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Summary

For an exponential linear model, the saddlepoint metha@gyeccurate approxima-
tions for the density of the minimal $igfent statistic or maximum l&dihood estimate,
and for the corresponding distuion functions. In this paper we describe a simple
numerical procedure that constructs such approximations for a real parametexpo-an e
nential linear model, using only adwass calculation on the obseavlikelihood func-
tion for the original dataSimple examples of the numerical procedure are discussed, b
we tale the general accurgof the saddlepoint procedure ase.

An immediate application of this is txgonential &mily models, where inference
for a component of the canonical parameter is to be based on the conditional density of
the corresponding component of thefisignt statistic, gien the remaining components.
This conditional density is also okgonential &mily form, tut its functional form and
cumulant generating function may not be accessible procedure is applied to the -cor
responding liklihood, approximated as the full dkhood dvided by an approximate
mawginal likelihood obtained from Barnddiielsens formula as in Cox and Reid
(1987). Adouble saddlepoint approximation pites another means of bypassing this
difficulty; implementation of this for some lineaxpwnential models is discussed in
Davison (1988).

The computational procedure is als@eined as a numerical procedure for obtain-
ing the saddlepoint approximation to theuFier irversion of a characteristic function.
As such it is a tw pass calculation on a table of the cumulant generating function.

Some key words: Barndorf-Nielsens gpproximation, conditional inferencexmonential
family, obsened information, saddlepoint approximation, tail area approximations.



1. Introduction

For a real parameter x@onential linear model

f(y; 8)dy Z exp {6t(y) — K(8)} H(y)dy the minimal suicient statistict Z t(y) has den-
Sity
f(t; 9)dt Z exp {6t — K(8)} h(t)dt. (1.1)

It may be dificult to calculate the functioh(t) but the densityf (t; 8) and the distrilation

function F(t; 8) can be accurately approximated by the saddlepoint method; the corre-

sponding density and disttition function for the maximum liihood estimate are

then easily devied. In this paper we xploit the simple structure of both (1.1) and the

saddlepoint approximation fokgonential &milies to approximate the density and distri-
obs

bution function using only the obsed likelihood function from the obsesd datay”*".

The procedure is a numerical implementation that uses a finktiabh of the obseed

log likelihood functionl®®X6) = I(8; y°*). This corverts an obserd log likelihood to a

density or distritition function, and will hee saddlepoint accurgcwhen the model is
close to #ponential &mily form. In contrast, the usual? approximation for twice the
difference of log liklihoods is typically accurate only when the model is close to the nor

mal.

A general ector parameter linearxgonential &mily model can bexpressed in

canonical form as
f(y;0)dy = exp{A'ty +y't, - K(4,w)} H(y)dy (1.2)

where 1 and y, of dimensionsr and Kk, respectiely, provide a reparametrization of
the original parametes. If the parameter of interest is a linear function of the canonical

components ofg, then the &mily can be xpressed in the form (1.2) witlh as the
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parameter of interest andl as a nuisance parameter

The conditional density of,, given t,,
f(talty; w) = exp{y’t, - K, (w)} Hy, (t2), (1.3)

is free of the nuisance paramet@rd would typically be used for inference abowt in
the absence of kmdedge of 4. This conditional density has the dast sample space
range of an that is free ofi; see, for @ample, Fraser (1979, p. 81xcept for special
cases, the functionX; (v) and h(t;) will be available only as intgrals requiring

numerical galuation.

By approximating the mgmal density oft; by the saddlepoint approximation, we
can obtain an approximation to the conditional olesetag likelihood for (1.3), sayl Sbs
(Cox & Reid , 1987).We then apply the numerical procedure mentionedvaband
obtain approximate conditional density and disttitin functions for arbitrary parameter
values, and hence conditional confidence irdtsfor the parameter of interestve all

this asequential saddlepoint procedure.
Another possibility for approximatingf (t|ty; w) = f(t,, t; v, )/ f(ty; v, 4) is O

apply the saddlepoint approximation separately to the joint angimahdensities in the
numerator and the denominatorhis double saddlepoint approximation is discussed in
Davison (1988) for discrete and continuous linegosanential models of the form (1.1).
Davison also obtains a conditional dilkhood for generalized linear models with canoni-
cal link and unknan scaleparameter: thigoincides with the approximate conditional

likelihood of Cox and Reid (1987).

We restrict our derxiation to models for continuous responses, although the numeri-
cal procedure may g reasonable results in discrete cadesthe remainder of this sec-
tion we record the needed density and tail area approximations as applied toxjpoear e

nential models.
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For the model (1.1) generalized kodimensions, the usual saddlepoint approxima-
tion to the density oft (Daniels, 1954; BarnddrNielsen & Cox, 1979) can be written

in the form
ft;0) = 2n) 2 exp{-w(é;6)2}|j@6)?, (1.4)
where w:6) = 2{1(6;t) - 1(¢;t)}; this is a function of just the lidihood function at
the pointt of interest. The transformation fromt to 4(t) has Jacobiar}j(8)| andgives
f(6;0) = (27)"?exp{ -w(8; 6)/2}]j(O)I", (1.5

which is BarndorfNielsens (1983) formula as specialized to thgpenential model con-

text.

Let n Zn(9) be a eparameterization thatvgs cnstant information determinant;

o
for the scalar parameter casg- 7(8) = I j%(é)dé. The density function fof is then

f(@n) = @27) 2 exp{-w(é;6)/2}; (1.6)

for the scalar case, theoretical assessment (FE&8) and numericalvaluation indi-
cate thaty can hae a ensity remarkably close to that of a normal location model with

meann and standard d@tion 1.
For the case k=1 , an goproximation for the distriltion function F(t;8) or

F(6:6), is available using a formula due to Lagnani and Rice (1980), and/i@ved in

Daniels (1987):
- _ (h 10
F(6;6) = F(t;0) = &(r) +¢(r)- — -0, 1.7)
of 90
where @ and ¢ are the standard normal distrtton and density functions; is the

signed square root of the éilkhood ratio statisticand g is the standardized maximum

likelihood estimate:
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r = sgn - o)w(g; o)}

(1.8)
q = (6-9)j@)".

The formula becomes unstable fonears , and até=¢ (1.7) should be replaced by

is(0)
i@)P"

n A 1 1
F(H,H) = 5 +6(27Z')_1/2

wherej;(8) = - 8°1(8;1)/06°|; (Daniels,1987).

2. From observed likelihood to density and distribution functions

For an exponential model (1.1) with &-dimensional canonical parameterand

obs

minimal suficient statistict Z t(y), we denote an obseed data &lue byy°”, and let

£005 = ¢(yoP%) - 6% = §(y°PS), andI®®6) = 1(6; y*™), wherefor 1°°5(g) any version, say
log f (y°*% 6), or logf (t° 6), ora+log f(y°*S @) can be used.

The general log li&lihood function for the model (1.1) can bgressed in terms of

the obsergd log likelihood function as
l(8;1) = & (t —t°) +1°°p) . (2.1)

The corresponding log létihood diference can then be written

(@:) —1(8;t) = 19°%6) —1°°%0) + (6 - 0) (t —t*)

(2.2)

|ObS(é) _ |0b8(0) _ (é _ 0)'Sob5(é)

where the general score functiorS®; t) = (t —t°) + S°°%9) , and
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t -t = — S%9) . (2.3)
The saddlepoint approximation for the densities @ihd é in the continuous case
are gven by (1.4) and (1.5) with
w(6;6)/2 = {1°°8) = 1°°(6)} — (6 - 6)S*%6) ,

Cal aZIObS(e)
1(6) - 0000' |9 :

(2.4)

For the casek = 1 the saddlepoint approximation for the distitibn function oft or 8
is given by (1.7) using (1.8) and (2.4).

The approximations for the densities and distiin functions for generad and 6
in the casek =1 can be obtained from a simpledwpass calculation on a tdhtion of
the obsered log likelihood function1°’X6). Thisrequires only a numerical talation of

1°PS(6) over a fine grid of & values in steps oft5, and successe dvided diferences

11(6) = {1°°(6 +6) - 1°°Y0)}/ 5,

[,(0) = {l(6+5)—1.(6)}5 .

(2.5)

Saddlepoint approximations fof (8; ), andF(é;6) are then gien by (1.5), and (1.7)

with (1.8) using the formulas
w(d;6)2 = 1°°8) - 1°°Y6) - (6 - 6)I,(6)
A ) (2.6)
10) = -6 -9);

with values only from th@ andé entries in the taldation. Thedensity f(t; 6) is dso

given by (1.4) at thet value corresponding 16,
t — tObS_ Il(é) ,

for plotting directly aginstt this needs® in addition to the taldar values. Theeffect

of the interal size 6§ can perhaps be reduced by replacing(e) by



{1,(6) +1,(0 - S)Y2.
A confidence interal (6, ,8,) for 6 atlevel 1 -« is obtained from the obsesd
6° by solving

~0obs, ~0bs,

F(6®%6) = 1-al2, F(6°6) = al2. 2.7)

We all the decreasing functiorr (6°°% 6) the confidence distritiion function:6°” is

the obsergd maximum likelihood estimate, which could bgadable from separate cal-
culations or by linear interpolation between the tvalues |,(9) and |,(6 +3J) that
braclet zero. If only the confidence distrition function F(éObS; 9) is reeded, then just
a dngle pass computation is needed plus a directly compi(ré%rfs).

An interactve program written in C \w&s deeloped for the gamples in this paper; a
copy is avallable on request from A. Whg at the Uniersity of Toronto. Asa guide to
more general use of the program, it should be emphasized that the use of the formulas
(2.6) with the saddlepointxpressions assumes thais the canonical parameter of the
exponential model; procedures foxteacting the canonical parameter in applications,
exactly or approximatelyare being deeloped in current wrk.

The generalization to ger the case k=2, sayould be straightforard and veuld
yield saddlepoint density approximations. wéwer, our primary interest is in the talil
probabilities supplied by the distubon approximation and no simplengion of this
seems to bevailable in the ector case.

Example 2.1. For a first exkample we choose amxmonential model conxt far

removed from normality and consider a sample of-1 with data alue y° —1 from the
shape gmma
re)y"e? (2.8)

on (0,00). We view this as an xtreme case ing the special feature of a éd left
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boundary aty Z 0: the efectiveness of the procedure can be partly judged from the

closeness to normality of the constant informati@amiable 7 defined for (1.6); the

change of ariable attempts to reme this left boundary
The maximum liklihood estimate of is 6°°° = 1. 46. The density function forg

is recorded in Figure 1 for the Glues ofy in Table 1 whergi®®is taken coweniently to

be zero; note theevy close approximation to normal formcept perhaps for the left-

hand cure with # Z 0. 0983. The parameteralues are the confidence points obtained

from the approximation t@r (7<0) using the tail approximation formula (1.7); this func-
tion is labelledF,(0;7n) in Table 1. The eact \alues are easily calculated from the
gamma function and aregn by F.(0;7). Thevaues obtained from the obsex log
likelihood function by numerical tatation are rceptionally close to thexact \alues.
The numerical intgration of the density is also recorded able 1 as F,(0; ); this inte-
gration of a saddlepoint density seems to be less reliable than the saddlepointidistrib

function.

Figure 1 about here



Table1

The distrilution function at the obsesd 6°™ for five values ofo: F, is the approxima-
tion (1.7);F. is the &act, andF, is an approximation obtained by numerically gra-
ing the density (1.6).

6 0.0983 0.5697 1.2676 2.2974 3.8138
n -3.0046  -1.1873 -0.1993 0.7035 1.6545

F.6%6)=F,0;7) | 0975 0810 0500 0.190 0.025
F.(6%:6)ZF.0;7n) | 0976  0.815 0519 0.191 0.025

F.(8%6)=F,(0;n) | 0978 0.816 0.517 0.189  0.025

3. Conditional inference in the exponential linear model

An approximation to the obsex@t conditional log liklihood for ¥ in the condi-

tional contet (1.3), is obtained as described in Section 1:
_ ~ob . ~ob
1) = 1w, 4,5 Y™ + 310G lia(w, 4y s y™) (3.1)

where /f;),bs is the obsemd maximum liklihood estimate ofA for fixed y and

jia Z—0(w, 2;y°P)I0204  is the corresponding obsen information for 4 with y

fixed; all ingredients for this arevalable from the obseerd likelihood function. The

expression is obtained from the quotient of the fuktlikood L (i, A; y°*) from y°*sand
the approximate mgmal likelihood
_ ~ob . ~ob _
Ly, 4y )IL N, Ay 5 Y Niaalw, £, Yo (3.2)

for t9*from (1.4) with fived .
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We onsider the analysis for the particular case of a real parametand use the
results from Section 2 witf*y) in place of the earliet®®(6). For this conditional
contet, the method can be described asquential saddlepoint procedure: a saddlepoint
approximation is used for the ngamal log likelihood (3.2) and the resulting conditional
log likelihood (3.1) is used to approximate the conditional density and digtnifunc-
tions by the method of Section 2 which uses a second saddlepoint application from (1.6)
or (1.7) computed numerically\ork in progress indicates that this approximation is

accurate t@®(n">?) in the sampling conie.

The double saddlepoint approximation described iwvidom (1988) requires an
information calculation for eachaiue (2 t,). Theresulting likelihood function is the
same as that abe but the saddlepoint norming of thatéikhood function to prade a
density and distriltion function is diferent. Theresults in Fraser (1988) suggest that the
saddlepoint approximation applied directly to the conditionalillood from a density of
the form (1.1) may be preferable to the double saddlepoint method on general grounds.
Exceptions can occuhowevea: an xample gven in McCullagh (1987, p.195) describes
the conditional distribtion of one of tw independentx@onentials, gien their sum. In
this case the double saddlepoint method will reproducexhet eonditional densityif

the numerator and denominator are normed separately

Example 3.1. Cox and Snell (1981)xamine some data from Proschan (1963) con-

cerning the time inteal betweendilures of air conditioning equipment on aircrafthe

data consist of; independentdilure times obserd on each ok Z10 aircraft. Various

levels of modelling were considered; here wemine the use of aagima distrilation

for the jth failure on airplané

CY BBl ) Byl wi) ™ exp{ = Byl i}
where the mearaflure time depends anbut the groups hee a ©@mmon shape parame-

ter . The parameter of interest is &akto be the shape parametgr the \alue -1
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has special interest and corresponds toxpereential distrilation.

The approximation (1.7) to the diswifion function F(3; 8) at the obsered /?Obs
is recorded asF,(3; ) and is plotted in Figure 2Near the centre of the disttition
where r and q are close to zero, the numerical procedure and tharinani and Rice
formula (1.7) are unreliable; we do not directly address this as our main wbjsdb

obtain confidence inteals and tail probabilities.

Five values of the parametef were obtained fromF, corresponding to theal
ues 0.975, 0.810, 0.500, 0.190, 0.0Z&ble 2 records the correspondingjues of F, as

well F, obtained by numerically inggating the density (1.6).

Figure 2 about here

Table2

The distrilution function at the obsesd ﬁObS for five values of: F, is the approxima-
tion (1.7); F, is an approximation based on numerically gnéting the density (1.6).

yij 0.805 0.890 0.972 1.044 1.146
-2.065 -0.937 0.048 0.846 1.865

n
F.(3%% p)=F.(0:7) | 0975 0810 0500 0190 0.025
F.(A )= F,(0;7) | 0975 0813 0478 0.193 0.025

This example ivolves 199 obseations ceering 10 aircraft, so it is not surprising
that the standardized densities in the constant information parameterization are found to
be close to standard normal and that the approximate conditional confidencadraesv

similar to those obtained by the usual first order asymptotic th&bmy conditional max-

imum likelihood estimelteﬁobs is 0.9675 whereas the ordinary maximumelikkood
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estimate (Snell, 1987) is 1.006lhe 95% conditional confidence intafvis (0.805,
1.146) which can be compared with the ordinargdasample approximation (0.795,

1.140).

4. Numerical saddlepoint inversion of a cumulant generating function

Consider a realariablet with cumulant generating functioK (s):
exp{K(s)} = J' f(t)eddt .

We gply the computational procedure from Section 2 to obtain saddlepoint approxima-

tions to f(t) and F(t) from the generating functiok(s).

The embeddingx@onential model is
f(t;0) = f(t)e <O (4.1)
For some coreniently chosenalue of t, say t°, the log likelihood function is
%) = ot° - K(6) .
The two-pass procedure on a tddtion of 1°(9) gives f(t) and F(t) for 60 from
(1.4) and (1.7) with
w(6;0)/2 = 198) - 1°(0) - 61,(6)

A A (4.2)
i) = (6 -9)

Example 4.1. We illustrate the imersion of a cumulant function by reconsidering

Example 2.1.
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Consider thexreme \alue density
f(u) = exp{-¢€"+u} (4.3)

on (-oo,00); thisis the density of the l@githm of a standardxponential ariable. The

cumulant generating functionks(s) — InT'(s+1) . As a choice of a referencalue for

u we tale u® Z 0. Notethat the embedding«ponential model is

f(ua)du = f(u)erv K@

exp{-€"+(a+1)u-InT(a+1)}du (4.4)

= T Ha+1)y*teVdyly

which is the gmma & +1, 1) distribution fory = €.

The obsered log likelihood for y = y° =1 (u® = 0) isobtained from Example 2.1:

%) Z aw® - K(a) Z-InT (e +1). Thenumerical tablation procedure gées a sddle-

point approximation to the density (4.3) which can be compared withxtot density

(Figure 3): the diference is less than the diag accuray.

Figure 3 about here

5. Discussion

In Section 2 we described Wa fine talulation of an obserd log likelihood func-
tion could be augmented by first and seconteifices to ge hghly accurate saddle-

point tail probabilities and confidence points ixpenential &milies. Daniels(1983,
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1988) has suggested the possible use of numerical procedures for the saddlepoint approx-

imation.

It seems lilely that the technique can be applied more generally as an alterbpati
the chi-squarewaluation of likelihood drop; for a model close taponential form the
result has beerevified in current wrk to have saddlepoint accurgcAll that is needed is
a talulation of an obseerd log likelihood in terms of a parameter that corresponds to the
canonical parameter of amponential model.Some discussion of the choice for such a
parameterization may be found in Fraser (1988, 1989) based on a sample spaoederi

of the likelihood function; refinements of this are discussedwtleee.

As an eample of the application of the numerical procedure in a more general con-
text we consider inference for the mean ofaangna distrilation. Thisis still an exponen-
tial family, but the parameter of interest is not a linear component of the canonical param-
eter The approximate conditional kkhood of Cox and Reid (1987) is readily obtained;
that likelihood and an adjustecknrsion are compared to the profileelikood and Barn-
dorff-Nielsens modified profile likelihood in Fraser and Reid (198%igure 4 shass the
confidence distrilstion functions for the mean, obtained from a simulated sample of size
10 from a @mma (5,1) distribtion, and constructed by applying the numerical method
outlined abwe © the Cox and Reid conditional profile and the Fraser and Reid adjusted
version. Asnoted in Example 3.1 the numerical procedure is unstable in the neighbour
hood of the maximum liddihood estimater(andqg near 0 in (1.8)); this accounts for the
bump in the plot corresponding to the conditional profile logliflood. Thed5% confi-
dence interals for the mean are (.654, 1.036) and (.636, 1.068) for the conditional profile
and the adjusted profile, respgely. An exact conditional confidence intaivcan be
obtained by a modification ofguments outlined in Jensen (1986); this is discussed sepa-

rately in Fraser Reid and Véng (1989).
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Figure 4 about here
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Figure Captions.

Figure 1.

Figure 2.

Figure 3.

Figure 4.

The density functionf (7; n) is recorded from left to right for the Bles
of & and n in Table 1.

The confidence distrltion function F(0;7n) from the air conditioning
data in Example 3.1.

The act ( ) and saddlepoint £ —) approximation to the xreme
value density (4.3); the approximation is obtained by the numerieetin
sion of the cumulant generating function.

The confidence distriltion functions for the gmma mean parameter
based on the approximate conditionaklikoods of Cox and Reid,( )
and Fraser and Reid¢ -).



