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SUMMARY

A one dimensional conditional procedure defines a partition of the sample space ie® curv
which can be represented by means of a wator field. A formula is gven for the conditional
distribution in terms of local properties of theotor field. Conditions are desloped for reducing

the first-order décts of nuisance parameters and reproducing to higher order ¢h@oddd
change for the parameter of intere$thie emphasis is orxeending &ponential &mily methods
after locally approximating the statistical model by apomential &mily.
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1. Introduction

A fairly general description of conditional inference is that only some portion of the sample
space for the responsector is takn into consideration in constructing the inference method.
The usual way of arranging this is to fix some appropriate components of the respmtseand
use the resulting conditional distuifion for inference.

As a simple gample due to Fisher (1934), i is a sample of sizen from the location
model f(y;8) ZMNf(y;-6), an (- 1)-dimensional component of, which can be written

aZ(yi—VY,...,¥Yn— V), hasadstribution that does not depend @n Although not the full sub-

stance of Fishes’dscussion, it can be gwed that the randomness in this — 1)-vector is not
relevant for inference aboup, and the conditional distrition of y, given a, is the appropriate
reference distriltion. Thistype of analysis can be wi#oped for ag transformation model:

there alvays eists a ‘ector of generalized residuals analogousatoabove that pravides an
appropriate conditioningOne way to formalize this approach toonditioning is by means of
Birnbaums (1962) conditionality principle, which says to condition oragable with a fied dis-
tribution; various aspects of this are discussed ingBeand Wlpert (1985) and Eans, Fraser

and Monette (1986)A somenhat diferent approach is toavk with the related error or struc-

tural model in which case the conditioning is based on an identified component of error and is
logically necessary; cf. Fraser (1979, Chap. 6).

Outside the class of transformation models, this approach can be approximated by
example, finding a statistic whose distriton is approximately parametgee (Barndorf
Nielsen, 1980; Cox, 1980; Amari, 1982) or bypressing the model so that it is approximately a
transformation model (Barnddiiielsen, 1980; Hinklg 1980).

In an &ponential &mily model, conditioning is usuallyvoked for a diferent reasonto
eliminate efects of nuisance parameteis certain special cases, it is possible to find a function
of the response that is fiafent for the nuisance parameters, in which case the resulting condi-
tional distriution depends only on the parameter of inter&sttensions of and approximations
to this type of conditioning are discussed in Barrfddiélsen (1983) and Cox and Reid (1987).

A computational adantage of ayconditional approach is that it may result in a substantial
reduction in the dimensionality of the problem, and so be much easier to implement numerically
Thus &en if a marginal approach is preferred on theoretical grounds, a conditional approach that
closely approximates it may be more usetakamples of this type of conditioning are discussed
in Fraser and Massam (1985) and®jeard (1987).

In this paper we westigate the construction of a one-dimensional conditional digiob
for inference about a real parametdihis construction is carried out directly in the sense that
instead of choosing a statistic to condition on, we search in the sample space for a one-
dimensional conditional model to use for inferentée resulting conditional distnithion should
be insensitie b nuisance parameters, as in thgp@nential &mily models, and sensié © the
parameter of interest, as in the transformation mod@sr approach is matited by and
extended from thexg@onential &mily setting, and so isxpected to be morefettive for models
that are closer toxponential &milies than to transformation models.

By not specifying properties of the statistic to be conditioned on, wefaoghady allowing
ary conditional distrilution to be a candidate for inferenctn Section 2 we sho that this
approach leads toxamining local changes of the full model, wheltecal” means local to a
point in the sample spac&he parameter &dcts are obtained from the déilkhood function, so our
inference is specified by looking at the local properties of treditiod ratio: the dftrential
likelihood approach is #eloped in Section 3.For cases where the sample space dimension
exceeds the parameter dimension, edreponential models are used to yide local approxi-
mations; this raises parametrization issues that are discussed in Sections 3.3 &od8.5ech-
nical aspects of implementation are discussed in Section 4.
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2. Onedimensional conditional proceduresand differential likelihood

2.1 Samplepace partitions
Consider a a&riable y Z (yq, ..., Yx)* with sample spacey = IR, aparameterg Z (6, 1)

with parameter spac€ = IR"*! and a statistical modef (y; ¢)dy. To avoid difficulties of over-

conditioning in discrete distriltions, we assume that the distition of y is continuous. We
assume thaty is the minimal sdicient statistic, 6 is a real-alued parameter of interest, arid
is an r-dimensional nuisance parameter

Any one-dimensional conditional inference procedure can be defined by first specifying a
one-to-one transformation frony to a pair (T,s), where T is k-1 dimensional, and then
determining the conditional density af given T. This density is

9(sT; ¢)ds = h(T; ¢)f(y; 9)I(y)ds (2.1)

where y Z y(T, s), J(y) is the Jacobianjdy/d(T,s)|, and 1A(T;¢) is the maginal density for
T.

A geometric description of the conditional procedure is thagenerates a partition of
into cunes and for each cugvs gives the position of y along that curg. Differentiating y
with respect tos gives a fangent ector v(y) with ith componentdy;/ds; if s is chosen to
measure arc-length them(y) will be a unit tangentector We thus hae that aty conditional

procedure generates a unéctor field V = {v(y)} on IRX. Corversely under mild rgularity

conditions, a gien unit vector field V can be intgrated from ayinitial point y@ to produce a
cure vy = y(s, @), which thus gies a ©nditional procedure.

In (2.1) T is fixed, so only the dependence snis needed andattors depending purely
on T can be absorbed into the normalizing constait. particular for the Jacobian

J Z J(y) Z (T, s) we how below that

K Jv.
a'gSJ =53 a\g)(/iy) = div {v(y)} (2.2)
is given by the divergence function and thus find tha(y) is proportional to
s(y)
c(y) = exp !' div[v{y(s)}]ds (2.3)

where the initial pointy® corresponds tos = 0. Theconditional density defined in (2.1) can
then be re-egpressed as

g(sIT; ¢)ds = K(T;¢) f(y; ¢)c(y)ds (2.4)
where y = y(s, y?) is the cune through y©@ and k(T, ¢) is the norming constant.

An intuitive exlanation of (2.2) follers from the transformatiory - y + dv(y) which,
with § small, changess to s+¢§ leaving T fixed: dy is changed to|l + §V|dy where

V Zov(y)loy’, and dTds is unchanged. Thus dyZJ(T,s)dTds becomes
[l +8V|dy Z J(T, s+6)dTds which gves J(T, s+6)/J(T,s) = |l + V]| and thus

dlogJ(T,s) _ 0 _ _
35 = 3% [l +5V||§:0 ZtrV Z div {v(y)} .
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One reason for looking at the conditional density from the point of eieequation (2.4) is
that it is easily computed numerically once tleeter field V has been determinedChoosing
the vector field for inference abowt is the subject of the resections.For the moment note
that a starting pomly(o) needs to be specified, which will typically be the obsérdata point.
From point y) the net point in a positie drection on the path is determined by

yI =y sy, iz1,...,k,  where § is the step size and

c(yU*Y) = c(yN[1 + sdiviv(y!)}] is the epansion adjustment; correspondingpeessions

would be obtained for the gdive drection. Thughe conditional density can be computed with-

out ever specifying the wariable T that is being conditioned orillhe computational details may

need some care in implementation, in order to obtain accurately the norming constant from the
accumulated sum of the product{y(; ¢)c(y"). In particular it may be necessary to allthe

step sizes to vary.

Example 2.1:Normal circle
Let (y1, ¥») be bivariate normal with meanector @ cosi, sin1)” and covariance

matrix 1. We transform ;,y,) to (r,4), wherer?=y?+y2 and tani = y,/y,. For illus-

trating the abee dscussion we consider conditioning oty recall that J(y) = r. To compute

the divergence we start with theeetor fieldv(y) = (dy,/0r, dy,/dr) = (cosi, sin A) = (yi/(Y3
+y2) Y2 yol(y3 + y3)Y2). Inthis excample r does measure arc length along the ray determined by
r

fixing 4. Then div{v(y)} = (y2 + y3) 2= 1

, and c(y) Zexp J’ stdsZr/rg, asrequired.
Note that if we condition on r instead, the  eactor field
V(Y) = (=Yo/(Y3 + Y32, yil(y? + y3)¥?) giving div{v(y)} = 0. In other words the Jacobian can

be absorbed into the norming constant because it does not depénd on

For interpretation and for graphical dlsplay it seems appropriateviitee2.4) in terms of
6. This is relatvely easy for the case of no nuisance parametéfs.reed to gpress 6 as a
function of y along the curg. Letting S(y;8) be the score function and using the directional
derivatives

ds(y; 6) ; 9S
) locy) = aT/. vi(y) . (2.5)
we obtain fromS(y; ) = 0,
ds(y; 6) 0(y; 6) -
) lgds + 30 jdé = 0 . 2.6)
This gives
ds(y; 6)

g(éIT; 0)dé = K(T,0)f(y; O)c(y)| i i6)dé 2.7)

dv(y)

where j(8) Z - S(y; 6) is the obsered information function.All the factors in this xpression

are computationallywailable as indicated before theaanple. Theelation of (2.7) to Barnddf
Nielsens (1983) approximation to the density 6f is discussed in Section 5.

In the nat sections we seek a conditional procedg(@|T; ¢)ds that is insensitie 0 the
nuisance parameterg and best presents thealable information for the primary parameter
Inference from such a one-dimensional disifiim with one-dimensional parameter arlfy
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straightforvard. Tests and obseed levels of significance can be calculated by one-dimensional
integrations, and confidence intefs are wailable by iterations on the calculations of the
obsered levels of significance.Note also as just described that the conditional density can typi-
cally be re-gpressed agy(4|T, ¢)dé for ease of interpretation.

2.2 Differential likelihood
We write the log-likelihood function forg relative o a fixed value ¢q as

[(s;9) = log{g(s; 9)/g(s; po)} ; (2.8)
we also use the notation

I(y; 9) = log {f(y; @)/ f(y; o)} - (2.9)

The conditional densityg is constructed by nwing along a curg from the initial data
point; at each poins we need to kn@ how the conditional density changes inving to s+ ds.
For this we write

a(s; do) ep{l(s+dsg¢) -I(s¢)} (2.10)

to express the density at thewgoint in terms of:original null (¢g) density; original lilelihood
ratio; nev null density fctor; likelihood diference to the me point. Onlythe latter tvo factors
depend on the mepoint and only the lastttor depends also on the paramet#e use this lile-
lihood-dependentaictor as the basis for choosingy) and thus the cuey for conditional infer
ence.

We wite di(s;¢) for the likelihood diference on the cuevand obtain
di(si¢) = T(s+dsg)-i(s9)
I(y +vds ¢) - 1(y; ¢) .

We havecomplete control wer the choice of liklihood diference on the cuey from the lileli-

hood diferences wailable on the original sample space; thus we approach finding a one-
dimensional conditional procedure from thewp®int of optimally choosing the lékihood dif-
ference at each step along this eurThedifferential expression ofdl (s; ¢) is

di(s; 9)

g(s+ds ¢) = o(s; ¢o) exp{i(s; o)}

(2.11)

9 -
38 I(s; ¢)ds

- dl(y; ¢)|dy=vds

5 (2.12)
67y. (y; ¢)dyi |dy=vds
0 ..

2 5y I(y; #)vi(y)ds

LM~ LM~

Equation (2.12) indicates the spectrum of possible |agjiikod diferences corresponding to the
various possible directions(y).

The diferential dl(y; ¢) is the minimal suicient statistic at the point, and it maps the
tangent spacddy} to the spaceR® of real-walued functions ofs. As we haveassumed that
is minimal suficient, this is a full-rank linear mapping; i.e. the dméénts of dy, in (2.12) arek
linearly independent functions af.
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3. Choice of conditional inference procedure

3.1 Full xponential families

We have argued in Section 2 that a conditional inference procedure can be generated
directly on the sample space byedeping an inference contour incrementaligd that this local
development should focus on the sample spactemdiftial of the log-liklihood function. We
now consider whether or not, andvcthe conditional procedure can bevdeped to be insensi-
tive © the nuisance parameters anteetive for inference abouw. In Sections 3.2 and 3.3 we
will consider these ta requirements separatellthough this separation is sowleat technical,
there are dferent issues rolved, &en though similar techniques are used.

The conditional procedure to be discussed in the remainder of this sectionviateddby
the following simple special cas&uppose the density foy takes the gponential &mily form

f(y;0) = exp{Oys+ Aryo + -+ A yic — K(6,2) — d(y)} . 3.1)

There is no essential loss of generality in assuming yhé&t the minimal sdfcient statistic; ht
(3.1) also incorporates the restriction tHat r + 1, andthat the parameter of interest is a single
component of the canonical parameter

From \arious vievpoints it is appropriate to base inference foion the conditional density
of y, given ys,...,Yk. For this we note thaty,, ..., yx) is afficient for A for fixed \alues
of 6 and that similar or unbiased tests@fare based on the conditional density (Cox and Hink-
ley, 1974, p. 134; Lehmann, 1986, p. 143ternatively the contour gien by fixing vo, ..., Yk
is the unique contour along which dikhood diference depends oa only; see Section 2, and
Fraser (1979, p. 81)In the diferential sample-space approach fixifigp, ..., yx) is expressed

by requiring dy,=0, ..., dy,=0. Thiscan also be written
dui(y;¢) Z 0; iZ1,...r (3.2)

where U;(y; ¢) Z dlog f(y; ¢)/04; is the score fork;.

Of particular importance for our analysis latéye conditioning just described isvaniant
under linear reparameterization of the nuisance parameberif we write 4 as a linear rank
(k=1) transformatiorof A and 9, (3.1) becomes

explo{ys —ayz, ... . Y} + Aa¥o + -+ A4 Vi — K(8,4) = d(y)] ,

and ,, ..., Yy is a me-to-one linear function ofy,, ..., yx) only. The conditioning thus
remains unchangedlhis invariance implicitly underlies the dérential approach.

3.2 Elimination of nuisance pametes

In this subsection we assume that the dimension of the mininfiiexuif statistic is equal
to the dimension ofp. As the parameter of interest is one-dimensional, this implies th&t- 1
constraints analogous to (3.2) will define a one-dimensional conditional wlistnib

From (2.12) it follavs that the liklihood from the conditional distiibion will not depend
on the nuisance parametersdi(y; ¢) does not depend oni, i.e. @/04;)dI(y;¢) =0, for the

direction v(y). Exceptin special cases such as discusseda@libese equations will not a a
solution free ofg. The simplest possibility is to restrict (3.2) to

dui(y;e)l; =0 i1Z1,...r, (3.3)

where ¢ = (4, 1) is the maximum likelihood estimate at the point. This gives the r Zk -1
constraints needed to determine tketer directionv(y) and thus the conditional procedure.
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Another vay of motvating (3.3) is to approximate (y; ¢) by a tangent gponential model
r ~
f(y; do) exp{(6 - 60)Syi(y; 60) + _Zl(li = 20,)Ui(Y; ¢0) — K(6, 1)} (3.4)
1=

where K(6, 1) normalizes the density (3.4)5;, = dlog f(y; ¢)/d¢ is the score for the parameter

of interest, andgy is some referencealue. Thisexpressesf (y; ¢), approximately neaw,, as
the simpler model (3.1); thenapplying the difierential \ersion of the conditioning gés

dU;(y; ¢9) = 0. Although other possibilities could be wBioned, it seems appropriate to use

00 = ¢ = ¢(y) as the referencealue in &amining the choice of/(y) at y. The notationg, has

been retained up to this point in order to clarify the sample spdieeediiation.

Note that in the conke of independent, identically-distrbed sampling,f(y; ¢) will itself
be a member of a fulixponential &mily, but as thek canonical parameters will typically each
be functions of(¢, 1) the method for desloping similar tests will not usually applyrhe approx-
imating model (3.4) essentiallkgresses the canonical parameters as approximate linear func-
tions of the parameters of interest nggy. Note also that the approximating model (3.4) is
invariant under locally linear reparametrizations of the nuisance paramter orthogonal
parametrization ofA could be used, i the inference contour specified by (3.3) will not be
affected.

Example 3.1:Ratio of &ponential means

Let (yq,Y,) havethe joint density f (yy, Y») = 126 exp(—=1y; — A6Y,) and assume we kia
n independent pairgyy;, Voi). Theminimal suficient statistic is(yy, ¥2) = Z(y1;, Y2), andthe
nuisance score i€n/A - y; — 6y,. Equation (3.3) becomesdy; —ddy, = 0 ;as 6 Zy,/y,
this gves dy; /y; +. dy, /y, Z 0 as the defining equation for the contoufhe solution is

Y1 Y2 Z C; i.e. the contour is defined by fixing the prodygty, . Infact y; y» is the maximum

likelihood estimate not oft, but of the \ersion of that is orthogonal t@; see Cox and Reid
(1987, Ex. 3.1).Thus the solution of (3.3) is egalent to conditioning on the maximum dik-

hood estimate of the orthogonalized nuisance paramétés can be shen to hold more gener

ally for cases where the obsedvinformation has the same nuisance parameter orthogonality as
the epected information.The maginal inference obtained using the location structure of this
model is compared to the conditional analysis in Fraser and Reid (1987).

The conditions (3.3) can be rgeessed using the gradiemctors
uj(ys9) = (Ujg, ..., up)” = OUj(y; 9) (3.6)
giving
uj(y;d) v(y) =0 j=1,...r . (3.7)

In the present conmtewith r Z k-1 we havethat the k —1 equations (3.7) uniquely determine

the unit \ector v(y) except for positre a negdive (1) sign corresponding to direction.

We eamine in Section 4 some technical details concerning the calculatiaiivdi(y)}
from dervatives o the gradient gctors u;(y; ¢). Then,as indicated in Section 2, we are in a
position to calculate the conditional distrilon g(s; ¢)ds.

3.3 No nuisance pametes



-8-

In this case we ha& a k-dimensional sdicient statistic bt only one parameter of interest.
Two prototype @amples are the€k, 1) curved exponential &mily and the locatioraimily. In the
former an gact ancillary in general does not; in the latter the residuals or spacings are ancil-
lary as mentioned in the Introduction, and the usual conditional procedesdtese. Of course
from the present point of viewe ae concerned with constructing a conditional density directly

The Taylor series pansion oflog f(y; #) about some figd point 6, gives

F(y:6) = f(y: 00) exp{(6 - 60)Si(y; o) + _"'izw—eo)is,-(y; 60)/ 1)
2

where
Sj(y: 60) = {0’ log f(y; 0)i08'}],_,

is the score for thejth cunature parameteWe will truncate the rpression afterk terms and
renormalize, giing

~ k ~
f(y;0) = f(y:60) exp{6:S, + _225{51/1'! - K(61)} (3.8)
J:

where §; Z 8 — 6y, as an goproximation to the original density near 6,. The density in (3.8)

is a (k,1) curved ponential model.If we start with a cured exponential model of the form
exp{Zsi(0)y; — K(0)}f (vy; 8g), approximation(3.8) is obtained fromdylor-series gpansions of
the parameterg; (6). Thecorresponding full)@onential model is

K
f(y; 60) exp{61S; + 225] Sj — K(6o,9)} . (3.9)
J:

In this model the conditional inference contour is definedd$(y; 69) =0,j =2,.. k, as &
(3.2), which suggests that we might use the 1 constraints

dSi(y;0)l,-, =0, j=2,...k (3.10)

with the original model.
A complication with this approach is that the approximating model (3.8) and the embedding
model (3.9) depend strongly on the particular parametrizatiof. dfor example if 51 Z8 -6,

is expressed asd; + aEf, then the score statistics for theanparametrization areS; Z S; and

S, S, +2a,S;, and the linears; term in the ne& expansion (3.8) corresponds to quadratic

variation of §;. More generally a kth degree polynomial transformation
51:51+a2512+---+ak5f gives sores 6;,...,5) ZL(S;, ..., S), where L is a kxk

lower triangular matrix with ones on the diagonal, and the lingaterm nav corresponds to a
kth order ariation of the original paramete¥; .

We rote thatthere isa kth degree transformation that mekthe scoress,, ..., S uncor
related with S; = S; at the pointd, and this transformation can be constructed itegigti as

follows. Let 11j(6g) = cov{Si(y; 6o), Sj(V; 60); 6o}; then with 63 =6, + aSlz, the choice
a = l1(60)115(6)/2 males S, uncorrelated with S;. Now if 51251+b5f in the just

obtained parametrization the choite= 1,3(60)!13(60)/3! males S; uncorrelated withS; but
does not alterS,, and so on.We thus replace the constraints (3.10) by
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dSi(y;0)l, =0 j=2,...,k

Fortunately thekth degree reparametrization does not need toxdpéicitly determined.Let
S = Sj-11j(60)111(60)S1 » jZ2,... Kk . (3.11)
These scores are uncorrelated wih at 6, and the ector G, S, ..., S) islinearly equi-
alentto (S, Sy, ..., ). Asthe same is true ofS;, S5, ..., &) the two sets of transformed
scoresS,, ..., S and S,, ..., S are themsels related by anwertible linear transformation.
We propose then to replace the constraints (3.10) by
dSi(y;0)l; =0 j=2,...k; (3.12)

i.e. we determine the conditioning using ieef the higher order scores for a parametrization
that males these scores uncorrelated wil. Requiring the higher scores to be uncorrelated
with the first in the embedding model (3.9) is the same as requiring the parameters 6, to

be orthogonal tos;. These parameters measure in some sense the position of the original model
in the full xponential model and it seems sensible that sheuld be as free 0 effects as pos-

sible. Somdurther discussion of this point is ptided in Section 3.5.

Example 3.2:Gamma hyperbola
Assume we ha& n independent pairs (Xy,Xy) from the density
f (X1, X2; 8) = eXp(-6X; — 671 Xo); thejoint log-likelihood is

1(6) = = (6-60)y1— (67 - 65")Y2

where y;Z2Xx; and Yy, 22Xy are the tw afficient statistics. We have
Si(Y;0) = = y1 + 6072y,, Sy(y;0) = —2073y,, 111(8) Z2n672 and 11,(8) =-2n8~3. This gies
S,0)=-673y,-67ty;, 0 (3.12) becomesh (A°dy; +dy,) = 0. Since 8° = y,ly;, the

cunve is defined by dy;/y; + dy,/y, Z 0, i.e.by conditioning on the producy;y,. In this exkam-

ple y,y, is exactly ancillary for 6. Note that if we had not orthogonalized the scorasubed
the original scoreS, directly, we would have conditioned onys.

Example 3.3:Nonlinear egession
Let y; Z9(8,%)+¢&;i=1,...n, where thee are independentN(O,og) variables, 6 is

unknavn, and g, o2, and the x; are knovn. Thescores are functions of the-derivatives o g:

St = = 5{yi - 9(60, X)}6(60, X)
oo

S = = 31Y: ~ 9000, M 8000, X) = 6200, %)}
0

with a covariance matrixl (6,) depending only ono and the 9-derivatives o the g(6, x;) at
6. We wish to determine theector v(y) that satisfieslS; =0 or déj Z0for jZ2,...,n.
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The yi, ..., Y, can be gpressed linearly in terms of th§,, ..., S;,_and are uncorrelated.
In terms of they's we can viev S; as a linear contrast an&,, ..., S, as linear contrasts

orthogonal toS;. It follows that the gctor v(y) satisfying d$, Z 0, ..., JSh Z0 is gven by
the gradient gctor of S; with respect to they's:

v(y) = {908, %), ..., 96, X} HEG(G, X))} .

The maximum likelihood point is the projection ofy on the mean-ector cure
{(9(8, %x1), --.,0(6,%p)): 8 OR}, and the equationS,(y,8y) —Z0 determines the orthogonal

complement of the tangenestor at the point ving 6, = 6. The cures for conditional infer

ence thus ha the folloving form: each intersects the sagé S;(y, 89) Z 0 in adirection paral-
lel to the mean-ector cure & 6p. Equation (2.4) then enables us to use tkececonditional
distribution of g, rather than a normal approximation to its unconditional digiob.

3.4 Thegeneral case

In this section we consider inference #in the presence of nuisance parametérswhen
the dimension of the minimal didient statisticy is greater than the dimension of the parameter

¢ Z (6, 1). Theapproach combines the techniquegdimed for the tw special cases in Sections

3.2 and 3.3.

We first assume that the nuisance parameterare orthogonal tog, with respect to the
Fisher information for the full modelf (y; ¢). Constructionof orthogonal parameters is dis-
cussed in Cox and Reid (1987he eponential tangent model td, a ¢, is taken to be

Fly:0) = F(y; o) expf lﬁl S8/t + le U;(4; - Ao;) - R(0)} (3.13)

wherer + p=k, dy 2606y, Sj=Sj(y:¢0) is the jth o-derwvative d the log-likelihood as in
Section 3.3l; is the score for thejth component of4, and K(¢) = K(¢; ¢o) is the normaliz-

ing constant forf. Although the nuisance parameters were not required to be orthogonal in the
pure nuisance parameter case of Section 3.2, the orthogonality seems to be necessary in order to
apply the agument of Section 3.3 for the higher order components. Théiigher order
derivatives with respect tog are then in some sense free of nuisance paramédetsef

The full exponential model corresponding to (3.9) is
p r
f(y; 60) exp{ _zls,-a,- + _zluj(,zj ~20j) — K(3,A)} . (3.14)
j= i=
As in Section 3.3 the linear terrd; can be ayp pth order re-gpression of 8 — 9y, and we

choose the particular parametrization that esathe higher order scores uncorrelated with the
first, at ¢o. Equivalently, we define

Si(y; d0) = Si(¥, #0) = 11j(90)111(¢0) S1(Y, d0)
where |1j(¢o) = coMS,, S;; ¢o) and use the conditions

dS;(yigo)l,; =0 . j=2....p (3.15a)

d0j(y:go)l, 5 =0, j=1,...r (3.15b)
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to define the ector field {v(y)}.
These conditions can beangtten as

Si¢) v=0 j=2,...,p (3.16a)
u@ v0 j=1,..r (3.16hb)

where u;j(¢) = 0U;(y;¢) and sj(¢) = US;(y; ¢) are the kx1 gradient \ectors for the score
functionsU; and S;.

Example 3.4:Gamma hyperbola (cont.)

In this case we assume the independent faifs X5;) are obserations from g@gmma distri-
butions with rate parametegs® ande, and shape parameters; and y,. The joint density for a
sample of size is

f(y;0) = T ()M "(w2)0™ ™2 exp{(y1 — 1)y + (W2 — 1)yo — 0y3 — 67y}

where ¢ = (6, y1,¥2) and Y= (Y1, Y2, Ya Ya) = (Z10g Xy, 210G X1, ZXqi, TXi). We first
orthogonalizey; and y» to 6; one solution of the orthogonality equations is obtained from

A1 = {(y1) —log @
Ao = {(yo) +log e

where {(y) =T ()/T ().

In this orthogonal parameterization the nuisance parameter scores are
Uy ={-nd(y1) + nloge +yi}  {0y1(6,21)/04:}  and U ={-nd(yp) - nloge +y,}
{0w»(8, 25)/015}, s0 the nuisance parameter restrictions (3.15b) spedify= 0, dy, Z0, and
are undkected by the parameter orthogonalizatidme two 6-scores,S; and S,, are given by

S = neHy1 - y) — y3— 072y, + (nloge + y {6 (w)} t
+ (nloge - y {6 (w)}
and

S = =207y, + yall + {7 (W) (YO (v !
+ Y[l = ¢ W W)Y NS (W)} T+ Kk,
where k Z k(8,w1,w,) does not depend ory. These scores are computed in tfe A4, 15)

parametrization, say; and y, are functions ofg, A14,. The third equation determining the
conditional inference cuevtakes the form

6%dys + dys(-1-2c6 1) = 0

where ¢ Z¢c(8, A1, 45) = 1128, A1, A2)/111(8, 11, 4,) is a ®mevhat cumbersomexpression.

If ¥, Zw, Z 1, theabove expression is the same as that obtaime&xample 3.2.

3.5 Discussiomnf parmametrization
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In this section we discuss in more detail the reason éoking with the modified liklihood
derivatives S,, ..., S; i.e. with a ersion of the primary parameter which is orthogonal to
(62, ..., d¢) in the embeddingxponential model (3.9)For ease of gposition we assume there
are no nuisance parameters.

Let A be the parameter space for the parametgrss,, ..., d¢ in the full exponential
model (3.9), for the initial parametrizatios in which §; Z6-6¢ and let S be the sample

space for the liglihood dewatives S,(y, 6p), .., S(Y,6o). Thetrue model hass; = 5{/]! and

lies on a one-dimensional certhrough A. This cune is tangent to thes; axis at the origin; i.e.
the tangent to the cugva the origin is defined bys, Z 0, ..., dx Z 0. Inthe spaceS we are

particularly interested in the sade S; 0, asit corresponds to pointy having 6(y) = 6.

The caovariance matrix1(6g) of S, ..., S at 6y in the true model is the same as the olesbrv
or expected information matrix in the embeddingpenential model at the originThe cune
defined by {E,S,(y; 6p), -- -, EgSk(Y; 80)} in the true model is tangent t&(6g)(61, 0, ..., O’

at the origin.

Now consider the ééct of thekth order reparametrizatio® = h(8) with h’(6p) = 1 that

gives the orthogonality described in Section 3e nav 4, ..., provide alternate coordi-
nates onA and 5, =0, ..., 5 =0 defines the same tangent to the true modelecerthe ori-

gin; hovever 5; =0 now defines a dierent k — 1 plane through the originA particular \alue

of ¢ in the true model corresponds to somatue of §; in the embedding model together with
adjustments proded by the orthogonal parameters,, ..., dx. On the spaceS the nev score

S, =S, is unchanged and the conditioning defined %, =0, ..., dS, =0 is parallel to the

line S,=0,...,5 =0. Because¢he Sj are defined in the orthogonal parametrization this line

is tangent to the cuev (E,S;, ..., E,S) at the origin.

For the rgression Example (3.3) we obsedvthat the &ctor v(y) was parallel to the
mean-alue cure & the maximum likelihood point. Similar aguments shw that this result holds
more generally for cued exponential models using the canonicatigbles.

4. Computational aspects

As indicated in Section 2 the calculation of the conditional digioh g(s; ¢)ds for infer-
ence concerningg can be performed iteragly on the sample space using thector field
{v(y)}. In particular for a pointy we need theector v(y) and the &pansion ratediv {v(y)}.

The methods in Section Zwge k - 1 vectors, sayaX(y), ..., a“*(y), orthogonato v(y).
It is of course straightforard to calculate+v(y) from al(y), ..., a“(y). In this section we
address the calculation afiv {v(y)} from derivatives o the \ectors al(y), ..., a<(y).

The orthogonality of thea”(y) and v(y) gives a elation among deratives. From
v'a® Z0 we dbtain

a*V +VA* 20 (4.1)

by differentiation where

V:av(y) A“:ai.

4.2
y oy (4.2)
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The dewative d v(y) in the directiona®/|a”| is Va*/|a®|. Thecomponent of this in the
direction a%/[a%| is a*Va®/|a*]>. This gies the expansion rate associated with the direction
a’lla“|:

d,(y) = a*Vva*/|a*f . (4.3)

Alternatively, the dervative d a“(y) in the directiona®/|a”| is A%a“/|a%| and the com-
ponent of this in the direction(y) is V' A%a“/|a%|. Expressinghis as a proportion ofa*| and
with change of sign ges the separation rate in the directiaf/|a”|:

dy(y) = -V A%a%/|a*f . (4.4)
Formula (4.1) shars the equialence of the tw derivations: the latter is suitable for direct calcu-

lation from a”(y). The summation D,(y) = > d,(y) gives the epansion rate attritable to

divergence in the directiong?, ..., ak1. It does not havever include the déct of change in the
relative drections of the gctorsa®.

For any matrix B = (b'---bX) define

~ ||
skew B Z 4.5
i (“5)
as the ratio of the area of the parallelogram formed by the coleotars of B to the area of a
rectangular parallelogram formed by an orthogonal se¢atbvs with lengthgbl|, ..., b|.

Now let A= (at---a“*a¥) wherea® is v and consider a parallelograf in which the
vectors a* give the perpendicular separation of oppositest:

P-{y:0<a*y<|a®P, «=1,...,k}. (4.6)

For the divergence calculations we need thelume of P as a proportion of theolume Mja“%|
of a rectangular parallelogran® with the same separation cdckes: call this proportione.

Under the mappingy = (A) %z, z= A’y the parallelogramP is mapped to

P Z{z:0<z,<]a*P, «=1,..,k}

which has wlume M[a“[? and Q is mapped to som&®" which has wlume M|a|*/|A|. Thus

_ NE*PIA - Nja?| _ 1
Mlae| — |A] =~ skew A’
It follows tha(tjthe rate ofxpansion attriéltable to change in relaé drection of the ectors a*
is D — —— log(1/skew. — - ——log skew . Thisgives the dvergence
2) = Gy 09 (LISkewAY)) = = s log skew Ay). Thisg g
div {v(y)} = Da(y) + Da(y) . (4.8)

For the numerical calculations Waver there is no need to firentiate and then numeri-
cally integrate the skw component. Acordinglyve obtain
sY) 1

c(y) = expl gldo,{y(t)}dt] :

skew Ay)

5. Discussion
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We haveapproached conditional inference for a real parameter in terms of |agdididd
properties of a possible conditional distition rather than the usual rgaral properties of the
conditioning \ariable. er the case where the dimension of the minimaligent statistic is
equal to the parameter dimension we were able to choose a preferred conditioning direction at
each sample point entirely in terms of a local propetftyt the change in l&tihood should hae
a zero dewvative with respect to the nuisance parameters at the maximwihbtkd estimate.

For the case without nuisance parameters we chose the direction so thatlihedikchange has
kth-order agreement with the parametrization that is orthogonal to the remaining components
parameter in the full>@onential tangent modeFor the more general case the preceding meth-
ods were combinedub a preliminary calculation of the orthogonalized nuisance paramedsrs w
invoked <0 that the higher partial dedtives with respect to# were in a sense free of the nui-
sance parameters.

For the case of a real parameterwithout nuisance parameters, (2. Ajagithe conditional
density for 6 as
k(O)C(Y) f(y: 6) 1i(6)[*dé (5.1)
for §, conditional on an arbitraryector field{v(y)}, where

e[ div vy)as DdSy(y; 0) 0
3 dv(y)

This also is suitable for itera& computation, once gn/ector fieldV is chosen.

We row compare (5.1) with BarnddrNielsen’s (1983) formula for the distriliion of the
maximum likelihood estimateln the real parameter case this formula is

ko) TY9) iapeag
v 0) (5.2)

1/2
k(6) fy: )f(y,H)IJ(H)I dé .

This approximates the conditional distriton of 8, given an exact or approximate ancillary
which needs to be determined in applications.
By making a simple choice of functi@y) in (5.1) we obtain BarnddeNielsen’s formula
(5.2): C(y) Z1/f(y;6). This choice can be interpreted in the feliag manner: in the
0
parametrizationy :J’|j(0)|1’2d9, which gives the diferential d7 = |j(8)|?dé, the likelihood

function has unit cuature at the maximum létihood estimate and in this parametrization the
choice C(y) = 1/f(y; 6) gives a censity functiong(s; 7) that has a constant maximuralwe,

9(n; m).

A transformation model has the property of a constant maximaloe,vin the constant
information parametrization. This property thus determines the funct®fy) in (5.1) and for
mula (5.2) is thusxact for such models (Barndbiflielsen, 1980).

For exponential models it is ken that the saddlepoint approximation coincides with Barn-
dorff-Nielsens formula, and is»act only for the tw location cases, normal and logagma, and
the inverse Gaussianlt follows that the constant maximum density property in the constant
information parametrization occurs only for these three models inxganential &mily. More
generally the constant maximum-density property is locally gdasample limit, and formula
(5.2) is then an asymptotic resufDne adantage of (5.2) is that it can be used for multidimen-
sionalg, if an exact or approximate ancillary can be found.

C(y) = D | @n .
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