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MEETING HA USDORFF IN MONTE CARLO:
A SURPRISING TOUR WITH ANTIHYPE FRA CTALS

Radu V. Craiu and Xiao-Li Meng

University of Toronto and Harvard University

Abstract: To many statistical researders, fractals are aesthetically pleasing math-
ematical objects or ingredients of complex theoretical studies. This article docu-
ments an exception: during recert researd on improving e ectiv enessof Mark ov
chain Monte Carlo (MCMC), we unexpectedly encourtered a class of intriguing
fractals in the simple context of generating negatively correlated random variates
that achieve extreme antithesis. This class of antihype fractals enticed us to tour
the world of fractals, becauseit has intrinsic connections with classical fractals
such as Koch's snow ak e and it illustrates theoretical concepts such as Hausdor

dimension in a very intuitiv e way. It also provides a practical example where a
sequenceof uniform variables convergesexponertially in the Kolmogorov-Smirnov
distance, yet fails to convergein other common distances, including total variation
distance and Hellinger distance. We also show that this non-convergenceresult ac-
tually holds for any sequenceof (prop er) uniform distributions on supports formed
by the generating processof a self-similar fractal. These negative results remind us
that the choice of metrics, e.g., for diagnosing convergenceof MCMC algorithms,
do matter sometimesin practice.

Key words and phrases: Antithetic variates, extreme antithesis, fractals, Hausdor
dimension, Koch's curve, Latin hypercube sampling, Markov chain Monte Carlo,
self-similar fractals.

1. Getting Started - Fractals

The eye-pleaser®f this tour arethe fractals. Although it isdicult to de ne
precisely what constitutes a fractal, one may considerthat any set with a high
degreeof irregularity presert at any scalewould t into this category Benoit
Mandelbrot, the French mathematician who brought fractals into mainstream
science,emphasizesthat sud irregular geometric abstractions t the physical
world better: \Clouds are not spheres,mountains are not cones,coastlinesare
not circles, and bark is not smooth, nor doeslightning travel in a straight line"
(Mandelbrot (1982)).

Besides their intricate and intriguing appearance, fractals also furthered
the exploration of mathematical concepts. For instance, consider the Koch's
snow ak e as discussedin Edgar (1990). Take an equilateral triangle and divide
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ead of its sidesinto three equal parts. Replacethe middle segmen by the other
two sidesof an equilateral triangle constructed on the middle segmemn. Continue
the sameprocesson eat of the remaining segmetts in the newly obtained gure.
The rst two steps of the iterativ e processare sketched in Figure 1. The limit,
shown in Figure 2, is the remarkable Koch's curve. It surrounds a nite area,
yet it hasinnite length. It is cortinuous, yet nowhere di erentiable. It is also
self-similar: under magni cation, arbitrarily small regionslook exactly the same
asthe whole.

/\

Figure 1. Koch's construction. Figure 2. Koch's snow ak e.

[

Soon after its discovery in 1906,there was a generalrecognition of the inade-
guacy of classicaltools to deal with objects asirregular asthe Koch's snawv ak e.
Hausdor (1919) extendedthe work of his contemporaries, Borel and Frechet, by
introducing the Hausdor measureand dimension. In particular, it allows a non-
integer dimension which is, aswe demonstrate, a very intuitiv e generalization of
the Euclidian dimensionthat we normally encourter in classicalgeometry

To respect the tradition of good tourism, our tour combines information
and entertainment, the past and the future. We rst visit the construction of
antihype fractals, unearthedwhile generatingantithetic random variatesvia Latin
hypercube sampling. We then enter the world of Hausdor dimension, starting
from its abstract land, with a detour to a visually attractiv e connectionbetween
Koch's snav ak e and an antihypefractal. Leaving Hausdor , we visit a few other
masters of abstraction, Kolmogorov, Smirnov, and Hellinger | if you wonder
why, pleasefollow the guide!! (And pleasedo pick up a couple of tour souwenirs
we prepared along the tour.)

2. Antih yp e Fractals
2.1. The Mon te Carlo application

A well-known Monte Carlo technique is to usevariates with negative corre-
lations. Let fX1;:::;Xkg be k exchangeabledraws with Corr(X;;X;) =  and
Var(X;j) = 2. Then, it is easyto show that

Xk 2
Var(Xyx) Var — Xi = ?[1+ (k 1) «l]:
i=1
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Consequetly, if < 0, the right-hand side is smaller than 2=k, the variance
of Xk when fX1;:::;Xkg are uncorrelated. In particular if, and only if, ¢ =

(k 1) 1, then Var(Xy) = 0. In general, for an arbitrary given marginal
distribution of X; and integer k, the smallest possible y always exists but may
not reah (k 1) ! (e.g., for exponertial distributions, asreported in Moran

the extreme antithesis (EA) property (Craiu and Meng (2005)). Since uniform
random variables are the most basic building blocks for simulation, we focus on
X = U Uniform[0; 1] in this paper.

Supposethat we want to sample(U®:U®) in [0;1]? with , = 1. Instead
of rushing to the obvious solution U® = 1 UM onecould envision the following
approach. At draw t = 1;2;:::, we samplerandomly from the nite setfO0; 1g,
without replaement, and use the draws as the dyadic coe cien ts. That is, we
samplea; 2 f0; 1g independertly, sethy = 1  a;, then let

\']‘t(l)_ﬂ+%+ +ﬁ

2 22 2t 2.1)
v@ b1+bz+ by '
t 2 22 2t

Clearly, ast increasesthe pair (\7}(1);\7}(2)) corvergesto the well-known solution
(U;1 V) because\?‘t(l) + \7}(2) =1 2% This simple construction has a defect:
for any nite t, the marginal distribution of \7}(') is not exactly Uniform(0;1).
Howewer, we can easily correct for this because
M _ 0, Y
o =V, + 7‘1 Uniform(0;1); i= 1;2; (2.2)
aslong as Uéi) Uniform(0; 1) and it is independent of Vt(i).

2.2. lterativ e Latin hyp ercub e sampling

The construction ([Z7) is suggestie for going beyond k = 2: replace the
dyadic expansionin (ZZ) with the k-basedexpansion. Speci cally, Craiu and
Meng (2005) constructed the following iterative sdheme, to which (Z2) is the
\time badkward dual sequence"(when k = 2; seeSection 5.1).

2. Fort = 1;:::, draw arandom permutation of f0;1;:::;k 1g, K; = ( ¢(0);:::,
t(k 1))>, which is independert of all previous draws. We then de ne

Ut = Ko+ U (2.3)
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This iterative Latin hypercuke sampling (ILHS) stheme s an iterativ e ver-
sion of the well-known Latin hypercube sampling (McKay, Bedkman and Conover
(1979), Stein (1987), Owen (1992) and Iman (1999)). A more intuitiv e perspec-
tive on ILHS can be visualized in the casek = 3. Figure 3 plots the supports
of U2 for t = 1;2. Starting from the unit cube (0;1)3, the tth iteration of ILHS
divides the unit cube into 3% sub-cubes, ead with volume 3 3, and eliminates
the \most positive" three sub-sub-culesfrom ead of the sub-cubesthat survived
after the previous iteration/elimination. For t = 1, this is seenin the left plot
of Figure 3. Evidently, the three excluded sub-cubesinduce the highest positive
correlation betweenany pair of the componerts of U3. The right plot repeatsthe
sameprocesswithin ead of the 32 3 sub-cubesthat remain after the rst elim-
ination; the total number of sub-cubesof volume 3 3 eliminated at t-th (t > 0)
iteration is 3(3* 3)' 1= g 13,

047 % S
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Figure 3. Evolution of the support of U2 for t = 1;2. The regionseliminated
at ead step are shown in colors.

As provedin Craiu and Meng (2005), ast increasesthe vector Uf getscloser
and closerto adhieving EA, and the limit Uf achievesEA exactly. Furthermore,
the support of U¥ shrinks ast increasesasseenin Figure 3. Indeed, ead iteration
of ILHS eliminates p = k (& 1 portion of the volume left from thg previous
iteration. Summingup all thesevolumesfromt = 1tot= 1 ,that is, t1=1 p(1
p)t 1= 1, we seethat the volume of the support of the limiting variable UX , is
zer in terms of the usual Lebesguemeasure. Somewhatremarkably, the marginal
uniformit y of eat U{‘) is presened. This Lebesguenull setis our antihype fractal
and is denoted by AK.

The properties of the A¥ are important to the study of e cien t coupling
in the cortext of Markov chain Monte Carlo; see Section 6. Chatterjee and
Yilmaz (1992) is a good placeto sampleother connectionsbetweenfractals and
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statistics. The bulk of interaction lies in the area of dynamical systems for
number generation (e.g., Palmore (1994) and Gerow and Holbrook (1996)), noise
reduction for reconstruction of time seriesdata (e.g., Kostelich and Yorke (1988))
and fractal interpolation (Barnsley (1988)). The antihype fractal belongsto the
rst category

3. Fractal Dimensions
3.1. Dening the Hausdor dimension

Setsof elemertiary geometry have an asseiated dimension, e.g., points have
dimension zero, curves one, surfacestwo, and so on. Once we leave elemenary
geometry we encourter setsthat do not fall into any of the above categories,al-
though they \liv e" in the Euclidean space. For such sets,such asKoch's curve or
antihype fractals, one needsto generalizethe usual notion of dimension. Among
the seweral \fractal dimensions"in use,the de nition of Hausdor is the oldest
and, probably, the most important. This is also the dimension singled out by
Mandelbrot asthe most e ectiv e in establishinginteresting geometric properties,
although it is not always easyto compute. The formal de nition of the Hausdor
dimension of a fractal set, dimy (F), is given below.

De nition 1. Supposethat F is a subsetin RY.

1. If fUjg is a courntable collection of sets of diameter at most , whose union
contains F, we say that fU;gis a -cover of F. (The diameter of a set U is
dened asjUj = supfjx vyj:x;y2Ug.)

2. Supposes is a non-negative number. For any > 0, de ne

s
Hs. (F) = inff  jUjs:fUjgisa -cover of Fg:
i=1

ThenwecallHg(F) = lim , oHs. (F) the outer s-dimensionalHausdor mea-
sureof F.
3. The Hausdor dimensionof the setF is de ned by

dimy(F) = inffs:Hg(F) = Og= supfs: Hg(F) = 19 :

Despite its abstract formulation, the de nition relies on a rather intuitiv e
principle. As an illustration, considera line segmen of length a. We want to
cover it with s-dimensional hypercubesof side-lengthequalto . To do so most
e ectiv ely we needapproximately a= hypercubes. The Lebesguemeasureof the
covering isthen (a=) 5. Onecanseethat as ! 0, the Lebesguemeasureof
the covering corvergesto zeroif s> 1, and to innit y if s< 1. In fact, only for
s = 1 doesthe measureconvergeto a positive real number. Thereforein this case
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the Hausdor dimension is equal to the usual Euclidian dimension of a simple
line, that is, one. Howewer, in the general caseof setswith a highly irregular
structure, the above calculations may vyield fractional valuesof s.

3.2. Computing the Hausdor dimension

Hausdor dimensionsare di cult to computein general. There is, however,
a particular class of fractals for which the task is made easier thanks to the
work of Moran (1946) and Hutchinson (1981). A self-similar fractal, F, is one
in which the set itself can be partitioned, ad in nitum , into smaller sets, all
of them having the same geometrical shape as F. Both Koch's snawv ak e and
the antihype fractal are self-similar. In fact, both are attractors of two di erent
iterated function systems(IFS, Barnsley (1988)). The main ingredient of an IFS
consistsof functions that alter the sizeof a set without changing its shape. Such
functions are called similitudes and have assaiated a shrinking factor or ratio r.
For example, a similitude with ratio 1=3 will transform an equilateral triangle of
sidelength| into a similar equilateral triangle with sidelength|=3. A fractal set

F=1fa(F)[ f2(F)[ [ fa(F):

If, in addition, the IFS satis es Moran's (1946) open set condition, that is, there

existsan opensetV  RY sud that the imagesff;(V);1 | ngaredisjoint
subsets,then the Hausdor dimension of F is the positive number s suc that
X0
rP=1 (3.1

For Koch's snawv ak e, it can be shown that the Hausdor dimensionis s =
log4=log 3 (Falconer, 2003). This number is in agreemen with the fact that the
curveis\larger than 1-dimensional” sinceit hasin nite length, andit is\smaller
than two-dimensional" becauseit haszeroarea. In the next sectionwe de ne an
IFS that allows usto compute the Hausdor dimension of our antihype fractals,
a derivation that also provides an intuitiv e explanation of (3.

4. Geometric Prop erties of Antih yp e Fractals
4.1. A connection with Ko ch's curv e

Figure 4 preseris four views of the support of U3, that illustrate the self-
similarity of A3. It consistsof six smaller parts but with the sameshape, and
eadt of thesesix replicates consistsof six even smaller ones,and soon. It turns
out that there is a closeconnection between A3 and Koch's curve, a connection
that also helpsto illustrate the conceptof self-similarity.
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Figure 4. Four spatial views of the A3.

Speci cally, the right image from the rst row of Figure 4 shows that A3
inhabits a hexagonwith in nitely many holes. Each of these holes apparertly
is bounded by a Koch's curve { seekinga rigorous proof of this assertionis too
much of a detour for our tour and the task is left as a souwenir puzzle for those
with inquisitive minds. Here we just use the self-similarity to prove a wealer
result: the areaof the largest hole is the sameasthe areainside the Koch's curve
generatedby the triangle depicted in the image. The conclusionthen holds for
all holesby self-similarity.

To prove this, let  be the area of the triangle in Figure 1 that generates
the Koch's curve. By induction, at tth iteration, the snow ak e curve consists
of 3 4 line segmets, and the area of ead triangle to be addel to ead line
segmenis =9!. Consequetly, at the t-th iteration the areainside the snow ak e
isA;t= A; 1+3 411 =9t This implies that the Koch's curve enclosesan area
equalto A; = 8 =5. Returning to Figure 4, if we denoteby the areaof the
triangle, we seethat the area of the largest hole, denoted by H, is the sameas

+ 3B, whereB is the areaof any of the three regionsbetweenthe three triangle's
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sidesand A%. By symmetry, B is alsothe areaof any of the six regionsbetween
the A3 and the six hexagon'ssides. Clearly, the area of the whole hexagonis
6, and the areaof the hexagonexcluding the aforemertioned six regionsis the
sameas 5 6 2
H + 9 H + 9 H + = 3H;

becauseewery iteration of ILHS forms six smaller rosaries, eaty of which has
the largest hole with area equal to one ninth of the area of the corresponding
\parental* one. Consequetly, we have 6 6B = 3H. Togetherwith H =

+ 3B, this implies H = 8 =5= A, , our desiredresult.

4.2. Dimension of the antih yp e fractals

The self-similarity of AK also allows us to prove that AX is invariant for a
particular set of IFS that satis es the open set condition, which in turn allows
an easycalculation of its Hausdor dimension. Speci cally, for any permutation

of f0;:::;k 1g, we can de ne a transformation,  : Ak! AK by
+ +
(Xg %) = (0)k X1..... (k i) X

Each is a similitude with contraction ratio 1=k, corresponding to onerealiza-
tion of (2.3). Indeed, AK itself is just the union of all theseimages,as proved in
App endix:

[ (A =AY (4.1)
where the union is taken over all k! possible permutations of f0;:::;k 1g.
Evidently, all k! images, (AK), areidentical in shapeto A but with a shrinking
factor 1=k, as demonstrated in Figure 4.

Equation (4.1) implies that, if the dimension of AK is s, then a Hausdor
measureH s should satisfy

X! X H Ak
Hs(AK) = Hs( (A¥) = % (4.2)
i=1 i=1
The additivit y holds here because,for 1 6 5, ,(AK)\ ,(AK) = ;. The

last identity in (4.2) is equivalent to a change of variable formula in which the
Jacobian term is from a linear transformation with cortracting coe cient 1=k
but in dimensions. This is the intuitiv e principle behind (3.1).

Evidently, in order for (4.2) to hold for an s such that 0 < Hg(A¥) < 1, we

must set .

X g
P =1 (4.3)
i=1
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Solving (4.3) for s we deducethat the Hausdor dimensionfor AK is

log(k!).

dmndAk)zlomk).

(4.4)

4.3. Pro jections of antih yp e fractals

The above method can be usedto study AK, a projection of AK into one
of the r-dimensional hypercubes (2 r k). Due to exchangeability, A¥ has
the samegeometrical properties no matter which of the k!=(r!(k r)!) possible
r-dimensional subspacesve chooseto project into, as partially demonstratedin
the secondrow of panelsin Figure 4. In this case, becausethe dimension is
reducedby only one, from k = 3to r = 2, the number of similar piecesremains
equalto six for ead two-dimensionalprojection of A 3. Clearly, the self-similarity
of the original fractal is presened by eat of theseprojections. The left panelin
the rst row of Figure 4 shavs A3 from a dierent point of view. In fact, if we
moved the point of view a little to the right we would have obsened only one
line. This is becauseall the points in A3 are on the planex + y+ z = 3=2, which
is just a graphical con rmation of the fact that U7 achieves EA.

To calculate the Hausdor dimensionof A¥, we rst notice that becausethe
projection and the linear mapping comnute, (4.1) implies that

[ (Af) = AR (4.5)

Unlike (4.1), however, ,(A¥) = ,(AK)ewnif ;6 »,, aslong asthe two
permutations agreeon all the componeris that are within the projected space.
Sincefor eadh , thereare(k r)! such equivalencesthe total number of mutually
exclusive  (AK) in the left-hand side of (4.5) isk!=(k r)!. Consequetly, (4.3)
needsto be replacedby the more general

k!
X g
i=1
which yields a generalization of (4.2) (i.e., (4.2) is special caseof the following
(4.7) with r = k),

log(k!) log[(k 1)1,
log(k) '
Interestingly, we note that for any xedr 2, dimH(A'r‘) I rask! 1.

This implies that A',( becomesdensein [0; 1] while remaining a Lebesguenull
setin R" ask ! 1, much like the set of all rational numbersis densein R1

dimy (AK) = 4.7
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but with Lebesguemeasurezero. Figure 5illustrates this phenomenaby shawing
that A$ is much more densein the unit squarethan A3. We also remind the
readerthat whenk = 2, dimy (A?) = 1, i.e., the Hausdor measureis the same
as the Lebesguemeasureon RY. This holds intuitiv ely becauseU? is just the
usual quartile coupling using (U1;1 U;), which sits onthe line x+y = 1in RZ.
This is a simple demonstration that Hausdor dimension correctly capturesthe
geometric properties of Lebesguenull sets.
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Figure 5. Coordinate two{dimensional projection of the A¥ for di erent valuesof k.

5. A Cautionary Tale of Distributional Convergence Distances
5.1. Geometric convergence in Kolmogoro v-Smirno v distance

Besideso ering another connection betweenMonte Carlo and fractal geom-
etry, ILHS also provides an intriguing examplethat is of pedagogicalvalue. We
start by considering the bivariate sequenceB; = (Ut(l);Ut(Z)); t 1, resulting
from (2.3). By the de nition of (2.3), we have

k
_Kt+Ktl+ +K1 Us.

k
W=i* e PaRr ®-1)
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To properly de ne U¥ andhenceB; , weneedthe \time backward dual sequence”

K K K¢ UK
kK _ 1 2 t 0 .
K + @ + + & + P (5.2)

dimensional joint distributions for any t. The advantage of the U¥ sequences
that UX corvergespoint-wise, ogthe in nite product spacede ned by fK {;t  1g,

to the well-de ned limit U{‘ = tl=1 K{=k!. Note (2.2) is the special caseof (5.2)
whenk = 2.

Now for ead i, indexing the ith conlgonert of Uf, because (i 1) k 1,
it is easyto show that jU{)  ©{); J-lel(k 1)=k + 1=k' = 2=kt ..

Consequetly, if we let F¢(u;Vv) be the bivariate CDF of B; (or B}) for any t,
including t = 1 , we have

[Fe(u;v) Fe(u v 9l Fo(uv) F(uv)  F(u+ v+ ) F(upv):

(5.3)
BecausgiF (u+ ; v+ ) F(uv)j jRx(u+ ) FxU)j+jFy(v+ ) Fy(v)j
forany ; 0, whereFy and Fy are the two marginal CDFs of F, and because

marginally Ut(') Uniform[0; 1], (5.3) implies that jF¢(u;v) F1 (u;v)j 2=
4=K'. Sincethis bound is freeof u and v, we can concludethat B corvergesto B
geometrically with respect to Kolmogorov-Smirnov (KS) distance (Kolmogorov
(1933)) ast! 1 , because

: .4
D(t;1) sup jFi(u;v)  Fp (u;v)j F: (5.4)
(uv)2R?

Incidentally, by a much more complex argumert, Craiu and Meng (2005)
proved a tighter bound than (5.4):

D(t;t+m) k ® Dk 1) ®2: foranyt landm O (5.5)

5.2. Non-con vergence in total variation and Hellinger distances

The geometriccorvergencein KS distanceof B; to B; is a rather strong re-
sult, which might tempt oneto guessthat B; alsocornvergesunder other common
metrics, especially in view of the fact that (5.5) holds even when (U ; U$?) is
replacedby (gl(Ut(l)); gz(Ut(z) )) for any monotonefunctions g;;i = 1;2, asproved
in Craiu and Meng (2005). The following general result, which should not be
unexpectedfor an astute reader who noticed the shrinking of distributional sup-
ports, shows that such an intuition can be quite misleading.
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Lemma 1. LetfS;;t = 0;1:2;:::g be a sqquene@ of -measurable setsin RY
such that for all t, (@) Si+1 S, and (b) (Si+1) = 1 p) (St) for some
t-independentconstant 0 < p< 1, where 0 < (Sp) < 1. Let Y; be a uniform
random variable on S; (with respct to ). Then Y; dces not conveme in the
metrics de ned by the Hellinger distance or L" distances, for any r 1.

Pro of. Without lossof generality we assume (Sg) = 1, hence (S) = (1 p)t
and the density for Yy isf{(y) = 1s,(y)(1 p) '. The Hellinger distance between
ft+m and fy is

Z h 2 i

p p p_
H(tt+ m) [ fely) fomWP (dy)=21 fe(V)fem(y) (dy)
S t+ m
h i
_ (St+m) " _ P
=21 S 2 1 pm

which stays asa positive constart whent! 1 . Consequetly, Y; is not a Cauchy
sequenceand therefore cannot convergg, in Hellinger distance.
For L' distance,let I, (t;t+ m) = [ ffi(y) frm(y)g (dy)]*". Then

z ; z
1 1 1
I (t; r= d — (d
bsteml= & Gem W7 suss, (S (@)
(8)  (Sem™ () (Sum)'r 2, °
[C Gum)
_1 @ p" 1 "l

@ pr @ opn

This result shavsthat limyy I (t;t+m) =1 whenr > 1,andlimy;  Io(t t+
m)=2[1 (1 p)™]> 0for any m> 0. HenceY; cannot corvergein terms of
L' distancefor any r 1.

If wetake S; to bethe support of B¢, then conditions (a) and (b) in Lemma 1
hold with p = k . Sincethe TV distance is half of the L1 distance (e.g.,
Lindvall (1992)), Lemma 1 implies that B; doesnot corvergein TV distance,
Hellinger distance or any L' distance with r 1, ewven though it corverges
geometrically in the Kolmogorov-Smirnov distance. (Obviously, this lemma is
applicable to UK itself, aswell asto any uniform random variables on supports
formed by the iterativ e processof generating any self-similar fractal contained
in a -nite set, where doesnot have to be Lebesguemeasure.) Howewer,
for many practical applications in Monte Carlo, the distribution of By is very
closeto the distribution of B1 , evenfort 5 (seeCraiu and Meng (2005)).
This raises the question of whether convergencein the TV distance is a too
stringent criteria for measuring corvergencein some practical situations. For
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example, had we insisted on using the TV distance, we might have abandoned
ILHS becausewe would have wrongly believed that EA can never be e ectiv ely
achieved with any nite number of iterations. This question is worth further
investigation becauseTV distance is the standard metric for many theoretical
results regarding convergencein MCMC (e.g., Roserthal (1995); Marchev and
Hobert (2004)). SeeGibbs and Su (2001) for more comparisonsbetweendi erent
metrics and possibleapplications to MCMC.

6. An End-of-tour Souvenir

In practice, the U¥ generatedby ILHS will be part of the argumerts for some
generalfunctions. In general,the negative correlations may not be presened even
if these functions are monotone. Howewer, the Utk generatedby ILHS has the
nice property called negative assaiation (Joag-Devand Proschan (1983)), which
meansthat the non-positivenessproperty of the correlation is presened under
monotone transformations; seeCraiu and Meng (2005) for details. In order to
extend this property to U¥ , we needto shaw that any componert-wise monotone
(all in the samedirection) function on R¥ is almost surely cortin uouswith respect
to a (non-trivial) Hausdor measureon the support of Uf . Although it is quite
well-known that monotone functions on R¥ are almost surely cortinuous with
respect to Lebesguemeasure,whether this result holds for a Hausdor measure
on AK is currently unclear. We would certainly invite anyone who is interested
in sud theoretical investigationsto take this puzzle home after leaving our tour.
If the result holds, then ILHS indeed has all the desirable properties anticipated
in Craiu and Meng (2005). If not, then there would be yet another \tourist
attraction" for this tour, onethat will shov how easily our intuition can mislead
us in the strangely fascinating world of fractals.
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App endix

We prove that if Py is the setof all possiblepermutations of f0;1;:::;k 1g,
then

[ 2p, (A¥) = Ak (A1)
First, by the construction of ILHS, we have the represeration
n % i 1)0

AR = = (xq;xk)” ix = DT (A.2)

kt
t=1
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y - Aol D).
i~ it
t=1 K
Clearly, by (A.2), ¥ 2 AK because( {+1(0);:::; wa(k 1)), t = 1;2::: are
alsoi.i.d. permutations of f0;:::;k 1g. Furthermore, if we let = ( 1(0);:::,

1(k 1)) then  (¥) = x by our construction. Therefore AX [ ,p,  (AK).
On the other hand, if x2 [ ,p,  (AK), then there existsy 2 Ak such that
for at leastone 2 Py, wehavex= (y). Using the characterization of the set
AK givenin (A.2), x=  (¥) 2 Ak,
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