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SUMMARY

A one dimensional conditional procedure defines a partition of the sample space into curves
which can be represented by means of a unit vector field. A formula is given for the conditional
distribution in terms of local properties of the vector field. Conditions are developed for reducing
the first-order effects of nuisance parameters and reproducing to higher order the likelihood
change for the parameter of interest.The emphasis is on extending exponential family methods
after locally approximating the statistical model by an exponential family.
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1. Introduction
A fairly general description of conditional inference is that only some portion of the sample

space for the response vector is taken into consideration in constructing the inference method.
The usual way of arranging this is to fix some appropriate components of the response vector, and
use the resulting conditional distribution for inference.

As a simple example due to Fisher (1934), ify is a sample of sizen from the location
model f (y;

�
) −− Π f (yi − � ), an (n − 1)-dimensional component ofy, which can be written

a −− (y1 − y, . . . , yn − y), hasa distribution that does not depend on
�
. Although not the full sub-

stance of Fisher’s discussion, it can be argued that the randomness in this(n − 1)-vector is not
relevant for inference about

�
, and the conditional distribution of y, giv en a, is the appropriate

reference distribution. This type of analysis can be developed for any transformation model:
there always exists a vector of generalized residuals analogous toa above that provides an
appropriate conditioning.One way to formalize this approach toconditioning is by means of
Birnbaum’s (1962) conditionality principle, which says to condition on a variable with a fixed dis-
tribution; various aspects of this are discussed in Berger and Wolpert (1985) and Evans, Fraser
and Monette (1986).A somewhat different approach is to work with the related error or struc-
tural model in which case the conditioning is based on an identified component of error and is
logically necessary; cf. Fraser (1979, Chap. 6).

Outside the class of transformation models, this approach can be approximated by, for
example, finding a statistic whose distribution is approximately parameter-free (Barndorff-
Nielsen, 1980; Cox, 1980; Amari, 1982) or by expressing the model so that it is approximately a
transformation model (Barndorff-Nielsen, 1980; Hinkley, 1980).

In an exponential family model, conditioning is usually invoked for a different reason:to
eliminate effects of nuisance parameters.In certain special cases, it is possible to find a function
of the response that is sufficient for the nuisance parameters, in which case the resulting condi-
tional distribution depends only on the parameter of interest.Extensions of and approximations
to this type of conditioning are discussed in Barndorff-Nielsen (1983) and Cox and Reid (1987).

A computational advantage of any conditional approach is that it may result in a substantial
reduction in the dimensionality of the problem, and so be much easier to implement numerically.
Thus even if a marginal approach is preferred on theoretical grounds, a conditional approach that
closely approximates it may be more useful.Examples of this type of conditioning are discussed
in Fraser and Massam (1985) and Skovgaard (1987).

In this paper we investigate the construction of a one-dimensional conditional distribution
for inference about a real parameter. This construction is carried out directly in the sense that
instead of choosing a statistic to condition on, we search in the sample space for a one-
dimensional conditional model to use for inference.The resulting conditional distribution should
be insensitive to nuisance parameters, as in the exponential family models, and sensitive to the
parameter of interest, as in the transformation models.Our approach is motivated by and
extended from the exponential family setting, and so is expected to be more effective for models
that are closer to exponential families than to transformation models.

By not specifying properties of the statistic to be conditioned on, we are effectively allowing
any conditional distribution to be a candidate for inference.In Section 2 we show that this
approach leads to examining local changes of the full model, where ‘‘local’’ means local to a
point in the sample space.The parameter effects are obtained from the likelihood function, so our
inference is specified by looking at the local properties of the likelihood ratio: the differential
likelihood approach is developed in Section 3.For cases where the sample space dimension
exceeds the parameter dimension, curved exponential models are used to provide local approxi-
mations; this raises parametrization issues that are discussed in Sections 3.3 and 3.5.Some tech-
nical aspects of implementation are discussed in Section 4.
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2. One dimensional conditional procedures and differential likelihood

2.1 Samplespace partitions

Consider a variable y −− (y1, . . . , yk)´ with sample spaceY −− IRk, a parameter � −− ( � , � )

with parameter spaceΩ −− IRr+1 and a statistical modelf (y; � )dy. To avoid difficulties of over-

conditioning in discrete distributions, we assume that the distribution of y is continuous.We
assume thaty is the minimal sufficient statistic, � is a real-valued parameter of interest, and�
is an r -dimensional nuisance parameter.

Any one-dimensional conditional inference procedure can be defined by first specifying a
one-to-one transformation fromy to a pair (T, s), where T is k − 1 dimensional, and then
determining the conditional density ofs given T. This density is

g(s|T; � )ds −− h(T; � ) f (y; � )J(y)ds (2.1)

where y −− y(T, s), J(y) is the Jacobian|∂y/∂(T, s)|, and 1/h(T; � ) is the marginal density for

T.

A geometric description of the conditional procedure is thatT generates a partition ofY
into curves and for each curve s gives the position of y along that curve. Differentiating y
with respect tos gives a tangent vector v(y) with i th component∂yi /∂s; if s is chosen to
measure arc-length thenv(y) will be a unit tangent vector. We thus have that any conditional
procedure generates a unit vector field V −− {v(y)} on IRk. Conversely, under mild regularity

conditions, a given unit vector field V can be integrated from any initial point y(0) to produce a
curve y −− y(s, y(0)), which thus gives a conditional procedure.

In (2.1) T is fixed, so only the dependence ons is needed and factors depending purely
on T can be absorbed into the normalizing constant.In particular, for the Jacobian
J −− J(y) −− J(T, s) we show below that

∂ log J

∂s
−−

k

i=1
Σ ∂vi (y)

∂yi

−− div {v(y)} (2.2)

is given by the divergence function and thus find thatJ(y) is proportional to

c(y) −− exp

s(y)

0
∫ div[v{ y(s)}]ds (2.3)

where the initial pointy(0) corresponds tos −− 0. Theconditional density defined in (2.1) can

then be re-expressed as

g(s|T; � )ds −− k(T; � ) f (y; � )c(y)ds (2.4)

where y −− y(s, y(0)) is the curve through y(0) and k(T, � ) is the norming constant.

An intuitive explanation of (2.2) follows from the transformationy → y + � v(y) which,
with � small, changess to s + � leaving T fixed: dy is changed to|I + � V|dy where
V −− ∂v(y)/∂y´, and dTds is unchanged. Thus dy −− J(T, s)dTds becomes

|I + � V|dy −− J(T, s + � )dTds, which gives J(T, s + � )/J(T, s) −− |I + � V| and thus

∂ log J(T, s)

∂s
−−

∂
∂ � |I + � V||� −−0

−− tr V −− div {v(y)} .
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One reason for looking at the conditional density from the point of view of equation (2.4) is
that it is easily computed numerically once the vector field V has been determined.Choosing
the vector field for inference about� is the subject of the next sections.For the moment note
that a starting pointy(0) needs to be specified, which will typically be the observed data point.
From point y( j ) the next point in a positive direction on the path is determined by
y( j+1)

i
−− y( j )

i + � vi (y
( j )), i −− 1, .. . , k, where � is the step size and

c(y( j+1)) −− c(y( j ))[1 + � div {v(y( j ))}] is the expansion adjustment; corresponding expressions

would be obtained for the negative direction. Thusthe conditional density can be computed with-
out ever specifying the variable T that is being conditioned on.The computational details may
need some care in implementation, in order to obtain accurately the norming constant from the
accumulated sum of the productsf (y( j ); � )c(y( j )). In particular it may be necessary to allow the
step size � to vary.

Example 2.1:Normal circle

Let (y1, y2)´ be bivariate normal with mean vector (� cos	 , � sin 	 )´ and covariance
matrix I . We transform (y1, y2) to (r , ˆ	 ), where r 2 −− y2

1 + y2
2 and tan ˆ	 −− y2/y1. For illus-

trating the above discussion we consider conditioning on̂	 ; recall that J(y) −− r . To compute

the divergence we start with the vector fieldv(y) −− (∂y1/∂r , ∂y2/∂r ) −− (cos ˆ	 , sin ˆ	 ) −− (y1/(y2
1

+y2
2)1/2, y2/(y2

1 + y2
2)1/2). In this example r does measure arc length along the ray determined by

fixing ˆ	 . Then div {v(y)} −− (y2
1 + y2

2)−1/2 −− r −1, and c(y) −− exp
r

r0

∫ s−1 ds −− r /r0, as required.

Note that if we condition on r instead, the vector field
v(y) −− (−y2/(y2

1 + y2
2)1/2, y1/(y2

1 + y2
2)1/2) giving div {v(y)} −− 0. In other words the Jacobian can

be absorbed into the norming constant because it does not depend onˆ	 .

For interpretation and for graphical display it seems appropriate to rewrite (2.4) in terms of
ˆ� . This is relatively easy for the case of no nuisance parameters.We need to express ˆ� as a
function of y along the curve. Letting S(y; � ) be the score function and using the directional
derivatives

dS(y; � )

dv(y)
| ˆ
 (y)

−− Σ
∂S

∂yi
vi (y) ,  (2.5)

we obtain fromS(y; ˆ� ) −− 0,

dS(y; � )

dv(y)
| ˆ
 ds +

∂S(y; � )

∂ � | ˆ
 d ˆ� −− 0 .  (2.6)

This gives

g( ˆ� |T; � )d ˆ� −− k(T, � ) f (y; � )c(y)| dS(y; � )

dv(y)
|−1

ˆ
 j ( ˆ� )d ˆ� (2.7)

where j ( � ) −− − Ś (y; � ) is the observed information function.All the factors in this expression

are computationally available as indicated before the example. Therelation of (2.7) to Barndorff-
Nielsen’s (1983) approximation to the density ofˆ� is discussed in Section 5.

In the next sections we seek a conditional procedureg(s|T; � )ds that is insensitive to the
nuisance parameters	 and best presents the available information for the primary parameter� .
Inference from such a one-dimensional distribution with one-dimensional parameter is fairly
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straightforward. Tests and observed levels of significance can be calculated by one-dimensional
integrations, and confidence intervals are available by iterations on the calculations of the
observed levels of significance.Note also as just described that the conditional density can typi-
cally be re-expressed asg( ˆ� |T, � )d ˆ� for ease of interpretation.

2.2 Differential likelihood

We write the log-likelihood function forg relative to a fixed value � 0 as

l̃ (s; � ) −− log {g(s; � )/g(s; � 0)} ; (2.8)

we also use the notation

l (y; � ) −− log { f (y; � )/ f (y; � 0)} . (2.9)

The conditional densityg is constructed by moving along a curve from the initial data
point; at each points we need to know how the conditional density changes in moving to s + ds.
For this we write

g(s + ds; � ) −− g(s; � 0) exp { l̃ (s; � )} g(s + ds; � 0)

g(s; � 0)
exp { l̃ (s + ds; � ) − l̃ (s; � )} (2.10)

to express the density at the new point in terms of:original null ( � 0) density; original likelihood
ratio; new null density factor; likelihood difference to the new point. Only the latter two factors
depend on the new point and only the last factor depends also on the parameter. We use this like-
lihood-dependent factor as the basis for choosingv(y) and thus the curve for conditional infer-
ence.

We write dl̃ (s; � ) for the likelihood difference on the curve and obtain

dl̃ (s; � ) −−

−−

l̃ (s + ds; � ) − l̃ (s; � )
l (y + vds; � ) − l (y; � ) .

(2.11)

We hav ecomplete control over the choice of likelihood difference on the curve, from the likeli-
hood differences available on the original sample space; thus we approach finding a one-
dimensional conditional procedure from the viewpoint of optimally choosing the likelihood dif-
ference at each step along this curve. Thedifferential expression ofdl̃ (s; � ) is

dl̃ (s; � ) −−

−−

−−

−−

∂
∂s

l̃ (s; � )ds

dl(y; � )|dy=vds

k

i=1
Σ ∂

∂yi
l (y; � )dyi |dy=vds

k

i=1
Σ ∂

∂yi
l (y; � )vi (y)ds

(2.12)

Equation (2.12) indicates the spectrum of possible log-likelihood differences corresponding to the
various possible directionsv(y).

The differential dl(y; � ) is the minimal sufficient statistic at the pointy, and it maps the
tangent space{dy} to the spaceIRΩ of real-valued functions of� . As we hav eassumed thaty
is minimal sufficient, this is a full-rank linear mapping; i.e. the coefficients of dyi in (2.12) arek
linearly independent functions of� .
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3. Choice of conditional inference procedure

3.1 Full exponential families

We hav e argued in Section 2 that a conditional inference procedure can be generated
directly on the sample space by developing an inference contour incrementally, and that this local
development should focus on the sample space differential of the log-likelihood function. We
now consider whether or not, and how, the conditional procedure can be developed to be insensi-
tive to the nuisance parameters and effective for inference about
 . In Sections 3.2 and 3.3 we
will consider these two requirements separately. Although this separation is somewhat technical,
there are different issues involved, even though similar techniques are used.

The conditional procedure to be discussed in the remainder of this section is motivated by
the following simple special case.Suppose the density fory takes the exponential family form

f (y; � ) −− exp { 
 y1 + � 1y2 + . . . + � r yk − K ( 
 , � ) − d(y)} . (3.1)

There is no essential loss of generality in assuming thaty is the minimal sufficient statistic; but
(3.1) also incorporates the restriction thatk −− r + 1, andthat the parameter of interest is a single

component of the canonical parameter.

From various viewpoints it is appropriate to base inference for
 on the conditional density
of y1 given y2, . . . , yk. For this we note that(y2, . . . , yk) is sufficient for � for fixed values
of 
 and that similar or unbiased tests of
 are based on the conditional density (Cox and Hink-
ley, 1974, p. 134; Lehmann, 1986, p. 145).Alternatively the contour given by fixing y2, . . . , yk
is the unique contour along which likelihood difference depends on
 only; see Section 2, and
Fraser (1979, p. 81).In the differential sample-space approach fixing(y2, . . . , yk) is expressed
by requiring dy2

−−0, .. . , dyk
−−0. Thiscan also be written

dUi (y; � ) −− 0 ; i −− 1, . . . ,r (3.2)

where Ui (y; � ) −− ∂ log f (y; � )/∂ � i is the score for� i .

Of particular importance for our analysis later, the conditioning just described is invariant
under linear reparameterization of the nuisance parameter. For if we write � as a linear rank
(k − 1) transformationof � and 
 , (3.1) becomes

exp[ 
 {y1 − a(y2, . . . ,yk)} + � 1y2 + . . . + � r yk − K ( 
 , � ) − d(y)] ,

and (y2, . . . , yk) is a one-to-one linear function of(y2, . . . , yk) only. The conditioning thus
remains unchanged.This invariance implicitly underlies the differential approach.

3.2 Elimination of nuisance parameters

In this subsection we assume that the dimension of the minimal sufficient statistic is equal
to the dimension of� . As the parameter of interest
 is one-dimensional, this implies thatk − 1
constraints analogous to (3.2) will define a one-dimensional conditional distribution.

From (2.12) it follows that the likelihood from the conditional distribution will not depend
on the nuisance parameters ifdl(y; � ) does not depend on� , i.e. (∂/∂ � i )dl(y; � ) −− 0, for the

direction v(y). Exceptin special cases such as discussed above, these equations will not have a
solution free of � . The simplest possibility is to restrict (3.2) to

dUi (y; � )| ˆ� −− 0 i −− 1, . . . ,r , (3.3)

where ˆ� −− ( ˆ
 , ˆ� ) is the maximum likelihood estimate at the pointy. This gives the r −− k − 1

constraints needed to determine the vector directionv(y) and thus the conditional procedure.
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Another way of motivating (3.3) is to approximatef (y; � ) by a tangent exponential model

f (y; � 0) exp {( � − � 0)S1(y; � 0) +
r

i=1
Σ( � i − � 0,i )Ui (y; � 0) − K̃ ( � , � )} (3.4)

where K̃ ( � , � ) normalizes the density (3.4),S1
−− ∂ log f (y; � )/∂ � is the score for the parameter

of interest, and� 0 is some reference value. Thisexpresses f (y; � ), approximately near� 0, as
the simpler model (3.1); then applying the differential version of the conditioning gives
dUi (y; � 0) −− 0. Although other possibilities could be envisioned, it seems appropriate to use

� 0
−− ˆ� −− ˆ� (y) as the reference value in examining the choice ofv(y) at y. The notation � 0 has

been retained up to this point in order to clarify the sample space differentiation.

Note that in the context of independent, identically-distributed sampling, f (y; � ) will itself
be a member of a full exponential family, but as thek canonical parameters will typically each
be functions of( � , � ) the method for developing similar tests will not usually apply. The approx-
imating model (3.4) essentially expresses the canonical parameters as approximate linear func-
tions of the parameters of interest near� 0. Note also that the approximating model (3.4) is
invariant under locally linear reparametrizations of the nuisance parameter. The orthogonal
parametrization of � could be used, but the inference contour specified by (3.3) will not be
affected.

Example 3.1:Ratio of exponential means

Let (y1, y2) hav ethe joint density f (y1, y2) −− � 2 � exp(− � y1 − ��� y2) and assume we have

n independent pairs(y1i , y2i ). Theminimal sufficient statistic is(y1., y2.) −− Σ(y1i , y2i ), andthe

nuisance score is2n/ � − y1. − � y2.. Equation (3.3) becomes−dy1. − ˆ� dy2.
−− 0 ; as ˆ� −− y1./y2.

this gives dy1. / y1. + . dy2. / y2.
−− 0 as the defining equation for the contour. The solution is

y1.y2.
−− c; i.e. the contour is defined by fixing the producty1.y2.. In fact y1.y2. is the maximum

likelihood estimate not of� , but of the version of � that is orthogonal to� ; see Cox and Reid
(1987, Ex. 3.1).Thus the solution of (3.3) is equivalent to conditioning on the maximum likeli-
hood estimate of the orthogonalized nuisance parameter. This can be shown to hold more gener-
ally for cases where the observed information has the same nuisance parameter orthogonality as
the expected information.The marginal inference obtained using the location structure of this
model is compared to the conditional analysis in Fraser and Reid (1987).

The conditions (3.3) can be reexpressed using the gradient vectors

u j (y; � ) −− (u j1, . . . , u jk)´ −− ∇U j (y; � ) (3.6)

giving

u j (y; ˆ� ) v(y) −− 0 j −− 1, . . . ,r . (3.7)

In the present context with r −− k − 1 we hav ethat the k − 1 equations (3.7) uniquely determine

the unit vector v(y) except for positive or neg ative (±1) sign corresponding to direction.

We examine in Section 4 some technical details concerning the calculation ofdiv {v(y)}
from derivatives of the gradient vectors u j (y; � ). Then,as indicated in Section 2, we are in a
position to calculate the conditional distribution g(s; � )ds.

3.3 No nuisance parameters
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In this case we have a k-dimensional sufficient statistic but only one parameter of interest.
Tw o prototype examples are the(k, 1) curved exponential family and the location family. In the
former an exact ancillary in general does not exist; in the latter the residuals or spacings are ancil-
lary as mentioned in the Introduction, and the usual conditional procedure fixes these.Of course
from the present point of view we are concerned with constructing a conditional density directly.

The Taylor series expansion oflog f (y; � ) about some fixed point � 0 gives

f (y; � ) −− f (y; � 0) exp {( � − � 0)S1(y; � 0) +
∞

j=2
Σ ( � − � 0) j Sj (y; � 0)/ j !}

where

Sj (y; � 0) −− {∂ j log f (y; � )/∂ � j }|� −−
�

0

is the score for thej th curvature parameter. We will truncate the expression afterk terms and
renormalize, giving

f̃ (y; � ) −− f (y; � 0) exp { � 1S1 +
k

j=2
Σ � j

1 Sj / j ! − K̃ ( � 1)} , (3.8)

where � 1
−− � − � 0, as an approximation to the original densityf near � 0. The density in (3.8)

is a (k, 1) curved exponential model.If we start with a curved exponential model of the form
exp {Σ � i ( � )yi − K ( � )} f (y; � 0), approximation(3.8) is obtained from Taylor-series expansions of
the parameters� i ( � ). Thecorresponding full exponential model is

f (y; � 0) exp { � 1S1 +
k

j=2
Σ � j Sj − K ( � 0, � )} . (3.9)

In this model the conditional inference contour is defined bydSj (y; � 0) −− 0, j −− 2, . . .k, as at

(3.2), which suggests that we might use thek − 1 constraints

dSj (y; � )|� −− ˆ� −− 0 , j −− 2, . . . ,k (3.10)

with the original model.

A complication with this approach is that the approximating model (3.8) and the embedding
model (3.9) depend strongly on the particular parametrization of� . For example if � 1

−− � − � 0

is expressed as� 1 + a � 2
1 , then the score statistics for the new parametrization areS1

−− S1 and

S2
−− S2 + 2a2S1, and the linear� 1 term in the new expansion (3.8) corresponds to quadratic

variation of � 1. More generally, a kth degree polynomial transformation
� 1

−− � 1 + a2 � 2
1 + . . . + ak � k

1 gives scores (S1, . . . , Sk)´ −− L(S1, . . . , Sk)´, where L is a k× k

lower triangular matrix with ones on the diagonal, and the linear� 1 term now corresponds to a
kth order variation of the original parameter� 1.

We note that there isa kth degree transformation that makes the scoresS2, . . . , Sk uncor-
related with S1

−− S1 at the point � 0 and this transformation can be constructed iteratively, as

follows. Let I1 j ( � 0) −− cov {S1(y; � 0), Sj (y; � 0); � 0}; then with � 1
−− � 1 + a � 2

1 , the choice

a −− I12( � 0)I −1
11( � 0)/2 makes S2 uncorrelated with S1. Now if � 1

−− � 1 + b � 3
1 in the just

obtained parametrization the choiceb −− I13( � 0)I −1
11( � 0)/3! makes S3 uncorrelated withS1 but

does not alterS2, and so on.We thus replace the constraints (3.10) by
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dSj (y; � )| ˆ� −− 0 j −− 2, .. . , k

Fortunately thekth degree reparametrization does not need to be explicitly determined.Let

S̃j
−− Sj − I1 j ( � 0)I −1

11( � 0)S1 , j −− 2, . . . ,k . (3.11)

These scores are uncorrelated withS1 at � 0 and the vector (S1, S̃2, . . . , S̃k)´ is linearly equiv-
alent to (S1, S2, . . . , Sk)´. As the same is true of(S1, S2, . . . , Sk) the two sets of transformed
scores S̃2, . . . , S̃k and S2, . . . , Sk are themselves related by an invertible linear transformation.

We propose then to replace the constraints (3.10) by

dS̃j (y; � )| ˆ� −− 0 j −− 2, . . . ,k ; (3.12)

i.e. we determine the conditioning using in effect the higher order scores for a parametrization
that makes these scores uncorrelated withS1. Requiring the higher scores to be uncorrelated
with the first in the embedding model (3.9) is the same as requiring the parameters� 2, . . . , � k to
be orthogonal to� 1. These parameters measure in some sense the position of the original model
in the full exponential model and it seems sensible that they should be as free of� effects as pos-
sible. Somefurther discussion of this point is provided in Section 3.5.

Example 3.2:Gamma hyperbola

Assume we have n independent pairs (x1i , x2i ) from the density
f (x1, x2; � ) −− exp(− � x1 − � −1x2); thejoint log-likelihood is

l ( � ) −− − ( � − � 0)y1 − ( � −1 − � −1
0 )y2

where y1
−− Σx1i and y2

−− Σx2i are the two sufficient statistics. We hav e

S1(y; � ) −− − y1 + � −2y2, S2(y; � ) −− − 2� −3y2, I11( � ) −− 2n� −2 and I12( � ) −− − 2n� −3. This gives

S̃2( � ) −− − � −3y2 − � −1y1, so (3.12) becomesˆ� −3
( ˆ� 2

dy1 + dy2) −− 0. Since ˆ� 2 −− y2/y1, the

curve is defined by dy1/y1 + dy2/y2
−− 0, i.e.by conditioning on the producty1y2. In this exam-

ple y1y2 is exactly ancillary for � . Note that if we had not orthogonalized the scores, but used
the original scoreS2 directly, we would have conditioned ony2.

Example 3.3:Nonlinear regression

Let yi
−− g( � , xi ) + ei ; i −− 1, . . . ,n, where theei are independentN(0, � 2

0) variables, � is

unknown, and g, � 2
0 , and the xi are known. Thescores are functions of the� -derivatives of g:

S1
−−

1

� 2
0

Σ{yi − g( � 0, xi )} ġ( � 0, xi )

S2
−−

1

� 2
0

Σ{yi − g( � 0, xi )}{ g̈( � 0, xi ) − ġ2( � 0, xi )}

.

.

.
with a covariance matrixI ( � 0) depending only on� 2

0 and the � -derivatives of the g( � , xi ) at
� 0. We wish to determine the vector v(y) that satisfiesdSj

−− 0 or dS̃j
−− 0 for j −− 2, .. . , n.
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The y1, . . . , yn can be expressed linearly in terms of theS1, . . . , Sn and are uncorrelated.
In terms of the y’s we can view S1 as a linear contrast and̃S2, . . . , S̃n as linear contrasts
orthogonal toS1. It follows that the vector v(y) satisfying dS̃2

−− 0, .. . , d̃Sn
−− 0 is giv en by

the gradient vector of S1 with respect to they’s:

v(y) −− { ġ( ˆ� , x1), . . . ,  ġ( ˆ� , xn)}´/{Σġ2( ˆ� , xi )}
1/2 .

The maximum likelihood point is the projection ofy on the mean-vector curve
{(g(

�
, x1), . . . , g(

�
, xn)):

� ∈ R}, and the equationS1(y,
�

0) −− 0 determines the orthogonal

complement of the tangent vector at the point having
�

0
−− ˆ� . The curves for conditional infer-

ence thus have the following form: each intersects the surface S1(y,
�

0) −− 0 in adirection paral-

lel to the mean-vector curve at
�

0. Equation (2.4) then enables us to use the exact conditional
distribution of ˆ� , rather than a normal approximation to its unconditional distribution.

3.4 Thegeneral case

In this section we consider inference for
�

in the presence of nuisance parameters� , when
the dimension of the minimal sufficient statistic y is greater than the dimension of the parameter� −− (

�
, � ). Theapproach combines the techniques developed for the two special cases in Sections

3.2 and 3.3.

We first assume that the nuisance parameters� are orthogonal to
�
, with respect to the

Fisher information for the full modelf (y;
�
). Constructionof orthogonal parameters is dis-

cussed in Cox and Reid (1987).The exponential tangent model tof , at
�

0, is taken to be

f̃ (y;
�
) −− f (y;

�
0) exp {

p

j=1
Σ Sj  j

1 / j ! +
r

j=1
Σ U j ( � j − � 0, j ) − K̃ (

�
)} , (3.13)

where r + p −− k,  1
−−
� − � 0, Sj

−− Sj (y;
�

0) is the j th
�
-derivative of the log-likelihood as in

Section 3.3,U j is the score for thej th component of� , and K̃ (
�
) −− K̃ (

�
;
�

0) is the normaliz-

ing constant for f̃ . Although the nuisance parameters were not required to be orthogonal in the
pure nuisance parameter case of Section 3.2, the orthogonality seems to be necessary in order to
apply the argument of Section 3.3 for the higher order

�
components. Thehigher order

derivatives with respect to
�

are then in some sense free of nuisance parameter effects.

The full exponential model corresponding to (3.9) is

f (y;
�

0) exp {
p

j=1
Σ Sj  j +

r

j=1
Σ U j ( � j − � 0, j ) − K (  , � )} . (3.14)

As in Section 3.3 the linear term 1 can be any pth order re-expression of
� − � 0, and we

choose the particular parametrization that makes the higher order scores uncorrelated with the
first, at

�
0. Equivalently, we define

S̃j (y;
�

0) −− Sj (y,
�

0) − I1 j (
�

0)I −1
11(

�
0)S1(y,

�
0)

where I1 j (
�

0) −− cov(S1, Sj ;
�

0) and use the conditions

dS̃j (y;
�

0)|!
0
−− ˆ! −− 0 , j −− 2, .. . , p (3.15a)

dŨ j (y;
�

0)|!
0
−− ˆ! −− 0 , j −− 1, .. . , r (3.15b)
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to define the vector field {v(y)}.

These conditions can be rewritten as

sj ( ˆ" ) v −− 0 j −− 2, .. . , p (3.16a)

u j ( ˆ" ) v −− 0 j −− 1, .. . , r (3.16b)

where u j (
"
) −− ∇U j (y;

"
) and sj (

"
) −− ∇Sj (y;

"
) are the k× 1 gradient vectors for the score

functions U j and Sj .

Example 3.4:Gamma hyperbola (cont.)

In this case we assume the independent pairs(x1i , x2i ) are observations from gamma distri-
butions with rate parameters# −1 and # , and shape parameters$ 1 and $ 2. The joint density for a
sample of sizen is

f (y;
"
) −− Γ−n( $ 1)Γ−n( $ 2) # n% 1−n% 2 exp {( $ 1 − 1)y1 + ( $ 2 − 1)y2 − # y3 − # −1y4}

where
" −− ( # , $ 1, $ 2) and y −− (y1, y2, y3, y4) −− (Σ log x1i , Σ log x2i , Σx1i , Σx2i ). We first

orthogonalize $ 1 and $ 2 to # ; one solution of the orthogonality equations is obtained from
&

1
−− ' ( $ 1) − log #

&
2

−− ' ( $ 2) + log # ,

where ' ( $ ) −− Γ´( $ )/Γ( $ ).

In this orthogonal parameterization the nuisance parameter scores are
U1

−− { − n' ( $ 1) + n log # + y1} { ∂ $ 1( # ,
&

1)/∂
&

1} and U2
−− { − n' ( $ 2) − n log # + y2}

{∂ $ 2( # ,
&

2)/∂
&

2}, so the nuisance parameter restrictions (3.15b) specifydy1
−− 0, dy2

−− 0, and

are unaffected by the parameter orthogonalization.The two # -scores,S1 and S2, are given by

S1
−−
+

n# −1( $ 1 − $ 2) − y3 − # −2y4 + (n log # + y1){ # ' ´( $ 1)}−1

(n log # − y2){ # ' ´( $ 2)}−1 ,

and

S2
−−
+

−2# −3y4 + y1[1 + ' ´´( $ 1)/{ ' ´( $ 1)}2]{ # 2 ' ´( $ 1)}−1

y2[1 − ' ´´( $ 2)/( ' ´( $ 2)}2]{ # 2 ' ´( $ 2)}−1 + k ,

where k −− k( # , $ 1, $ 2) does not depend ony. These scores are computed in the( # ,
&

1,
&

2)

parametrization, so$ 1 and $ 2 are functions of # ,
&

1
&

2. The third equation determining the
conditional inference curve takes the form

ˆ# 2
dy3 + dy4(−1 − 2c ˆ# −1

) −− 0

where c −− c( ˆ# , ˆ&
1, ˆ&

2) −− I12( ˆ# , ˆ&
1, ˆ&

2)/I11( ˆ# , ˆ&
1, ˆ&

2) is a somewhat cumbersome expression.

If ˆ$ 1
−− ˆ$ 2

−− 1, theabove expression is the same as that obtainedin Example 3.2.

3.5 Discussionof parametrization
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In this section we discuss in more detail the reason for working with the modified likelihood
derivatives S̃2, . . . , S̃k; i.e. with a version of the primary parameter which is orthogonal to
( ( 2, . . . , ( k) in the embedding exponential model (3.9).For ease of exposition we assume there

are no nuisance parameters.

Let ∆ be the parameter space for the parameters( 1, ( 2, . . . , ( k in the full exponential
model (3.9), for the initial parametrization) in which ( 1

−− ) − ) 0 and let S be the sample

space for the likelihood derivatives S1(y, ) 0), . . . , Sk(y, ) 0). Thetrue model has( j
−− ( j

1 / j ! and

lies on a one-dimensional curve through ∆. This curve is tangent to the( 1 axis at the origin; i.e.
the tangent to the curve at the origin is defined by( 2

−− 0, .. . , ( k
−− 0. In the spaceS we are

particularly interested in the surface S1
−− 0, asit corresponds to pointsy having ˆ) (y) −− ) 0.

The covariance matrix I ( ) 0) of S1, . . . , Sk at ) 0 in the true model is the same as the observed
or expected information matrix in the embedding exponential model at the origin.The curve
defined by {E * S1(y; ) 0), . . . , E* Sk(y; ) 0)} in the true model is tangent toI ( ) 0)( ( 1, 0, . . . ,  0)´
at the origin.

Now consider the effect of thekth order reparametrization) −− h( ) ) with h´( ) 0) −− 1 that

gives the orthogonality described in Section 3.3.The new ( 1, . . . , ( k provide alternate coordi-
nates on∆ and ( 2

−− 0, .. . , ( k
−− 0 defines the same tangent to the true model curve at the ori-

gin; however ( 1
−− 0 now defines a different k − 1 plane through the origin.A particular value

of ) in the true model corresponds to some value of ( 1 in the embedding model together with
adjustments provided by the orthogonal parameters( 2, . . . , ( k. On the spaceS the new score
S1

−− S1 is unchanged and the conditioning defined bydS2
−− 0, .. . , dSk

−− 0 is parallel to the

line S2
−− 0, .. . , Sk

−− 0. Becausethe Sj are defined in the orthogonal parametrization this line

is tangent to the curve (E* S1, . . . , E* Sk) at the origin.

For the regression Example (3.3) we observed that the vector v(y) was parallel to the
mean-value curve at the maximum likelihood point.Similar arguments show that this result holds
more generally for curved exponential models using the canonical variables.

4. Computational aspects
As indicated in Section 2 the calculation of the conditional distribution g(s; + )ds for infer-

ence concerning) can be performed iteratively on the sample space using the vector field
{v(y)}. In particular for a pointy we need the vector v(y) and the expansion ratediv {v(y)}.

The methods in Section 3 gav e k − 1 vectors, saya1(y), . . . , ak−1(y), orthogonalto v(y).
It is of course straightforward to calculate±v(y) from a1(y), . . . , ak−1(y). In this section we
address the calculation ofdiv {v(y)} from derivatives of the vectors a1(y), . . . , ak−1(y).

The orthogonality of thea, (y) and v(y) giv es a relation among derivatives. From
v´a, −− 0 we obtain

a, ´V + v´A, −− 0 (4.1)

by differentiation where

V −−
∂v(y)

∂y´
, A, −−

∂a,
∂y´

. (4.2)
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The derivative of v(y) in the direction a- /|a- | is Va- /|a- |. Thecomponent of this in the
direction a- /|a- | is a- ´Va- /|a- |2. This gives the expansion rate associated with the direction
a- /|a- |:

d- (y) ≡ a- ´Va- /|a- |2 . (4.3)

Alternatively, the derivative of a- (y) in the direction a- /|a- | is A- a- /|a- | and the com-
ponent of this in the directionv(y) is v´A- a- /|a- |. Expressingthis as a proportion of|a- | and
with change of sign gives the separation rate in the directiona- /|a- |:

d- (y) −− − v´A- a- /|a- |2 . (4.4)

Formula (4.1) shows the equivalence of the two derivations: the latter is suitable for direct calcu-
lation from a- (y). The summation D1(y) −− Σ d- (y) giv es the expansion rate attributable to

divergence in the directionsa1, . . . , ak−1. It does not however include the effect of change in the
relative directions of the vectorsa- .

For any matrix B −− (b1 . . .bk) define

skew B −−
|B|

Πk
1|b- |

(4.5)

as the ratio of the area of the parallelogram formed by the column vectors of B to the area of a
rectangular parallelogram formed by an orthogonal set of vectors with lengths|b1|, .. . ,  |bk|.

Now let A −− (a1 . . .ak−1ak) whereak is v and consider a parallelogramP in which the

vectors a- give the perpendicular separation of opposite faces:

P −− {y : 0 < a- ´ y < |a- |2, . −− 1, .. . , k} . (4.6)

For the divergence calculations we need the volume of P as a proportion of the volume Π|a- |
of a rectangular parallelogramQ with the same separation of faces: call this proportion/ .
Under the mappingy −− (A´)−1z, z −− A´y the parallelogramP is mapped to

P* −− {z : 0 < z- < |a- |2, . −− 1, .. . , k}

which has volume Π|a- |2 and Q is mapped to someQ* which has volume Π|a|- /|A|. Thus

/ −−
Π|a- |2/|A|

Π|a- |
−−

Π|a- |

|A|
−−

1

skew A
.

It follows that the rate of expansion attributable to change in relative direction of the vectors a-
is D2(y) −−

d

dv(y)
log(1/skewA(y)) −− −

d

dv(y)
log skew A(y). Thisgives the divergence

div {v(y)} −− D1(y) + D2(y) .  (4.8)

For the numerical calculations however there is no need to differentiate and then numeri-
cally integrate the skew component. Acordinglywe obtain

c(y) −−
1

skew A(y)
exp[

s(y)

0
∫

k−1

- =1
Σ d- {y(t)}dt] .

5. Discussion
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We hav eapproached conditional inference for a real parameter in terms of local likelihood
properties of a possible conditional distribution rather than the usual marginal properties of the
conditioning variable. For the case where the dimension of the minimal sufficient statistic is
equal to the parameter dimension we were able to choose a preferred conditioning direction at
each sample point entirely in terms of a local property:that the change in likelihood should have
a zero derivative with respect to the nuisance parameters at the maximum likelihood estimate.
For the case without nuisance parameters we chose the direction so that the likelihood change has
kth-order agreement with the parametrization that is orthogonal to the remaining components
parameter in the full exponential tangent model.For the more general case the preceding meth-
ods were combined but a preliminary calculation of the orthogonalized nuisance parameters was
invoked so that the higher partial derivatives with respect to 0 were in a sense free of the nui-
sance parameters.

For the case of a real parameter0 without nuisance parameters, (2.7) gives the conditional
density for ˆ0 as

k( 0 )C(y) f (y; 0 ) | j ( ˆ0 )|1/2d ˆ0 (5.1)

for ˆ0 , conditional on an arbitrary vector field{v(y)}, where

C(y) −− e

s

∫ div v(y)dś 



dS1(y; 0 )

dv(y)





−1

ˆ1
| j ( ˆ0 )|1/2 .

This also is suitable for iterative computation, once any vector field V is chosen.

We now compare (5.1) with Barndorff-Nielsen’s (1983) formula for the distribution of the
maximum likelihood estimate.In the real parameter case this formula is

−− k( 0 )
f (y; 0 )

f (y; ˆ0 )
| j ( ˆ0 )|1/2d ˆ0

−− k( 0 )
1

f (y; ˆ0 )
f (y; 0 )| j ( ˆ0 )|1/2d ˆ0 .

(5.2)

This approximates the conditional distribution of ˆ0 , giv en an exact or approximate ancillary,
which needs to be determined in applications.

By making a simple choice of functionC(y) in (5.1) we obtain Barndorff-Nielsen’s formula
(5.2): C(y) −− 1/ f (y; ˆ0 ). This choice can be interpreted in the following manner: in the

parametrization2 −−

1
∫ | j ( 0 )|1/2d 0 , which gives the differential d ˆ2 −− | j ( ˆ0 )|1/2d ˆ0 , the likelihood

function has unit curvature at the maximum likelihood estimate and in this parametrization the
choice C(y) −− 1/ f (y; ˆ0 ) giv es a density functiong( ˆ2 ; 2 ) that has a constant maximum value,

g( 2 ; 2 ).

A transformation model has the property of a constant maximum value, in the constant
information parametrization2 . This property thus determines the functionC(y) in (5.1) and for-
mula (5.2) is thus exact for such models (Barndorff-Nielsen, 1980).

For exponential models it is known that the saddlepoint approximation coincides with Barn-
dorff-Nielsen’s formula, and is exact only for the two location cases, normal and log-gamma, and
the inverse Gaussian.It follows that the constant maximum density property in the constant
information parametrization occurs only for these three models in the exponential family. More
generally, the constant maximum-density property is locally a large sample limit, and formula
(5.2) is then an asymptotic result.One advantage of (5.2) is that it can be used for multidimen-
sional 0 , if an exact or approximate ancillary can be found.
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