some discussion and analysis of the Barriediglsen
approximation may be found in Barndelfielsen (1983; 1986b; 1988a, p. 213f),
McCullagh (1984), Reid (1988); these use asymptotic calculations based on sample space
geometry and cumulants or use transformation model th&ononasymptotic interpre-
tation of the approximation using the Laplace-gné¢ method is discussed in Fraser
(1988): a transformation o and of # is defined to yield constant obsedvinforma-
tion and an approximatingponential model then supports a local saddlepoint calcula-

tion.

Lugannani and Rice (1980), also Daniels (1987), use saddlepoint methods to
directly approximate a distuition function or tail probability formulaFor a real \ari-
able y with cumulant generating functior(t) and distritution function F(y), the

approximation can be written

FOi0) = F(y) = 0@+ 0@ (5 - 7) (15)

where ¢ and @ are the standard normal density and distidn functions, and
&(@) =y defines ¢ for z=sgn@)[2{dy - (A} 2, and ¢ = ¢{E(4)}2; the notation
F(6:6) dlows the use of thisxpression later in the papén particular in connection
with (1.6) and (1.7) bele. For statistical contds the formula is well suited togonen-
tial models where the cumulant generating functionvalable from likelihood. For
such models the formula is generally understood toxtreraely accurate, better than
integrating the approximate density (1.3) or (1.4) unlestewhen renormalizedFor

the xponential model (1.2) in the reahnable case,z becomes the signed square root

of the likelihood-ratio statistic,l’ becomes the standardized maximumelitkood



estimate, and (1.5) records the left tail probabiftgy) = F(8; 6):
z = sgn - 0)[2{1(6; y) - 1(6; y)}] 2 (1.6)
¢z @-0li@), (1.7)

In Section 2 we shw how an exponential model not in standard form can be fully
characterized by an obserV likelihood function and its first sample-space \tine, up
to one-one transformations of the obsdxe \ariable elsathere on the sample space.
This result is used in Section 3 to modify the &ngani and Rice formula so that it is
independent of the parameterization of the modéien for a continuous statistical
model we dexie in Section 4 an approximating or tangerpenential model at a poing
and then use the modified Largnani and Rice formula to obtain a general modedion
of that tail probability approximationln Section 5 we discuss briefly the choice (Fraser
and Reid, 1988a) of direction for fifentiating the liklihood function and then illustrate

the closeness of approximation usingesal examples and model types.

2. How observed likelihood deter mines an exponential model

Consider a continuous statistical modé(x; ¢), thatis an ordinaryk-dimension
exponential linear model in terms of some one-onevalgrit canonical ariable y(x)
and one-one equalent canonical paramete#(¢). Often when the functional form of
f(x; ¢) is available, simple manipulation of the lagthm will be enough to obtain the
model in canonical form.In this section we delop a procedure that uses only an
obsened likelihood function and its first sample space\@#ite & a data point X, and
produces directly the cumulant generating function, the canonical paraemetethe

local canonical ariable; in efiect, the procedure ¢gs a daracterization of an



exponential model in terms of tihood properties local on the sample spathis is
then used in Sections 3 and 4 to modify axtéred the Lugnnani and Rice tail probabil-

ity approximation.
The generak-dimensional gponential model has probability element
exp[e”(9)y(x) — k{6(9)} + h{y(x)}] dy . (2.1)

The canonical ariable y(x) and parameterd(¢), cumulantgenerating functionk(6),

and underlying h(y) are not uniquely determinedven by the full functional form

f(X; ¢)dx. An dfine transformationy Z Cy + a on y requires an &he transformation
6 ZC Yo +b on @ with dual-inverse linear component; corresponding transformations

for x and h arek Zx+aC Y8 +c+ba andh=h-b'Cy+c. The invariant group

of the canonical representations thus has parametrg, b, c with dimensions

k?, k, k, 1. To diminate the indetermingc we dandardizey, 6, «, h with respect to a
sample pointx, having maximum lilelihood \alue ¢, = ¢(xo): we require y(x,) = 0,
6(po) =0, x(0) =0, andthen 06/d¢°|,, =1 so that the first derdtive behaviour of 6
and ¢ coincide atg,.

Let I(g; xX) Zlog f(x; ¢) —log f(x; ¢9) be the likelihood function normed to the

vaue ¢, which is nav taken as fied, and let
_ _ 0
S = Sl¢o; X) = %l(cb; Xy, (2.2)

be the ¢, score takn as a function ofx. From (2.1) we hee |(¢; X) Z 8°S — x(8); the
standardization properties thewei

[1)'4

0l(¢; x) _ dl(¢;x) _|
Xo S S=0

y(9) = PYs |&o = Tax
[(9; %0)S " (90; Xo)

%\
I

(2.3)



where
. _ 0
I (¢;x) = W'(W X) (2.4)

. ) d .
X)) I — S(¢;X) = — I(¢; 2.
S0 = 5 S0 = 5T (25)
aresample spacderiatives, and
k() = —1(y™(6); x0) ; (2.6)
we call 8 the natural parameteNote that the natural parameter and the cumulant

generating functionk(9) are defined entirely in terms df(¢; x,) and |' (¢; Xo)- A func-

tion Kk(x) Z0(¢; X)/0X’| closely related toS(¢; x), hasbeen used for ariable

9=p(x)’
changex < —-> ¢(x) in Fraser and Reid (1988a).

The ponential modelf (x; ¢) can then be written as

f(x;9) = (X go) exp[o”S - x(6)]

. (2.7)
= (S 9)IS(90; )|
and the corresponding model for the score as
9(S;6) = 9(S; o) exp[6”S — x(6)] ; (2.8)

The standardization properties, fomenple 06/0¢°|, = |, are easily erified.

The likelihood I(¢; x,) and its sample space dediive |(¢; X,) determine 8 by
(2.3) and x(#) by (2.6) andthus fully determine thexponential model (2.8) for the
score ariable S. For computation,# and x(8) are of course directlyvailable kut the
null density g(S; ¢g) would generally require addrier irversion from x(8); for statisti-

cal purposes, leever, an accurate approximation fay(S; ¢,) is drectly available by the



saddlepoint method.

The likelihood I(¢; Xo) and its denvative i(q); Xo) aso determine (2.7) the density
f(Xo; ¢) of the original \ariable x at x,. The density f(Xx; ¢) elsewhere on the sample
space forx requires $(¢o; x)| andwould not be ailable from the x, likelihood infor

mation.

We complete this section by recording results for the more general case whsre
not minimal suficient. For this, consider a continuous modg{x; ¢) where the parame-
ter ¢ and the minimal stitient statistic hee dmension k but the \ariable x has

dimensionn. Let
I(¢; x) = log f(x;¢) —log f(x; ¢o) (2.9)

be likelihood normed with respect to someefixalue ¢,.

The minimal suicient statistic locally at the poink (for example, Fraser 1966) is

given by
_n d _n
di(¢; x) = Za—|(¢; x)dx = 2 1i(¢; X)dx (2.10)
i=1 0X i=1
and tales \alues in Lyg{l,(G1X), ... l,(CJX)}, whichis a k-dimensional ector space of

¢-functions. Let VZV(X) Z(vq,...,v) be k linearly independent ectors. V¢
assume that the directional detives

di(g; x) _ { dl(g; x) di(¢; X)}
dv dv, 7777 dy

span the spacé 5. This would happen typicallyunless a choser; fell in the n—-k
dimensional null space of the linear forms (2.1Bdmulas (2.4) and (2.5) can then be

written

I(¢;%) = % 1(¢; %) (2.11)



. d J .
S(g; x) = WS@; X) = ﬁl(cb; X) . (2.12)

For the general result we mwoassume that the continuous modé{x; ¢) is expo-

nential with ak-dimensional canonical parameter— y(¢) that is one-one equalent to

¢, but somehw the eponential structure is disguisedVe dso assume that létihood

I(¢; X,) has been standardized with respecioc ¢(x,) and that the devitive i (9; Xo)

is given by (2.11). Itfollows then thatl(g; x,) and i(g; %,) uniquely determine the
exponential model (2.8) for the scorariable:# is defined by (2.3) with (2.11) and
(2.12), andx(8) is defined by (2.6).

3. Parameterization invariant Lugannani and Rice
The Lugannani and Rice formula (1.5)vgs a Eft tail probability F(6;6) = F(y)

approximation for a one parametetpenential model. The accompanng definition
(1.6) for z uses likelihood drop fromé to @ and is ivariant under reparameterization.
The definition (1.7) for{, howeve, uses the canonical parameter In this section we
record a parameterizationvamiant version (3.1) of{. The resulting modified Luannani

and Rice formula then uses (1.5) with (1.6) and (3.1).

From Section 2 we note that the canonical paramgtean be determined from the
likelihood 1(¢; Xo) and its sample space deilive I' (9; Xo), thelatter being waailable

from (2.4) or more generally from (2.11Accordingly we obtain
¢ = I3~ 109} S (3 0]%(9) (3.1)

In this expression we ha wsed x for the data point and for the corresponding maxi-

mum likelihood estimatep remains as the parametelwe for which the tail probability



-10 -

is being calculatedWe dso note that normalization of the éikhood function is unnec-

essary: thatog f (x; ¢) can be used in place dfg; x).

4. General tail probability approximation

Consider a continuous statistical modé(x; ¢) with a k dimensional minimal
sufficient statistic x and a k dimensional parametep. The results in Section 2 sho
that the obserd likelihood function I(¢; X,) and its first denative I' (¢; Xo) determine
the model g(S; ¢) for the score ariable, proided the model is>@onential; thg also

determine the densityf (x,; ¢) at the obsergd data point.

Without the &ponential assumption, we find it reasonable for inference to use an
approximating eponential model in preference to an approximating normal maded.
approximating eponential model we call a tangempenential model although the term
here difers from that in Fraser and Reid (1988a) and seems nowéodnact connec-
tions with the notion of a tangent model in Amari (1987, p. 102) or with a least

favourable aimily.

For the general continuous modékx; ¢) we take the tangentxponential model at
the point x, to be the gponential model (2.1) that coincides with theegimodel at x,:
this is gven by (2.8) in terms of the scoreaxiable (2.2) described b. This approxi-
mating model has a natural parameterdefined by (2.3) and has ‘cumulant generating

function’ given by (2.6)
x(0) = ~1(y7(6), %) ;

this expression need not be a cumulant generating functioit vill correspond to one,

certainly to the second and perhaps to higher ordeg iabout # Z0 or in ¢ about
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9o = #(Xo). Thisproperty vas used (Fraset988) to shw directly that (1.4) vas a gen-

eral model density approximation.
Now consider the realariable, real parameter casA.left tail probability for the

maximum likelihood estimaté (¢; ¢) = F(8; 6) is gven by (1.5), with (1.6) forz and

¢ = {3 %) - 1(0; 1S3 02 (9) (4.1)

for ¢.

5. Application
5.1 Conditionainference

The approximate tail probability formulas in Sections 3 and 4 are directly applicable
to a continuous statistical model with a reatigble and a real parameter;thgtve an

obsened level of significance and by iteration confidence intdsy

For more general continuous model dR' we appeal to approximate conditional
inference techniques and seek a one-dimensional disbrithat contains the most infor
mation concerning a reahled interest parameter, and yet is as independent as possi-
ble of the remaining nuisance parametay, A; the full parameterd is thus equialent
to (v, 7).

A one-dimensional conditional procedure &1 is determined by am -1 dimen-
sional conditioning &riable a(y); a level surface for such aariable is a one-dimensional

curve. A one-dimensional cue/an also be determined by its unit tangesdtor v(y)

at each point; we lva then thatv(y) satisfies the gctor equationda(y) = 0,

%a—yia(y)vi(y) Z0.
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which hasn -1 coordinates.

Computer implementable methods for calculating a preferred one-dimensional con-
ditional distribution for inference concerningy may be found in Fraser and Reid
(1988a); the dine ancillary of BarndoffNielsen (1980) preides a related asymptotic

approach.

Fraser and Reid (1988a) sihthat a ector field v(y) determines a conditional dis-

tribution
g(sla; #)ds = k(a; 6)f(y;8)exp{ 1!' div \(y)ds'} ds (5.1)

where the @riable is coveniently talen to be arc lengths, andiv \(y) is the divergence
of the \ector field. An appropriate choice ofector field v(y) and thus of a conditioning
variable a(y) would male a(y) approximately ancillary fory and thus k(a; )

approximately free ofy.

For an gpplication of the tail probability formula to the conditional model (5.1) we

need only tw ingredients, the obsexdl conditional likelihood
1°(w; Yo) = log f(yo; 8) + logk(ay; 6) (5.2)

and the obserd conditional likklihood denative

. d
W) = gy 00 fe)s

interestingly the norming constank(a; 8) disappears from the second formula.

Methods for obtaining approximate conditionalelikoods (5.2) are discussed in
Cox and Reid (1987), Fraser and Reid (1988Wgthods for obtaining the preferred
direction v(y) for differentiating the original sample spaceelihood are summarized in

Section 5.2 from results in Fraser and Reid (1988a).
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5.2 Directions for diferentiating likelihood
Consider a continuous statistical modi(y; ¥) wherey has dimensionn and 6

has dimensionp. For analysis in the neighbourhood of a pointlet 6, = (y) and

take likelihood to bd(8;y) Zlog f(y; 8) — log f(y; 8;). Theminimal suficient statistic

at the pointy is given (2.10) bydI(g; y) and has dimension, sak, given by that of the
vector spaceL{l,(Gly), ..., ,(Gy)}.

Conditional inference methods can bed@ped directly in terms of an initialavi-
able y, which has not been reduced to minimalfisiént statistic form.For simplicity
here havever we assume that the reduction to the minimalfisignt statistic has been
made and thus thay has dimensionk. The diference k — p is the number of dimen-
sions that the space of éilkhood functions near the point exceeds the dimension of the
maximum likelihood estimated. We row summarize the methods for determining a pre-

ferred conditioning directiorv(y).

In the special cas& = p the preferred directionector v(y) satisfies

du, Z 0 iZ1,...p-1

where U; Zdl(9; y)/04; is the score for theth 4 coordinate. Thesgp -1 conditions

can be written

K 2

1(6; Yo)} Vi(Yo) = O, iZ1,...,p-1

which define v(y,) as the \vector orthogonal tok — 1 vectors deried from the nuisance

scores.

For the casek > p the nuisance parametér is assumed to ka been orthogonal-

ized to the parametay. Let
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0! .
Si(e;y) = Flogf(y;e) j=1,...k-p
v
be the jth order score with respect to, 1,;(9) be the cwariance of S,(6;y) and

Si(6;y), and
Si(6:y) = Si(6:Y) ~ 11;(8)111()S1(6; Y) j=2,...k-p

be the orthogonalized higher scor@hen a directionv(y) that gves likelihood change
that is first order free of the nuisande and concentrates higher order effects in the

first order term satisfies

du, =0 iz1,...p-1

~

dS; =0 jZ22,...k=-p

Some gamples shwing the choice of conditioning direction(y) are given in

Fraser and Reid (1988a).

5.3 Numericatomparison of apmximations

The conditioning technique just discussed reducen am k dimensional model to
an approximating one-dimensional model for the interest parametather techniques
are of course possiblaMe d not examine here the fctiveness of such procedures.
Rather we restrict our assessment of the approximation in Sections 3 and 4 to a range of
one-dimensional models; such models of course include these obtained by such condi-

tioning procedures.

For the one-dimensional modef (x; ) the signed square root of thediikhood

ratio statistic for testing aalue 6 is

z = sgr(d-6) 2{1(8;y) - 1(6; y)}] ¢
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The corresponding asymptotically-based tail probability approximation is
Gr(9;0) = ®(2) (5.3)

for the distritution function of 8 given 6.

Higher order modifications to this are the Bartlett (Bardedrélsen and Cox,
1984), the McCullagh (1984), and the Barnt@idlielsen (1986a) correctionsl’he most

recent of these correcteddikhood ratio approximations,

Geir(8;6) = O(2) (5.4)
uses an adjusted signeddihood ratio statistic

Z = z-7'logK (5.5)
which for the single real parameter case can be calculated from the approximation

T - 3

K — 1+6{|3+3|2;1}j 27
1, - o s (5.6)
+ 2—4[{3|4 +12( 31+ 122)} ] ~+{8l5+ 24l 4(l5 +124)] 7]z
where for @ample I, = (0%/06%)(0/06)I(6; X)|,-, and j = j(6)|,., is the obsered

information ealuated até = 6.

For the present approximation, weviea

- 1 1
Ga(6;0) = ®(2) + ¢(2){ - - Z} (5.7)
where ¢ is given by (4.1). Also,we let G(6;6) designate thexact distritution func-
tion.

For an exponential model, the approximation (1.5, 1.6, 4.1) becomes the parameteri-

zation irvariant form (1.5, 1.6, 3.1) of the Lagnani and Rice tail probability formula.
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Accordingly for the first f&y examples we considexponential models withn =1 : the
first is the @mma model in logrithmic form with 6 as the shape parameter; the second
and third are theagnma agin in logarithmic form with ¢ as a location parameter and
two values p =3,1 of the shape parameteFor the remaining xamples we turn to
models that are sometimeswid as being ‘orthogonal’ toxponential models, certainly
they can be ery different: thelocation modelsf (x — 6). For these we progress from the
ganma to the logistic and then to the long tail Caudistribution. Theexamples are

summarized in dble 1.

The approximationsG, g, G r, Ga and the ract \alue G for the distrilution of
6 are recorded in percentgfles 2-7) for selectedalues of the basicaviable x. When
an x vaue is marked R, the complement of the disttibon function, the right tail prob-

ability is recorded.

The log-@amma with shape parameter (Table 2) has anxponential left tail and a
doubly ponential right tail; the model isxponential in 8. The approximationsG, g
and G g are high on the left andvwoon the right, wherea&, coincides with Lugn-

nani and Rice and isce&emely accurate.

The log-@amma with location parameter is examined for shapep =3 in Table 3
and shapep =1 in Table 4; the left tail is &ponential and the right tail is doublep®-
nential. TheapproximationsG, g and G¢ g are lav on the left and high on the right
with G g sometimes correcting in the wrong direction, wher@as coincides with

Lugannani and Rice and igteemely accurate.

Tables 2 and 3 are describing the same digtiob for x but the approximations

are calculated using d@#frent xponential parameters.

The gamma with location parametet is examined for shapep =3 in Table 5;

the left tail is polynomial and the right tail igmonential. Itis also a ariable carrier
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model in the parametes and in this sense isxieeme for the present considerations.
The approximation§, g and G¢ g are high on the left andwoon the right, both well

removed from the present approximaticdd, and the gact G.

The logistic with location parameter (Table 6) has»gonential left and right tails.
The approximationG, i is low, whereasG¢ g and G, are close and slightly highlhe

symmetry of the distrilition may help the approximations.

As a final @ample we consider thexteeme case of a Cauglimodel with location
parametero (Table 7); the left and right tail are both polynomial with Goefnt -2.
The approximation&, g and G¢ g are both lav, a some points etremely law, whereas

the approximationG,, as areportable obseed level of significance, is acceptably close.

6. Discussion

A normal model has tavparameters, and tail probabilities are immediatelylable
by entering normal tables with the standardizadable. Anexponential model has an
infinity of parameters, and tail probabilities can be approximated with high agdwyrac

the Lugannani and Rice formula (1.5, 1.6, 1.7).

If a model on the real line is location normal in some parameterization, then an
obsenred likelihood determines that model and thelifkood ratio test uses normal tables
to test & against a alue 6. If a model on the real line isxponential, then an obsen
likelihood and its first sample space dative cetermine that model and a test 6f
agpinst & with saddlepoint accurgas available using the modified Lagnnani and Rice

formula (1.5, 1.6, 3.1), which requires only normal tables aodary values z and ¢.

The underlying theme in this paper is that for more generalxientes better to

approximate at a datale using the marparameter ¥ponential model than using just a
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two parameter normal modelThis agues then ingvaur of the approximation (1.5, 1.6,
4.1) in Section 4 in preference to tlariliar likelihood rato normal or chi square approx-

imation. Thenumerical @amples in Section 5 support this approach.

The limiting factor for the use of the approximation lies in the determination of the
direction v(y°) in which to calculate the detive

: d
1(6;y°) = ™) 1(6; Y)lyo

of the likelihood; this deriative is dfectively the canonical parameter of the approximat-

ing exponential model.Some discussion of this may be found in Sections 5.1, 5.2.

The dewvation of the approximation (1.5, 1.6, 4.1yaives two deps: abest fit by
an ponential model; the asymptotic approximation to that by theabwigni and Rice
formula. Thisraises the question as to yhe approximation should seemingly perform
much better than the correctedelikkood ratio tests, say asveped by Barndoff
Nielsen (1986a), which alsoviolve asymptotics to the same ordek partial explanation
can be found in the type of deglives used. er a real ariable ¥ and parameteralue
w with 7 > w the right tail probability is an in¢ggal along the stripy x (¥, 00) in the
w x  plane. Theresent approximation uses only a first\iive for the data ariable
and is calculated at the start poif, ) of the intgration strip. By contrast the cer
rected lilelihood ratio approximation (5.4) uses higher ordervdives & (v,v)
removed from the intgration strip. A lower order aylor series close to the interest area
would seemingly be better then a higher order series at a distant pointula (5.6) of
Barndorf-Nielsen irvolves approximations for th&k in (5.5); the preceding remarks

would seem to apply also to theaet (5.5).
Most of the &amples in Section 5 wolve the location model

f(x—8) Zexp{l(x-06)}. If the model is centred so tha(0)=0, - = |, then the
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present approximation (1.5, 1.6, 4.1) uses

z = sgng) [2{1(0) - I(x - 6)}] 2

_ . (6.1)
¢ ={-Ix-0)}j"

For such location models, an asymptotiaenination of the approximation may be found

in DiCiccio, Field, Fraser (1989) together with numerical results.

More generallyconsider the assessment of a real parameter irgerlarcation or
transformation model: a simplxample is gren by v in f(y; —w,y,—1); amore

general gample is gien by the conditional analysis of say, in the nonnormal igres-

sion modely Z X + oe. Two routes seem possibl®iCiccio, Field, Fraser (1989) use

asymptotics todend (6.1) to ceer the maginal distribution of a single locationari-
able. FraserLee, Reid (1989) delop a modified conditional distniftion for the loca-
tion variable of interest and directly apply (6.1). Theotwutes lead to the same tall
probability formula. In FraserLee, Reid (1989) a Monte Carlalidation using statisti-

cally parallel conditional distrigions is aailable.
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Table 1. Five nodels: from &ponential to the Caugtextreme

M od€

log-gamma, shape
log-gamma, location
gamma

logistic

Caucly

Density

r1(6) exp {ox—€"}
F(p) exp{p(x - 6) €}
r(p)(x - 6)P e
eX—9(1 + eX—H)—Z
7L+ (x-0)%

Model Type

exponential
| ocation; &ponential
location
location
location

Table 2. Log-gamma, shapgé=3): tail probability as percent; right tail when madk

R

X -577
Gr(8;3) 2.73
GeLr(6:3) 2.40
Ga(6;3) 1.91
G(8;3) 1.95

423

23.11
24.96
19.61
19.78

1.26R

28.73
22.52
31.98
31.87

1.71R

7.62
3.87
8.82
8.79

2.14R

g7
.05
.93
.92

Table 3. Log-gamma, location(6=0, p = 3): tail probability as percent; right tail when

marked R

X -2
Gr(6:0) .02
GeLr(6:;0) 01
GA(6;0) .04

G(0;0) .04

.34
22
.63
.63

5.37
3.77
8.05
8.03

1R

56.67
64.02
48.92
48.92

2R

3.32
5.11
2.21
2.21
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Table 4. Log-gamma, location(6=0, p = 1): tail probability as percent; right tail when

marked R

X -7
Gr(6:0) .03
GeLr(6:0) .07
GA(6;0) 10
G(0;0) .09

2.14
3.43
5.01
4.86

19.55
22.51
31.04
30.78

1R

11.53
14.44

6.63
6.60

2R

15

.33
.06
.06

Table5. Gamma =0, p = 3): tail probability as percent; right tail when matkR

X 1
Gr(6;0) 18.97
Gewr(8; 0) 32.31
GA(6;0) 7.30
G(6;0) 8.03

Table 6. Logistic distritution (@ =0): tail probability as percent.

X -8
Gr(8;0) 01
GeLr(6;0) .04
GA(6;0) .04

G(8;0) .03

3R

26.93
12.80
43.28
42.32

A2
27
27
.25

5R

6.33
1.52
12.83
12.47

1.07
1.87
1.91
1.80

7R

1.28
A1
3.06
2.96

9.39

12.14
12.22
11.92

10R

.10
NA
.29
.28

24.41
27.13
27.16
26.89
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Table 7. Caucly distribution (¢ Z0): tail probability as percent.

X -30 -20 -10 -5 -2 -1
Gr(6;0) .01 .03 12 .53 3.64 11.95
GeLr(8; 0) .07 15 54 1.93 8.81 20.56
Ga(6;0) 94 1.41 2.81 5.58 13.30 23.22

G(6;0) 1.06 1.59 3.17 6.28 14.76 25.00



